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Abstract
The primary objective of this research was to investigate cutting deformation
modes, employing higher-bladed cutters (i.e. 6 or more evenly space blades), with an
emphasis on superior energy absorbing capabilities in comparison to axial crushing, the
current state-of-the-art. A series of test cases involving AA6061 extrusions were identified
utilizing analytical models of the steady-state cutting force and mean crushing force and
selecting geometries where the ratio of the former force normalized with respect to the latter
exceeded unity. Quasi-static testing confirmed that the total energy absorbing capacity
could be exceeded while simultaneously reducing the peak force under quasi-static loading
for 8 and 10-bladed cutting modes.
The superior energy absorbing capacity was attributed to the onset of a hybrid
cutting/clamping deformation mode, caused by interactions between the petalled sidewalls
of the extrusion and the outer ring of the cutter. The contribution of this deformation mode
towards total energy absorption was concluded to be dominated by the elastic properties of
the extruded material since numerous geometric cases of AA6061 extrusions, in both T6
and T4 temper conditions, experienced a consistent (< 10 % variation) gain in the steadystate reaction force.
A comprehensive experimental study consisting of multiple extrusion geometries
subjected to 4 to 10-bladed cutting deformation modes was also completed to observe the
evolution of fundamental energy dissipating mechanisms, including: the trend of a
decreased cutting force-per-blade in higher-bladed cutters and the onset of a localized peak
wedge force. The high capacity 8 and 10-bladed cutting deformation modes were also
studied at impact velocities up to 32 m/s to characterize the performance of these newly
considered energy dissipation modes under elevated impact loading conditions. Velocity
dependent force reductions were observed to a critical velocity of 21 m/s, associated with
degrading contact forces at the blade/extrusion interface.
Complementary investigations were also conducted for novel AM30 magnesium
extrusions, including the crushing-to-cutting comparison, 4 to 10-bladed cutting evolution
exercise and dynamic testing up to 18 m/s impact velocities. These extrusions experienced
semi-brittle cutting characterized by segmented chip formation in the cutting membrane, in
contrast to the continuous membrane observed for aluminum and steel alloys and cracking
ahead of the blade tip. Consequently, the load bearing capacity was drastically reduced in
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comparison to the axial crushing deformation mode.

However, crushing of AM30

extrusions was shown to be impractical due to rampant cracking throughout the extrusion,
in contrast to the more controlled, semi-brittle behaviour of the extrusions subjected to
cutting. Additionally, the AM30 extrusions subjected to cutting were less vulnerable to the
diminishing force-per-blade trend and localized peak forces were less prominent. The
dynamically measured cutting forces were also higher than their quasi-static counterparts
which is contradictory to the findings of traditional materials.
These experimental observations assisted with the derivation of enhanced analytical
models of the steady-state cutting force. The newly obtained models accounted for the
diminishing force trend, included an extended form to predict the onset and magnitude of
cutting/clamping forces and differentiated between ductile and semi-brittle cutting
deformation modes, with the consideration for a continuous contact membrane in the former
and crack propagation governed by the J-integral in the latter. A procedure to predict the
complete force-displacement response for extrusions subjected to axial cutting and hybrid
cutting/clamping was also derived and validated utilizing the newly collected data.
Finally, the experimental evidence and improved theoretical modelling tools were
utilized to design an actively adaptive cutting device which could alter its geometry prior to
an impact, selecting the preferred configuration from a menu of options contained within a
single assembly. Such a device could receive, interpret and respond to external stimuli and
further utilize the analytical modelling approach to select a configuration which provides
the optimal balance between high capacity energy absorption and mitigation of human
injury. Furthermore, the proposed device was capable of exceeding and meeting the
performance of comparable energy absorbers which implement progressive folding under
quasi-static and elevated impact (i.e. > 21 m/s) loading conditions, respectively, via a
12-bladed cutting/clamping deformation mode.
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walled) extrusions subjected to axial crushing and 8 and 10-bladed
cutting in (a) T6, and (b) T4 temper conditions.

Figure 7.5

Deformed specimens shown post-test, at 125 mm of displacement, for 221
(a) the 3.175 mm (thick-walled), and (b) 1.588 mm (thin-walled)
specimens.

Figure 7.6

Force-displacement responses for 6061-T6, thick-walled extrusions 222
subjected to axial crushing and cutting at (nominal) impact velocities of
(a) 16 m/s, (b) 24 m/s and (c) 32 m/s.

Figure 7.7

Force-displacement responses for 6061-T4, thick-walled extrusions 223
subjected to axial crushing and cutting at (nominal) impact velocities of
(a) 16 m/s, (b) 24 m/s and (c) 32 m/s.

Figure 7.8

Thick-walled (50.8 mm OD, 3.175 mm wall) extrusions in (a) T6, and 224
(b) T4 temper conditions subjected to axial crushing and cutting at
32 m/s impact velocities.

Figure 7.9

Force-displacement responses for 6061-T6, thin-walled extrusions 225
subjected to axial crushing and cutting at (nominal) impact velocities of
(a) 14 m/s, (b) 18 m/s and (c) 22 m/s.

Figure 7.10

Force-displacement responses for 6061-T4, thin-walled extrusions 226
subjected to axial crushing and cutting at (nominal) impact velocities of
(a) 14 m/s, (b) 18 m/s and (c) 22 m/s.

Figure 7.11

Thin-walled (50.8 mm OD, 1.588 mm wall) extrusions in (a) T6, and (b) 227
T4 temper conditions subjected to axial crushing and cutting at impact
22 m/s velocities.

Figure 7.12

Full extrusion length utilization for a thin-walled (1.588 mm wall) 229
extrusion in a T6 temper condition subjected to 8-bladed cutting at a
25.9 m/s impact velocity.

Figure 7.13

Comparison ratios with respect to (a) mean (steady) forces, 𝜂𝐹𝑚 , and (b) 230
EAEF, 𝜂𝜓 , for AA6061 extrusions subjected to quasi-static (~8.3×10-3
m/s) and dynamic loading.

Figure 7.14

Post-test examination of the petal/blade contact interface for extrusions 232
from group T6-3.175-C8, illustrating velocity dependent shear scarring
on the surface of the specimen.

Figure 7.15

Representative force-velocity responses, for each nominal impact 233
velocity, from specimens in groups T6-3.175-C8 and T4-1.588-C10.

Figure 7.16

Dimensionless force-velocity responses (transient regimes removed) for 234
the complete parametric scope, indicating strong correlation between the
cutting force and relative velocity.
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Figure 7.17

Illustrative mesh discretization for the 10-bladed cutting apparatus with 235
a 50.8 mm OD, 3.175 mm thick extrusion, cutting apparatus and
impactor.

Figure 7.18

Estimated bulk coefficient of friction at the extrusion (AA6061)/blade 238
(4140 steel) interface, with the shaded corridor representing the 95 %
confidence interval.

Figure 7.19

Representative force-displacement response predictions for experiments 240
taken from (a) the current study, and (b) a previous investigation of low
velocity impacts by Jin et al. [34].

Figure 7.20

Representative numerically predicted force-displacement responses for 243
extrusions subjected to hybrid cutting/clamping.

Figure 7.21

Influence of the wall thickness, number of blades and loading rate on the 245
theoretical steady-state force for AA6061 extrusions with a 50.8 mm
diameter subjected to 8 and 10-bladed cutting/clamping in (a) T6, and
(b) T4 temper conditions.

Figure 7.22

Dynamic force reduction experienced by AA6061 extrusions, with a 246
50.8 mm OD, subjected to 8 and 10-bladed hybrid cutting/clamping.

Figure 7.23

Comparison between experimentally and numerically determined 247
cutting forces with respect to cutting velocity, obtained for the
simulations by varying the coefficient of friction, for (a) AA6061-T6,
and (b) AA6061-T4 extrusions subjected to 8 and 10-bladed
cutting/clamping.

Figure 8.1

Quadrotor active adaptive cutter (QAAC) design from Shery [68] 258
illustrated (a) in an isometric view, (b) a top view of the various
configurations and (c) the major components.

Figure 8.2

Schematics of (a) potential blade configurations, and (b) representative 262
transitions (2 of the 12 possible cases) between cutting modes for the
enhanced design, which utilizes linear actuation.

Figure 8.3

Theoretical comparison ratio plots for the HAAQ in a 4-bladed cutting 265
configuration, under quasi-static loading, for AA6061 extrusions in (a)
T6, and (b) T4 temper conditions.

Figure 8.4

Theoretical comparison ratio plots for the HAAQ in a 6-bladed cutting 266
configuration, under quasi-static loading, for AA6061 extrusions in (a)
T6, and (b) T4 temper conditions.

Figure 8.5

Theoretical comparison ratio plots for the HAAQ in a 8-bladed 267
cutting/clamping configuration, under quasi-static loading, for AA6061
extrusions in (a) T6, and (b) T4 temper conditions.

Figure 8.6

Theoretical comparison ratio plots for the HAAQ in a 12-bladed 267
cutting/clamping configuration, under quasi-static loading, for AA6061
extrusions in (a) T6, and (b) T4 temper conditions.

Figure 8.7

Theoretical comparison ratio plots for the HAAQ in a 4-bladed cutting 269
configuration, under impact loading at elevated velocities (VS > 21 m/s),
for AA6061 extrusions in (a) T6, and (b) T4 temper conditions.
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Figure 8.8

Theoretical comparison ratio plots for the HAAQ in a 12-bladed 269
cutting/clamping configuration, under impact loading at elevated
velocities (VS > 21 m/s), for AA6061 extrusions in (a) T6, and (b) T4
temper conditions.

Figure 8.9

Schematic of a hydraulically actuated blade utilized in the HAAC with 272
bore diameter, Dcyl = 25 mm and stroke length, ls = 32 mm, geometry
‘H’ summarized in Table 8.2.

Figure 8.10

Isometric view of the proposed HAAC design shown with a 76.2 mm 273
OD, 3.175 mm thick extrusion.

Figure 8.11

Cross-sectional view of the HAAC showcasing the profile of the conical 274
deflector, side length of the gridlines is 25 mm.

Figure 8.12

Focused, sectioned view of the blade chamber, showing both extended 275
and retracted blades, the track and the central hub.

Figure 8.13

Illustration of the HAAC configured for (a) 4, (b) 6, (c) 8 and (d) 12- 276
bladed cutting.

Figure 8.14

Visualizations of (a) the HAAC-equipped device approaching a fixed 278
body, (b) a moving body striking a stationary body equipped with the
HAAC and (c) two moving bodies before a head-on collision in a fixed
frame of reference, XYZ.

Figure 8.15

Necessary HAAC device response times, for multiple buffer distances 279
(offsets), between two arbitrary entities subjected to quasi-uniaxial
impact with each other.

Figure 8.16

Total flow rate required from system pump to actuate the HAAC, over a 281
broad range of response times, for a series of configurations.

Figure 8.17

Schematic of the HAAC with callouts indicating the potential to retool 282
the device for larger extrusion testing (up to 177.8 mm OD extrusions)
and up to 24 blades, with 15° spacing, within the same design volume as
the device shown in Section 8.3.2.

Figure 8.18

Potential hydraulic control circuits for a reduced/simplified HAAC, 284
capable of swapping between 4 and 8-bladed axial cutting configurations
with (a) 4-way, 3-position, and (b) 4-way, 2-position solenoid actuated
directional control valves.

Figure 8.19

Representative finite element mesh of the HAAC, with quarter symmetry 288
implemented, illustrating the major components with a 63.5 mm OD,
3.175 mm wall extrusion.

Figure 8.20

Illustration of a bolted connection within the HAAC and application of 291
the preload.

Figure 8.21

Sample deformation profiles for AA6061-T6 extrusions (63.5 mm OD, 293
3.175 mm wall), Group T6-H2, subjected to (a) 4-bladed axial cutting,
and (b) 12-bladed cutting/clamping.

Figure 8.22

Force-displacement responses obtained from numerical simulation of the 294
HAAC for (a) 4-bladed axial cutting, and (b) 12-bladed
cutting/clamping.
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Figure 8.23

Visualization of the peak von Mises stresses observed within the HAAC 296
equipped with geometries (a) H1 (50.8 mm OD), (b) H2 (63.5 mm OD)
and (c) H3 (76.2 mm OD) subjected to 4-bladed axial cutting.

Figure 8.24

Plot of von Mises stresses experienced by the blades of the HAAC, with 297
respect to platen displacement, for case T6-H2-C4.

Figure 8.25

Variation of the effective stress through the height of the blade for case 297
T6-H2-C4.

Figure 8.26

Depiction of von Mises stresses within the HAAC for case T6-H2-C4 298
with the blades omitted to visualize the secondary peak effective stresses.

Figure 8.27

Visualization of the peak von Mises stresses observed within the HAAC 299
equipped with geometries (a) H1 (50.8 mm OD), (b) H2 (63.5 mm OD)
and (c) H3 (76.2 mm OD) subjected to 12-bladed hybrid
cutting/clamping.

Figure 8.28

Plot of von Mises stresses experienced by the blades of the HAAC, with 300
respect to platen displacement, and close-range images of the stress
contours for case T6-H3-C12.

Figure 8.29

Variation of the effective stress through the height of the blade for case 300
T6-H3-C12.

Figure 8.30

Depiction of von Mises stresses within the HAAC for case T6-H3-C12 301
with the blades omitted to visualize the secondary peak effective stresses.

Figure 8.31

Difference between steady-state von Mises stresses on the blade for case 305
T6-G2-C4 from [45] for an elastic-plastic hydrodynamic Johnson-Cook
material model.

Figure 8.32

Comparison between force-time responses for case T6-3.175-C8-V32 306
from Chapter 7 predicted directly at the blade tip and at the 1210V5 load
cell, with no filters applied.

Figure A.1

Force-displacement responses for AA6061-T6 extrusions with geometry 323
S4 (50.8 mm OD, 1.0 mm wall) subjected to progressive folding, group
T6-S4-PF.

Figure A.2

Force-displacement responses for AA6061-T4 extrusions with geometry 324
S4 (50.8 mm OD, 1.0 mm wall) subjected to progressive folding, group
T4-S4-PF.

Figure A.3

Force-displacement responses for AA6061-T6 extrusions with geometry 324
S4 (50.8 mm OD, 1.0 mm wall) subjected to 8-bladed cutting, group T6S4-C8.

Figure A.4

Force-displacement responses for AA6061-T4 extrusions with geometry 324
S4 (50.8 mm OD, 1.0 mm wall) subjected to 8-bladed cutting, group T4S4-C8.

Figure A.5

Force-displacement responses for AA6061-T6 extrusions with geometry 325
S4 (50.8 mm OD, 1.0 mm wall) subjected to 10-bladed cutting, group
T6-S4-C10.
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Figure A.6

Force-displacement responses for AA6061-T4 extrusions with geometry 325
S4 (50.8 mm OD, 1.0 mm wall) subjected to 10-bladed cutting, group
T4-S4-C10.

Figure A.7

Force-displacement responses for AA6061-T6 extrusions with geometry 325
S9 (63.5 mm OD, 1.5 mm wall) subjected to progressive folding, group
T6-S9-PF.

Figure A.8

Force-displacement responses for AA6061-T4 extrusions with geometry 326
S9 (63.5 mm OD, 1.5 mm wall) subjected to progressive folding, group
T4-S9-PF.

Figure A.9

Force-displacement responses for AA6061-T6 extrusions with geometry 326
S9 (63.5 mm OD, 1.5 mm wall) subjected to 8-bladed cutting, group T6S9-C8.

Figure A.10

Force-displacement responses for AA6061-T4 extrusions with geometry 326
S9 (63.5 mm OD, 1.5 mm wall) subjected to 8-bladed cutting, group T4S9-C8.

Figure A.11

Force-displacement responses for AA6061-T6 extrusions with geometry 327
S9 (63.5 mm OD, 1.5 mm wall) subjected to 10-bladed cutting, group
T6-S9-C10.

Figure A.12

Force-displacement responses for AA6061-T4 extrusions with geometry 327
S9 (63.5 mm OD, 1.5 mm wall) subjected to 10-bladed cutting, group
T4-S9-C10.

Figure A.13

Force-displacement responses for AA6061-T6 extrusions with geometry 327
S10 (50.8 mm OD, 2.0 mm wall) subjected to progressive folding, group
T6-S10-PF.

Figure A.14

Force-displacement responses for AA6061-T4 extrusions with geometry 328
S10 (50.8 mm OD, 2.0 mm wall) subjected to progressive folding, group
T4-S10-PF.

Figure A.15

Force-displacement responses for AA6061-T6 extrusions with geometry 328
S10 (50.8 mm OD, 2.0 mm wall) subjected to 8-bladed cutting, group
T6-S10-C8.

Figure A.16

Force-displacement responses for AA6061-T4 extrusions with geometry 328
S10 (50.8 mm OD, 2.0 mm wall) subjected to 8-bladed cutting, group
T4-S10-C8.

Figure A.17

Force-displacement responses for AA6061-T6 extrusions with geometry 329
S10 (50.8 mm OD, 2.0 mm wall) subjected to 10-bladed cutting, group
T6-S10-C10.

Figure A.18

Force-displacement responses for AA6061-T4 extrusions with geometry 329
S10 (50.8 mm OD, 2.0 mm wall) subjected to 10-bladed cutting, group
T4-S10-C10.

Figure A.19

Force-displacement responses for AM30 magnesium extrusions 330
subjected to quasi-static 4-bladed axial cutting, group AM30-C4-QS.

Figure A.20

Force-displacement responses for AM30 magnesium extrusions 330
subjected to quasi-static 6-bladed axial cutting, group AM30-C6-QS.
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Figure A.21

Force-displacement responses for AM30 magnesium extrusions 331
subjected to quasi-static 8-bladed axial cutting, group AM30-C8-QS.

Figure A.22

Force-displacement responses for AM30 magnesium extrusions 331
subjected to quasi-static 10-bladed axial cutting, group AM30-C10-QS.

Figure A.23

Force-displacement responses for AM30 magnesium extrusions 331
subjected to quasi-static unconstrained (free) progressive crushing,
group AM30-PCF-QS.

Figure A.24

Force-displacement responses for AM30 magnesium extrusions 332
subjected to quasi-static constrained progressive crushing, group AM30C10-PCC.

Figure A.25

Force-displacement responses for AM30 magnesium extrusions 332
subjected to dynamic 6-bladed cutting; forces recorded at the (a) distal,
and (b) proximal ends.

Figure A.26

Force-displacement responses for AM30 magnesium extrusions 333
subjected to dynamic 8-bladed cutting; forces recorded at the (a) distal,
and (b) proximal ends.

Figure A.27

Force-displacement responses for AM30 magnesium extrusions 334
subjected to dynamic 10-bladed cutting; forces recorded at the (a) distal,
and (b) proximal ends.

Figure A.28

Force-displacement responses for AM30 magnesium extrusions 334
subjected to dynamic, unconstrained (free) crushing; distal
measurements only.

Figure A.29

Force-displacement responses for AM30 magnesium extrusions 335
subjected to dynamic, constrained crushing; forces recorded at the (a)
distal, and (b) proximal ends.

Figure A.30

Force-displacement responses for AA6061-T6 extrusions with geometry 336
G1 (50.8 mm OD, 3.175 mm wall) subjected to 4-bladed cutting, group
T6-G1-C4.

Figure A.31

Force-displacement responses for AA6061-T6 extrusions with geometry 336
G1 (50.8 mm OD, 3.175 mm wall) subjected to 6-bladed cutting, group
T6-G1-C6.

Figure A.32

Force-displacement responses for AA6061-T6 extrusions with geometry 337
G1 (50.8 mm OD, 3.175 mm wall) subjected to 8-bladed cutting, group
T6-G1-C8.

Figure A.33

Force-displacement responses for AA6061-T6 extrusions with geometry 337
G1 (50.8 mm OD, 3.175 mm wall) subjected to 10-bladed cutting, group
T6-G1-C10.

Figure A.34

Force-displacement responses for AA6061-T4 extrusions with geometry 337
G1 (50.8 mm OD, 3.175 mm wall) subjected to 4-bladed cutting, group
T4-G1-C4.

Figure A.35

Force-displacement responses for AA6061-T4 extrusions with geometry 338
G1 (50.8 mm OD, 3.175 mm wall) subjected to 6-bladed cutting, group
T4-G1-C6.
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Figure A.36

Force-displacement responses for AA6061-T4 extrusions with geometry 338
G1 (50.8 mm OD, 3.175 mm wall) subjected to 8-bladed cutting, group
T4-G1-C8.

Figure A.37

Force-displacement responses for AA6061-T4 extrusions with geometry 338
G1 (50.8 mm OD, 3.175 mm wall) subjected to 10-bladed cutting, group
T4-G1-C10.

Figure A.38

Force-displacement responses for AA6061-T6 extrusions with geometry 339
G2 (63.5 mm OD, 3.175 mm wall) subjected to 4-bladed cutting, group
T6-G2-C4.

Figure A.39

Force-displacement responses for AA6061-T6 extrusions with geometry 339
G2 (63.5 mm OD, 3.175 mm wall) subjected to 6-bladed cutting, group
T6-G2-C6.

Figure A.40

Force-displacement responses for AA6061-T6 extrusions with geometry 339
G2 (63.5 mm OD, 3.175 mm wall) subjected to 8-bladed cutting, group
T6-G2-C8.

Figure A.41

Force-displacement responses for AA6061-T6 extrusions with geometry 340
G2 (63.5 mm OD, 3.175 mm wall) subjected to 10-bladed cutting, group
T6-G2-C10.

Figure A.42

Force-displacement responses for AA6061-T4 extrusions with geometry 340
G2 (63.5 mm OD, 3.175 mm wall) subjected to 4-bladed cutting, group
T4-G2-C4.

Figure A.43

Force-displacement responses for AA6061-T4 extrusions with geometry 340
G2 (63.5 mm OD, 3.175 mm wall) subjected to 6-bladed cutting, group
T4-G2-C6.

Figure A.44

Force-displacement responses for AA6061-T4 extrusions with geometry 341
G2 (63.5 mm OD, 3.175 mm wall) subjected to 8-bladed cutting, group
T4-G2-C8.

Figure A.45

Force-displacement responses for AA6061-T4 extrusions with geometry 341
G2 (63.5 mm OD, 3.175 mm wall) subjected to 10-bladed cutting, group
T4-G2-C10.

Figure A.46

Force-displacement responses for AA6061-T6 extrusions with geometry 341
G3 (50.8 mm OD, 1.588 mm wall) subjected to 4-bladed cutting, group
T6-G3-C4.

Figure A.47

Force-displacement responses for AA6061-T6 extrusions with geometry 342
G3 (50.8 mm OD, 1.588 mm wall) subjected to 6-bladed cutting, group
T6-G3-C6.

Figure A.48

Force-displacement responses for AA6061-T6 extrusions with geometry 342
G3 (50.8 mm OD, 1.588 mm wall) subjected to 8-bladed cutting, group
T6-G3-C8.

Figure A.49

Force-displacement responses for AA6061-T6 extrusions with geometry 342
G3 (50.8 mm OD, 1.588 mm wall) subjected to 10-bladed cutting, group
T6-G3-C10.
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Figure A.50

Force-displacement responses for AA6061-T4 extrusions with geometry 343
G3 (50.8 mm OD, 1.588 mm wall) subjected to 4-bladed cutting, group
T4-G3-C4.

Figure A.51

Force-displacement responses for AA6061-T4 extrusions with geometry 343
G3 (50.8 mm OD, 1.588 mm wall) subjected to 6-bladed cutting, group
T4-G3-C6.

Figure A.52

Force-displacement responses for AA6061-T4 extrusions with geometry 343
G3 (50.8 mm OD, 1.588 mm wall) subjected to 8-bladed cutting, group
T4-G3-C8.

Figure A.53

Force-displacement responses for AA6061-T4 extrusions with geometry 344
G3 (50.8 mm OD, 1.588 mm wall) subjected to 10-bladed cutting, group
T4-G3-C10.

Figure A.54

Force-displacement responses for AA6061-T6 extrusions with geometry 344
G4 (63.5 mm OD, 1.588 mm wall) subjected to 4-bladed cutting, group
T6-G4-C4.

Figure A.55

Force-displacement responses for AA6061-T6 extrusions with geometry 344
G4 (63.5 mm OD, 1.588 mm wall) subjected to 6-bladed cutting, group
T6-G4-C6.

Figure A.56

Force-displacement responses for AA6061-T6 extrusions with geometry 345
G4 (63.5 mm OD, 1.588 mm wall) subjected to 8-bladed cutting, group
T6-G4-C8.

Figure A.57

Force-displacement responses for AA6061-T6 extrusions with geometry 345
G4 (63.5 mm OD, 1.588 mm wall) subjected to 10-bladed cutting, group
T6-G4-C10.

Figure A.58

Force-displacement responses for AA6061-T4 extrusions with geometry 345
G4 (63.5 mm OD, 1.588 mm wall) subjected to 4-bladed cutting, group
T4-G4-C4.

Figure A.59

Force-displacement responses for AA6061-T4 extrusions with geometry 346
G4 (63.5 mm OD, 1.588 mm wall) subjected to 6-bladed cutting, group
T4-G4-C6.

Figure A.60

Force-displacement responses for AA6061-T4 extrusions with geometry 346
G4 (63.5 mm OD, 1.588 mm wall) subjected to 8-bladed cutting, group
T4-G4-C8.

Figure A.61

Force-displacement responses for AA6061-T4 extrusions with geometry 346
G4 (63.5 mm OD, 1.588 mm wall) subjected to 10-bladed cutting, group
T4-G4-C10.

Figure A.62

Force responses for thick-walled AA6061-T6 extrusions (50.8 mm OD, 347
3.175 mm wall) subjected to quasi-static progressive crushing, group
T6-3.175-PC-QS.

Figure A.63

Force responses for thick-walled AA6061-T4 extrusions (50.8 mm OD, 347
3.175 mm wall) subjected to quasi-static progressive crushing, group
T4-3.175-PC-QS.
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Figure A.64

Force responses for thin-walled AA6061-T6 extrusions (50.8 mm OD, 348
3.175 mm wall) subjected to quasi-static progressive crushing, group
T6-1.588-PC-QS.

Figure A.65

Force responses for thin-walled AA6061-T4 extrusions with geometry 348
G4 (50.8 mm OD, 1.588 mm wall) subjected to 4-bladed cutting, group
T4-1.588-PC-QS.

Figure A.66

Force responses for thick-walled AA6061-T6 extrusions (50.8 mm OD, 349
3.175 mm wall) subjected to dynamic progressive crushing, group T63.175-PC-Dyn.

Figure A.67

Force responses for thick-walled AA6061-T6 extrusions (50.8 mm OD, 349
3.175 mm wall) subjected to dynamic 8-bladed cutting, group T6-3.175C8-Dyn.

Figure A.68

Force responses for thick-walled AA6061-T6 extrusions (50.8 mm OD, 349
3.175 mm wall) subjected to dynamic 10-bladed cutting, group T63.175-C10-Dyn.

Figure A.69

Force responses for thick-walled AA6061-T4 extrusions (50.8 mm OD, 350
3.175 mm wall) subjected to dynamic progressive crushing, group T43.175-PC-Dyn.

Figure A.70

Force responses for thick-walled AA6061-T4 extrusions (50.8 mm OD, 350
3.175 mm wall) subjected to dynamic 8-bladed cutting, group T4-3.175C8-Dyn.

Figure A.71

Force responses for thick-walled AA6061-T4 extrusions (50.8 mm OD, 350
3.175 mm wall) subjected to dynamic 10-bladed cutting, group T43.175-C10-Dyn.

Figure A.72

Force responses for thin-walled AA6061-T6 extrusions (50.8 mm OD, 351
1.588 mm wall) subjected to dynamic progressive crushing, group T61.588-PC-Dyn.

Figure A.73

Force responses for thin-walled AA6061-T6 extrusions (50.8 mm OD, 351
1.588 mm wall) subjected to dynamic 8-bladed cutting, group T6-1.588C8-Dyn.

Figure A.74

Force responses for thin-walled AA6061-T6 extrusions (50.8 mm OD, 351
1.588 mm wall) subjected to dynamic 10-bladed cutting, group T61.588-C10-Dyn.

Figure A.75

Force responses for thin-walled AA6061-T4 extrusions (50.8 mm OD, 352
1.588 mm wall) subjected to dynamic progressive crushing, group T41.588-PC-Dyn.

Figure A.76

Force responses for thin-walled AA6061-T4 extrusions (50.8 mm OD, 352
1.588 mm wall) subjected to dynamic 8-bladed cutting, group T4-1.588C8-Dyn.

Figure A.77

Force responses for thin-walled AA6061-T4 extrusions (50.8 mm OD, 352
1.588 mm wall) subjected to dynamic 10-bladed cutting, group T41.588-C10-Dyn.
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Figure B.1

Finite element mesh of axially crushed, 63.5 mm OD, 1.5 mm wall 355
AA6061 extrusion (geometry S9 from Chapter 3); crushing direction
parallel to z-axis.

Figure B.2

Finite element mesh of 63.5 mm OD, 1.5 mm wall (geometry S9 from 356
Chapter 3) AA6061 extrusion subjected to 8-bladed cutting; cutting
direction parallel to z-axis.

Figure B.3

Energy balance for the progressive folding simulation, group T6-S9-PF. 363

Figure B.4

Numerically predicted force-displacement responses for geometry S9, 365
subjected to progressive folding, compared to experimental findings for
AA6061 extrusions in (a) T6, and (b) T4 temper conditions.

Figure B.6

Numerically predicted force-displacement responses for geometry S9, 367
subjected to 8-bladed cutting, compared to experimental findings for
AA6061 extrusions in (a) T6, and (b) T4 temper conditions.

Figure B.8

Numerically predicted force-displacement responses for geometry S9, 369
subjected to 10-bladed cutting, compared to experimental findings for
AA6061 extrusions in (a) T6, and (b) T4 temper conditions.

Figure B.7

Sample deformation profiles at δ = 30 mm from (a) experimental testing, 368
and (b) the numerical simulation for 6061-T6 extrusions with geometry
S9 subjected to 8-bladed cutting.

Figure B.8

Numerically predicted force-displacement responses for geometry S9, 369
subjected to 10-bladed cutting, compared to experimental findings for
AA6061 extrusions in (a) T6, and (b) T4 temper conditions.

Figure B.9

Sample deformation profiles at δ = 100 mm from (a) experimental 370
testing, and (b) the numerical simulation for 6061-T4 extrusions with
geometry S9 subjected to 10-bladed cutting.
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List of Abbreviations/Symbols
AA
ALE

aluminum alloy
Arbitrary Lagrangian-Eulerian

AISI

American Iron and Steel Institute

ASM

American Society for Metals

ASTM

American Society of Testing and Materials
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Introduction
1.1 Axially loaded energy absorbers
The state-of-the-art in large capacity, sacrificial energy absorption utilizes thin-walled
structures subjected to impact and collapse along their axes in a deformation mode referred to as
progressive folding [1, 2]. The sacrificial extrusion of initial length, lo reduces in length due to the
formation of deformed lobes (buckling of the extrusion along its length) under impact to some final
length, lf. The total deformed length or displacement with respect to the frame, δ, is dependent on
both the properties of the energy absorber and the magnitude of kinetic energy associated with the
impact. This energy dissipation mechanism was formally identified in the pioneering work of
Pugsley et al. [3] and Alexander [4] over half a century ago. Numerous advancements have
occurred since the inception of this technology within the field of crashworthiness, including the
utilization of stress concentrators to mitigate peak forces by Gupta [5], the development of novel
geometries such as the honeycomb structure by Hu et al. [6], frusta by Gupta and Abbas [7] or the
top-hat profile by White and Jones [8, 9], among several others. This technology has become
ubiquitous in the transportation sector, particularly in automobile frames since these structures are
relatively easy to integrate into the main structure, shown in Figure 1.1.

Figure 1.1: Schematic of a typical automotive frame with highlighted front rail energy absorbing
assemblies and visualizations of the structure before and after impact [10].
However, despite these innovations traffic-related collisions remain the leading cause of
preventable death in individuals less than 30 years of age with a total of 1.3 million annual deaths
across all age groups, as reported by the World Health Organization (WHO) [11]. The efficacy of
the progressive folding mode is hindered by the characteristic fluctuations in the force response,
associated with the onset and formation of deformed lobes. The deformation mode is complex and
hence analytical models are often limited to predictions of the mean crush force [12], and the peaks
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and valleys in the force response tend to deviate considerably from this fundamental design
parameter. Additionally, the average mass of new vehicles increased 1985 to 2005 and has since
stagnated, partially due to the inclusion of enhanced front and rear rail assemblies implemented
between the bumpers [13], which are traditionally composed of steel alloys. While greenhouse gas
emissions from new vehicles are decreasing annually, the benefits of more efficient engines are
partially negated by excessive vehicle mass.

Therefore, innovation within the field of

crashworthiness emphasizes both enhanced deformation modes and lightweight materials, and
preferably a combination of these objectives.
The consideration for novel composite materials by Farley and Jones [14], Huang and
Wang [15] and Zhu et al.[16], among others[17], has shown promise due to the impressive strengthto-weight ratios of these materials, although relatively high costs currently influence the feasibility
of these materials in most vehicles. Novel deformation modes have also emerged as alternatives
to progressive folding (sometimes referred to as axial crushing), including: axial splitting by Reddy
and Reid [18], inversion by Reid and Harrigan [19], axial cutting of extrusions by Jin et al. [20],
Majumder et al. [21] and Hussein et al. [22, 23] bimodal compression by Baleh et al. [24]. The
disparity between mechanical responses, namely the mean reaction force, Fm, for AA6061
extrusions subjected to axial crushing and axial cutting is visualized in Figure 1.2.

Figure 1.2: Representative comparison between the axial crushing and 4-bladed axial cutting
deformation modes for AA6061 extrusions, previously studied by Jin [25].
The latter deformation mode tends to exhibit a near-constant force response which is far
more ideal in terms of mitigating death and injury than the inherently fluctuating force response
observed under axial crushing. However, the axial cutting deformation mode (and other novel
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alternatives) often fail to outperform axial crushing in terms of total energy absorption and the
reduced capacity correspondingly hinders their applicability for crash scenarios at elevated impact
velocities. While a myriad of energy absorbing solutions exist, there are few options which can
simultaneously absorb large quantities of energy, consist of lightweight materials, exhibit a
favourable mechanical response and be fabricated inexpensively.

1.2 Objectives of the research
The impetus of this research was to identify and test cutting-based deformation modes which
could provide superior mechanical performance in comparison to the current state-of-the-art (i.e.
progressive folding). Investigations were conducted to aid in the development of enhanced,
computationally inexpensive theoretical modelling approaches, which are highly sought after since
cutting deformation modes are inherently complex and notoriously difficult to model. These
studies considered lightweight, metallic extrusions and relied upon a combination of experimental,
analytical and numerical techniques to accomplish these goals. The experimentally driven
objectives of this research were as follows:
1. Identify a series of geometries for AA6061 extrusions with circular profiles with an existing
analytical modelling approach from Jin and Altenhof [26], where axial cutting could meet or
exceed the energy absorbing capacity of the progressive folding deformation mode for
identical extrusion geometries.
2. Test a series of geometries considering multiple diameters, wall thicknesses and material
tempering conditions subjected to cutting with a higher number of blades than investigations
in the existing literature with complementary progressive folding tests to prove the
hypothesis that axial cutting can outperform axial crushing.
3. Perform a comprehensive series of experiments with AA6061 extrusions subjected to axial
cutting with both lower-bladed (i.e. less than 6 blades) and higher-bladed cutting tools (i.e.
6 or more blades) to observe the evolution in the deformation mechanisms as more blades
are added and extrusions are tested to their physical limits.
4. Identify a set of AA6061 extrusions and higher-bladed cutting tool pairs for dynamic testing
up to 32 m/s impact velocities to observe the influence of dynamic effects on these novel,
previously untested deformation modes.
5. Compare the performance of the higher-bladed cutting modes under impact to
complementary axial crushing tests to assess whether the former can outperform the latter
when subjected to dynamic loading.
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6. Conduct an auxiliary study for the considering all these objectives for novel, ultralightweight AM30 magnesium extrusions to provide supplementary information on the role
of the extrusion material, since the failure mechanisms vary significantly from AA6061.
Theoretical investigations were also conducted, in parallel and with direction from the
experimental findings, with the following intended outcomes:
7. Perform a survey of the existing literature on wedge-based cutting deformation modes to
summarize previous experimental findings and subsequent theoretical modelling efforts
relevant to the topic of crashworthiness.
8. Revisit an existing analytical model for the steady-state cutting force in circular extrusions,
derived by Jin and Altenhof [26], and improve the accuracy utilizing newly obtained
experimental observations for previously unconsidered axial cutting deformation modes.
9. Expand the analytical model into a full procedure to predict the complete force-displacement
response for extrusions subjected to axial cutting.
10. Develop an analytical model for the steady-state force associated with radial clamping of
extruded material against the outer ring of the cutter under higher-bladed cutting modes, and
the onset displacement to allow for integration into the force response modelling procedure.
11. Consider the influence of brittle deformation mechanisms on the steady-state cutting force
by examining the cutting interfaces of AM30 magnesium extrusions and incorporating the
strain energy release rate (J-integral) in a revised, semi-brittle cutting force model.
12. Incorporate dynamic, velocity dependent behaviour into the analytical modelling procedure
for circular extrusions subjected to cutting, with guidance from low velocity (i.e. < 10 m/s)
impact tests from Jin et al. [27], newly obtained elevated impact tests from this dissertation
and blast loading experiments from Yuen et al. [28].
The newly obtained understanding of the axial cutting, and cutting/clamping deformation modes
was implemented in a case study of an actively adaptive cutting device, with the following primary
objectives:
13. Design a potential actively adaptive cutting device capable of altering the number of active
blades in the system (i.e. swapping between various cutting modes) to provide a variety of
energy dissipating solutions within a single safety system, such that the device could select
the preferred option for various crash scenarios.
14. Consider the pilot investigation by Shery [29] and provide enhancements in every relevant
aspect of the design, namely: ensure that the energy dissipating capacity meets or exceeds
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the performance of the progressive folding mode under both quasi-static and dynamic
loading conditions, and provide more sophisticated blade actuating solutions.
15. Perform a thorough stress analysis of the enhanced design, and compare the critical effective
stresses to the design from [29] and to experimentally tested cutters in this dissertation, to
ensure that the proposed device can withstand the necessary loading conditions.

1.3 Structure of the Dissertation
This dissertation is comprised of a series of manuscripts which were previously published
or submitted for publication in well-established mechanical engineering journals and a case study
of a novel design and application utilizing the newly obtained information, showcasing the potential
for future projects which will further enhance the state-of-the-art. Each relevant publication was
presented as an individual Chapter in a format as close as possible to that of the originally published
articles, such that each Chapter could be read and understood independently.
Brief summaries of the contents of each main body Chapter are listed as follows:
Chapter 2 presents a review of the mechanical performance of thin-walled structures (plates,
extruded tubing, etc.) subjected to cutting, with an emphasis on crashworthiness and energy
dissipation. This Chapter serves as the comprehensive literature review for this dissertation.
Chapter 3 presents an experimental investigation, guided by analytical predictions, considering
AA6061 extrusions subjected to axial crushing and previously untested 8 and 10-bladed cutting
deformation modes, demonstrating the capability of the latter to exceed the energy absorbing
capability of the former with drastically reduced peak forces.
Chapter 4 defines an analytical modelling procedure to predict the complete force-displacement
response and corresponding mechanical performance metrics for AA6061 extrusions subjected to
4-bladed axial cutting with both constant and varying profiles.
Chapter 5 outlines an inclusive study of novel AM30 magnesium extrusions subjected to axial
crushing and various axial cutting modes under both quasi-static and dynamic loading conditions.
A comparison between these deformation modes, akin to the objectives of Chapter 3, was
conducted for this alloy along with an analytical study utilizing the modelling approach from
Chapter 4. New derivations including consideration for the J-integral of the extruded material and
formal definition of the hybrid cutting/clamping mode have been implemented.
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Chapter 6 contains a large-scale experimental investigation of AA6061 extrusions subjected to
axial cutting and hybrid cutting/clamping, supplemented by a meta study of previously published
results, which enabled the identification of previously overlooked mechanical phenomena. This
study allowed for revised derivations of the analytical models from Chapters 3, 4 and 5 with a
stronger theoretical basis and correspondingly improved predictive capabilities.
Chapter 7 considers AA6061 extrusions subjected to novel hybrid cutting/clamping deformation
modes at impact velocities up to 32 m/s; the performance was compared to complementary axial
crushing tests. The steady-state cutting force was explicitly shown to be dependent on the cutting
velocity and the results were further utilized to extend the predictive capabilities of the analytical
modelling approach from Chapter 6.
Chapter 8 outlines a case study for design of a potential actively adaptive energy absorber
equipped with adjustable blades, such that the device can alter its geometry based upon the
anticipated impact event to provide the preferred mechanical response. The device can be
programmed as desired per the specific application and determine the necessary response via the
modelling approaches developed in Chapters 6 and 7.
Chapters 3 through 7 are presented within this dissertation in the order in which they were
conducted (and published). This was deemed the most appropriate presentation since each
subsequent investigation built upon the last to further enhance the understanding of the fundamental
objectives of this research. For example, Chapter 5 largely emphasized the performance of AM30
magnesium extrusions while the remainder of the dissertation considered AA6061 extrusions, but
the key findings (e.g. the role of fracture toughness, resistance to force attenuation and hybrid
cutting/clamping mode) were directly applicable to the investigations in Chapters 6 through 8.
Each Chapter presented in this dissertation can be read and understood independently, but they are
linked by a common interest to further the understanding of the axial cutting deformation mode and
hence the most recent studies could not have existed in their current forms without all of these
investigations.
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Mechanical performance and crashworthiness of plates
and extrusions subjected to cutting: An overview
2.1 Introduction
Cutting is well-known to engineers and non-engineers alike. The study of this process,
formally defined as the separation of an object by a triangular wedge and applied load, can be traced
back to ancient Roman mathematician Hero of Alexandria (c. 10 AD) [1] and was formally
identified by Renaissance-era engineers [2] as one of the classical simple machines. Virtually every
fabrication process, ancient or modern, from the mincing of vegetables to large-scale
manufacturing and construction relies on cutting and therefore it represents one of the oldest and
most fundamental problems in mechanical engineering. The cutting or tearing of a thin-walled
structure by a wedge is also a useful approximation of several transportation-related impact events.
Studying the topic is a comprehensive endeavor which often incorporates advanced concepts within
the fields of applied mechanics, material plasticity and fracture, tribology and engineering design.
Theories and solutions to cutting problems which are supported by experimental findings are
therefore highly sought after by engineers and scientists from a multitude of communities.
It is important to constrain the following discussion to a reasonable scope before
proceeding with details on previous work. Cutting is a relatively broad term which can refer to the
stated definition or more specific processes such as sawing, shearing, turning or general machining
which typically involve more complex kinematics including elevated speeds, multi-axis rotations
and reciprocations, among others. The study of machining and machine tools is an enormous topic
which was studied extensively. Fundamental concepts such as the analysis of chip formation and
relationship between material properties and plastic deformation were considered in the pioneering
work of Merchant [3-5]. Further contributions towards the understanding of chip formation and
the influence of tool geometry were made by Albrecht [6], Connolly [7] and Doyle et al. [8] with
further advancements summarized by Ehmann et al. [9]. Consideration of thermal and tribological
effects has also been thoroughly demonstrated to greatly influence cutting mechanics and tool
performance as discussed by Abukhshim et al. [10] and Sharma et al. [11], respectively, which can
greatly complicate analyses and the design process.

While the authors acknowledge the

significance of work associated with studying cutting as a manufacturing process, the scope of such
studies are often extraneous with respect to the intended topic of crashworthiness. Therefore,
following discussions emphasize studies considering unidirectional cutting/tearing for structural
crashworthiness.
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The scenario of a rigid, triangular wedge tearing through a ductile metal plate was
identified as a reasonable approximation of the grounding or raking of ship hulls against rocks.
These impact events can be devastating in magnitude with $10 billion in insurance claims divided
over 47 lost merchant vessels in 2018 alone [12]. One notably infamous case of ship grounding in
recent history was the Costa Concordia disaster in 2012. This incident resulted in 33 deaths [13],
and a salvage operation which lasted over 5 years with a total cost of $2 billion to prevent
catastrophic damage to the Mediterranean Sea [14]. The RMS Titanic is another classic example
of this unintentional cutting phenomenon, where the hull was subjected to ‘cutting’ by a rigid blade
in the form of an iceberg. Most of the kinetic energy of the vessels described by these scenarios is
absorbed by the work done by reaction forces between the rocks and hull as rocks plow through
the hull of a vessel. In the case of ship grounding structures with maximum resistance to penetration
are primary objectives for marine engineers.
Thin-walled extrusions with various profiles loaded along their axes are the primary energy
absorbers for a multitude of vehicles in the automotive, aerospace and defense sectors. The current
state-of-the-art for most applications relies on the collapse and progressive folding of extrusions;
the technology was first studied by Pugsley et al. [15] and Alexander [16]. High energy absorption
capabilities and space efficiency were observed, with the noted disadvantage of severe fluctuations
in the force response. A myriad of studies built upon their work in the following decades with the
most significant advancements involving the introduction of geometric imperfections to initiate
collapse, as summarized by Yuen and Nurick [17]. Despite these efforts the fluctuating force
response persists for these energy absorbers.

The societal impact is monumental, with

transportation related accidents resulting in approximately 1.3 million deaths and 50 million
injuries worldwide, as reported annually by the World Health Organization (WHO) [18].
A constant force-displacement response coupled with maximum energy absorption [19] is
considered ideal for an energy absorbing system. The analytical formulations discussed in later
sections generally assume that cutting can be approximated as a steady-state process (i.e. with a
constant cutting force). Therefore, cutting was recognized as a potentially transformative means
of dissipating energy and improving occupant safety in vehicular collisions. Cutting as an energy
absorbing system is an interesting application since the ideal result is maximum contact forces
between the extrusion and blade, which is contradictory to more traditional machining problems.
The technology was studied by the aerospace community for use in landing gear systems by
implementing a slitting or ‘chiseling’ tool [20], although the repeatability was concluded to be
unacceptable for design corridors. A novel design with revised blades and orientations, which
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demonstrated significantly improved stability [21], was developed and patented by researchers at
the University of Windsor [22].

The current Chapter provides an overview of significant

contributions in recent decades towards the understanding of phenomena associated with thinwalled entities subjected to cutting, with an emphasis on crashworthiness.

2.2 Cutting deformation modes
Numerous experimental and theoretical studies were conducted for a large breadth of
geometric parameters (e.g. wall thickness, plate width, extrusion diameter, blade dimensions) for
plates and extrusions. Additional parameters, including but not limited to the extruded material
composition, blade orientation, loading rate (i.e. quasi-static versus dynamic) and total number of
blades were also considered. A series of deformation modes were identified and are qualitatively
described in this section preceding the discussion of experimental results since the topic of cutting
is highly visual in nature. Descriptions of typical force-displacement responses are also provided.
These outlined deformation modes will form the basis for the modelling efforts presented in Section
2.4. Note that analytical formulations for more obscure problems are presented ahead of the
analytical modelling discussion for convenience since their derivations and assumptions deviated
from the general modelling procedure.

2.2.1 Transient and steady-state wedge penetration
Every cutting deformation mode can be described as either a transient or steady-state
(sometimes referred to as stable) response, or as a transition from the former to the latter. The
schematic for a blade with a general wedge semi-angle, θ, and shoulder width, 2B, is provided in
Figure 2.1. Transient cutting is defined as the initial contact and penetration of the blade tip and
progressive indentation of the wedge. The transient penetration zone can be visualized as the
triangular surface enclosed by region OPB in Figure 2.1.

This process was studied by

Jones et al. [23, 24], Ohtsubo et al. [25], Paik [26] and by Lu and Calladine [27] for mild steel
plates subjected to cutting by wedges with semi-angles between 10° and 20°, with and without a
constant-width shoulder. It was concluded by the latter authors, after reviewing multiple studies
and supplementing the literature with experiments, that the transition from transient to steady-state
cutting occurs at or slightly after the deformable material clears the base of the wedge.
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Figure 2.1: Kinematic model of a sharp blade with transient and steady-state (stable) cutting [28];
cutting direction indicated by ‘x’.
The transient domain was characterized by an increasing reaction force as the wedge
penetration progressed. This was expected since the blade was a penetrator with a linearly
increasing profile area due to the inclined wedge, with the blade tip representing the location where
the shoulder width is zero. As material progressed beyond the blade tip, shoulder width gradually
increased which resulted in more severe deformation and the noted increase in the cutting force.
The transition zone was defined as the area enclosed by PAB in Figure 2.1, coinciding with the
junction between the wedge and constant-width shoulder. Note that the moving hinge line, labelled
as OP, is inclined with respect to the blade shoulder and eventually becomes parallel as the cutting
progresses, which is another indicator of the transition to steady-state cutting. When a shoulder
was not present the cutting force progressively increased with penetration depth and never
plateaued [26, 29].

2.2.2 Deformation modes for flat plates subjected to cutting
Three distinct cutting modes were outlined by Simonsen and Wierzbicki [30] from the results
of previous experimental studies:
(i)

Clean (stable) curling: The plate is separated directly ahead of the blade tip and the
membrane curls evenly on each side of the wedge.

(ii)

Braided (unstable) curling: Separation occurs ahead of the blade tip with the
membrane simultaneously buckling in an alternating manner (i.e. back-and-forth).

(iii)

Concertina tearing: The sharp blade is replaced by a blunt edge which causes the
material to fold over itself and accumulate ahead of the wedge.
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The curling modes experienced by flat plates subjected to cutting differ from concertina tearing
by implementing a blade with a sharp tip rather than a blunt edge. Clean and braided curling are
referred to as stable and unstable cutting modes, respectively, since the latter is a nonideal case of
the former. Clean curling (stable cutting) was considered in a plethora of studies with fundamental
theories and principles outlined by Wierzbicki and Thomas [31]. The mode was characterized by
the symmetric tearing or ‘plowing’ of the plate with the formation of a curled membrane, as
illustrated by Figure 2.2(a) with a representative force-displacement plot provided in Figure 2.2(b).
A stable, near-constant load was the typical response after wedge penetration completed. The clean
curling mode has largely been accepted as the ‘ideal’ cutting response in due to its symmetric,
highly stable nature and hence was the focus of most theoretical investigations.

(a)
(b)
Figure 2.2: Mild steel plate subjected to clean curling (a) post-test with a complementary
schematic [31], and (b) a representative force-displacement (F,δ) response.
Braided curling, visualized in Figure 2.3(a), is an unstable mode where the far-field
membrane undergoes folding in an alternating manner. In severe cases the membrane progressively
buckles in a similar manner to thin-walled extrusions subjected to crushing, as described by
Alghamdi [32], with peaks and valleys in the force response corresponding to the formation of
deformed lobes. Since braided cutting was identified as an unstable scenario the causes of a
transition from clean to braided curling were largely attributed to boundary conditions [27].
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(a)
(b)
Figure 2.3: Mild steel plate subjected to unstable, braided cutting (a) post-test [33] and (b) a
representative force-displacement (F,δ) response.
The third and final mode is referred to as concertina tearing because rather than exhibiting
localized failure, the material ahead of a blunt edge accumulates and is torn at boundaries offset
from the blade, as demonstrated by the experiments of Wierzbicki [34] for steel plates. The builtup material folds in repeating fashion, depicted by Figure 2.4(a), analogous to the axisymmetric (or
concertina) deformation mode of axially crushed extrusions described by Alexander [16]. In severe
cases, the tears can propagate in the transverse direction with the folds gradually increasing in size
as illustrated in Figure 2.4(b). The characteristic force response is an amalgam of the steady cutting
response and oscillating crushing response, with a representative plot given in Figure 2.4(c). This
combined behaviour was attributed to the steady characteristics of the membrane tearing combined
with the fluctuating behaviour of the folding component of the deformation.

(a)
(b)
(c)
Figure 2.4: Mild steel plates subjected to concertina tearing (a) in a narrow channel, (b) with
diverging cracks [34] and (c) with a conceptual force-displacement (F, δ) response.

2.2.3 Axial cutting of extruded tubing
The fundamental differences between axial cutting and the modes discussed in the previous
section arise due to the change in geometry of the structure which experiences cutting. Flat plates
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are relatively ‘open’ structures which can be easily constrained and hence most studies only
consider the influence of a single blade. In contrast, when a ‘closed’ extrusion is cut along its axis
it is necessary to implement a series of blades with consistent angular spacing to provide adequate
support [21, 22]. Since the cutting tools implemented triangular, wedge-like blades the localized
extrusion deformation and force-displacement responses were comparable to the other cutting
modes.
The deformation mechanisms and overall appearance are analogous to the alternative
deformation mode of axial splitting characterized by Reddy and Reid [35] and Huang et al. [36,
37]. As the cutting progresses into the steady-state regime, the presence of adjacent wedges leads
to the creation of petalled sidewalls which are circumferentially constrained or ‘pinched’ and tend
to flare outwards, illustrated by Figure 2.5(a). Note that the blades possess a slightly blunted tip of
width, T, although this is minor contrast to the blunt edge described for concertina tearing.

(a)
(b)
Figure 2.5: Representations of (a) the schematic for the axial cutting deformation mode and a
typical cutter, with dimensions given in ‘mm’ [22], and (b) a representative force-displacement
(F,δ) response.

2.3 Experimental and numerical studies
Procedures to investigate the cutting of structures by wedges vary significantly between
sources since a plethora of applications and contexts exist. Experimental studies range from
isolated, ‘pure’ investigations of a single wedge quasi-statically penetrating a flat plate to the
implementation of cutting as one of multiple stages in the deformation of complex structures
composed of novel materials. The contribution of high rate experimental data has become possible
in recent years due to the development and improvement of piezoelectric sensors [38]. The
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following Section presents a combination of the most significant classical findings on the cutting
of thin-walled structures (i.e. plates, extrusions, etc.) and recent discoveries enabled by enhanced
experimental technologies.
A discussion of relevant numerical modelling efforts was also included since finite element
analysis (FEA) is commonly implemented in parallel with experimental studies to obtain as much
detail as possible on a structure’s mechanical response. Most traditional finite element models rely
on Lagrangian elements due to their efficiency and ease of modelling, although accuracy is usually
limited for extreme deformations and fracture. Novel arbitrary Lagrangian-Eulerian (ALE) and
meshfree element formulations were studied more recently and their impact on the simulation of
cutting processes was reviewed.

2.3.1 Crashworthiness design parameters and performance metrics
The mechanical performance of structures subjected to cutting is quantified by a series of
simple but fundamental computed parameters: total energy absorption, TEA, specific energy
absorption, SEA, mean cutting force, Fm, and the cutting force efficiency, CFE. The total energy
absorption was defined as the area bound by the experimentally recorded force-displacement
response (i.e. work done by the cutting force) as presented in Equation (2.1). This figure was
estimated with numerical integration of the force-displacement response utilizing the rectangular
rule as defined in Equation (2.2). The specific energy absorption, or energy absorbed per unit mass,
is presented in Equation (2.3).
𝑇𝐸𝐴 = ∫ 𝐹(𝑥)𝑑𝑥

(2.1)

𝛿

𝑛−2

𝑇𝐸𝐴 = ∑ 𝐹𝑖 ∙ (
𝑖=1

𝑆𝐸𝐴 =

𝛿𝑖+1 − 𝛿𝑖−1
)
2

𝑇𝐸𝐴
𝑚

(2.2)

(2.3)

where Fi and δi are the instantaneously measured cutting force and crosshead position, respectively,
and m is the mass of the sacrificial energy absorber. The mean cutting force was approximated
utilizing Equation (2.4) and represents the average value of the cutting force calculated over the
total cutting distance, 𝛿𝑇 .
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𝑛−2

1
𝛿𝑖+1 − 𝛿𝑖−1
𝑇𝐸𝐴
𝐹𝑚 = ∑ 𝐹𝑖 ∙ (
)=
𝛿𝑇
2
𝛿𝑇

(2.4)

𝑖=1

It is often necessary to distinguish between the overall average force, Fm, since some
deformation modes (e.g. progressive folding) never achieve steady-state deformation and the
instantaneous steady-state reaction force, Fss, for cutting deformation modes and qualitatively
similar modes (e.g. splitting, tearing). The steady-state force is typically of greater interest for
cutting, splitting and tearing-based deformation modes since these forces are easier to visually
identify and analytical models are after calibrated to these values, especially since steady-state
deformation often persists until the end of a give test/impact event. Therefore, Equation (2.4) was
modified to estimate the steady-state force for a prescribed region (δss, δT) of a force-displacement
response:
𝐹𝑠𝑠 =

𝛿𝑇
1
∫ 𝐹(𝑥)𝑑𝑥
𝛿𝑇 − 𝛿𝑠𝑠 𝛿𝑠𝑠

(2.5)

where δss represents the onset displacement for steady-state deformation of a given energy
dissipation mode. Finally, the crushing/cutting force efficiency is defined in Equation (2.6) as the
ratio of the mean load normalized with respect to the corresponding maximum cutting force, Fmax.
𝐶𝐹𝐸 =

𝐹𝑚
𝐹𝑚𝑎𝑥

(2.6)

Validation of the numerical and analytical (where applicable) modelling procedures
typically relies upon two major considerations: correlation between the instantaneous experimental
and analytical force-displacement responses and the accuracy of the previously defined
performance parameters. The mechanical responses of theoretical models, 𝑌(𝑥), can be compared
to their respective experimental results, 𝑦(𝑥), utilizing the validation metric and the cumulative
error. The validation metric, VM, defined by Oberkampf and Trucano [39], is provided in its exact
and approximated forms in Equation (2.7) and (2.8), respectively.
𝑉𝑀 = 1 −

1 𝛿𝑇
𝑦(𝑥) − 𝑌(𝑥)
∫ tanh |
| 𝑑𝑥
𝛿𝑇 0
𝑌(𝑥)
𝑁

1
𝑦(𝑥𝑖 ) − 𝑌(𝑥𝑖 )
𝑉𝑀 = 1 − ∑ tanh |
|
𝑁
𝑌(𝑥𝑖 )
𝑖=1
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(2.7)

(2.8)

where x and y represent the instantaneous displacement in the cutting direction and cutting force,
respectively, and N is the number of available data points. The cumulative error, CM, is similarly
defined in Equation (2.9) and (2.10), respectively.
𝐶𝑀 =

1 𝛿𝑇 𝑦(𝑥) − 𝑌(𝑥)
∫ |
| 𝑑𝑥
𝛿𝑇 0
𝑌(𝑥)

(2.9)

𝑁

1
𝑦(𝑥𝑖 ) − 𝑌(𝑥𝑖 )
𝐶𝑀 = ∑ |
|
𝑁
𝑌(𝑥𝑖 )

(2.10)

𝑖=1

The capability to predict average performance parameters for a given analytical model was
quantified utilizing the standard definition of the relative error, R, written as:
𝑅=

𝑄𝑒𝑥𝑝 − 𝑄𝑡ℎ
𝑄𝑡ℎ

(2.11)

where Qexp and Qth are the experimentally and theoretically predicted performance parameters,
respectively.

2.3.2 Experimental studies of flat plates
The study of flat plates subjected to quasi-static cutting are among the earliest
investigations to consider wedge-based tearing as an aspect of crashworthiness. Testing of platewedge combinations with various geometries and boundary conditions, illustrated in Figure 2.2(a),
was proposed as an idealization of sheet metal tearing encountered in ship groundings and traffic
collisions. Experimental data was collected by several authors [25-27, 31, 40-43] for mild steel
plates and the force response data was compiled by Simonsen and Wierzbicki [30] for modelling
purposes (detailed in Section 2.4), reproduced in Figure 2.2(b) for convenience. As expected, the
cutting force was observed to be highly dependent upon the wall thickness with increased forces
observed for larger plate thicknesses. Increasing the height of the blade’s wedge, lb was noted to
increase the duration of the transient response due to the prolonged increase in the shoulder width;
the wedge semi-angle, θ, did not contribute to this effect.
Inclination angles, α, between 0° and 20° were considered by the previously cited authors.
It was concluded by Jones et al. [24] that a non-zero inclination angle always resulted in a clean
curling mode resembling Figure 2.2(a) since the flared walls of the plate rolled in the direction of
the incline. The case of α = 0° was sensitive to a transition to braided curling. In cases of instability
the plate membrane experienced buckling, which coincided with a local peak load, and as the wedge
penetration progresses the membrane moves back-and-forth. A revised system with additional
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constraints was tested for locomotive front rails by Xie et al. [44] which demonstrated stable cutting
without an inclination angle. The roll angle was not observed to significantly affect the cutting
force, although the macroscopic deformation mode deviated slightly between the cases of β = 0°
and β ≠ 0°. For the latter case, Lu and Calladine [27] observed noticeable, albeit stable, ‘twisting’
of the deformed regime of the plate for mild steel when β = 20° and a force response comparable
to Figure 2.2(b).

(a)
(b)
Figure 2.6: Flat plates subjected to cutting (a) shown schematically with arbitrary orientation
[27], and (b) a summary of experimentally obtained force-displacement responses [30].
Dynamic testing was conducted for mild steel, aluminum, brass and copper plates by
Vaughan [42, 45], Woisin [43], Jones and Jouri [23], Prentice [46] and Goldfinch [47] utilizing
drop hammer apparatuses with consistent orientations to Figure 2.6(a) and impact velocities up to
11 m/s. The mean cutting force was observed to decrease by an average of approximately 30 %
from the quasi-static cases for all materials. Similar mechanical behaviour was observed by
Heimbs and Bergmann [48] for fiber-reinforced sandwich plates subjected to tearing by a bolt, as
shown in Figure 2.7.

However, the mechanism still showed promise with specific energy

absorptions up to 164 kJ/kg (more than double the expected value for typical metallic structures).
Further analysis by Lu and Calladine [27] was predicated on the assumption that three factors were
present which could be influenced by dynamic behaviour: inertial effects of the plate, rate
sensitivity of the material and contact forces caused by friction. The former two attributes will
typically increase the resistance force under dynamic loading (i.e. elevated strain rates) as
extensively demonstrated by Zener and Hollomon [49], Jones and Wierzbicki [50], Clifton [51]
and Karagiozova and Alves [52, 53]. The deformation was visually similar between quasi-static
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and drop hammer testing in the previously cited testing which implied that inertial effects were
negligible. Additionally, it is understood that the coefficient of friction degrades at increased
sliding speeds and can fluctuate [54-56]. Therefore, it was concluded that the reduction in the net
cutting force was a result of reduced frictional effects; further discussion on the topic is provided
in Section 2.4.1.

Figure 2.7: Progressive tearing of a carbon fiber-reinforced sandwich plate with the mechanical
response from quasi-static (200 mm/min) and dynamic (3 m/s) testing [48].

2.3.3 Numerical modelling of cutting processes
The following Section is presented as a brief introduction into typical numerical modelling
techniques for the described problem of plate tearing and wedge-based cutting of isotropic metals.
Traditional finite element modelling relies on a Lagrangian mesh with a failure algorithm, usually
strain-to-failure with element and/or node deletion. The fundamental concepts and important
considerations are discussed ahead of the presentation of large-scale modelling of complex
structural cutting in Section 2.3.4.

Novel element formulations with promise for future

investigations are also introduced. It was noted that most studies into the numerical modelling of
cutting emphasized machining processes such as orthogonal cutting, which were reviewed in detail
by Abukhshim et al. [10] and Li [57] and for meshfree methods by Li and Liu [58].
2.3.3.1 Treatment of material plasticity and failure
Regardless of the chosen approach, accurate material data is a necessary aspect of accurate
modelling. The simplest option involves the collection of experimental stress-strain data to define
a piecewise plasticity model, which models the elastic response linearly with an elastic modulus,
E, up to a user-defined yield stress, σY, followed by the extrapolation of the plastic response from
the implemented stress-strain data [59]. Alternatively, several metallics can also be described by
the classical power law approach [60]:
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𝜎𝑌 = 𝑘(𝜀𝑌 + 𝜀̅𝑝 )𝑛

(2.12)

where k and n are empirically derived material parameters and 𝜀̅ is the effective plastic strain.
𝑝

Typical considerations for material failure include the implementation of element or node erosion
by a strain-to-failure criterion or a damage parameter, C. An early but extensively utilized option
is the Cockroft-Latham [61] ductile failure criterion:
𝜀𝑓

𝜎1
𝑑𝜀
𝜎̅ 𝑝

𝐶=∫
0

(2.13)

where 𝜎1 and 𝜎̅ represent the principal and Huber-Mises stress, respectively. A plethora of fracture
criterion were developed in recent decades, many of which possess recursive damage parameters
which rely on the previous value in the sequence for improved fidelity, as summarized extensively
by Besson [62]. However, no universal fracture criterion currently exists.
An alternative approach which considered a combination of both necking and failure limits
in isotropic metals was developed by Stoughton and Yoon [63] which could be promising for future
numerical studies of large-scale cutting. The Johnson-Cook viscoplastic material model and failure
criterion [64] is the most widely implemented material model for the studies outlined in Section
2.3.4 and was demonstrated to be highly accurate for ductile metals [65]. It is favorable for a
multitude of studies due to its relative ease of implementation combined with a large predictive
range (e.g. states of stress, temperature fields, failure, etc.). The expressions for the yield stress
and damage parameter, D are given in Equations (2.14) and (2.15), respectively, where: A, B, C and
n are material constants and T, Ta and Tm represent the instantaneous, ambient and melting
temperatures, respectively. An equation of state is also required in the FEM implementation to
describe the relationship between state variables (e.g. pressure, volume).
𝜎𝑌 = (1 − 𝑇 ∗ ) ∙ (1 + 𝐶 𝑙𝑛 𝜀̇∗ ) ∙ [𝐴 + 𝐵(𝜀̅𝑝 )𝑛 ],

𝐷=∑

∆𝜀
𝜀𝑓

𝑇∗ =

𝑇 − 𝑇𝑎
𝑇𝑚 − 𝑇𝑎

(2.14)

(2.15)

This model relies on fracture strain, εf, which can be stated as a function of the damage
parameters such that:
∗

𝜀𝑓 = (𝐷1 + 𝐷2 𝑒 𝐷3𝜎 ) ∙ [1 + 𝐷4 𝑙𝑛(𝜀̇∗ )](1 + 𝐷5 𝑇 ∗ )
∗

(2.16)

∗

where 𝜀̇ and 𝜎 were the dimensionless strain rate and equivalent stress, respectively [64].
Damage can be difficult to model even in traditional materials since the failure mode is often
dependent upon both material properties and the stress-state. Wierzbicki and Bao [66] presented a
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series of models for predicting fracture strain in ductile materials, considering that for negative
stress triaxialities (compression) failure is dominated by shear modes while for large, positive stress
triaxialities (tension) void growth causes failure. A combination of the two modes was proposed
as the cause for failure under low triaxialities (i.e. 0 to 0.4) with subsequently altered expressions.
2.3.3.2 Traditional Lagrangian versus Eulerian and meshfree approaches
Early efforts to model cutting by Strenkowski et al. [67, 68] considered orthogonal
machining of steel workpieces utilizing a Lagrangian mesh with an elastic-plastic material model.
To adequately predict the chip formation ahead of the cutter a minimum representative element
length of approximately 0.05 mm was employed, therefore, only a short segment of cutting distance
(~2 mm) could be simulated. Coarser meshes are typically applied to increase this characteristic
length and correspondingly reduce the simulation time. The strain-to-failure modelling procedure
is relatively easy to implement and typically predicts the correct locations for the onset of fracture,
although the accuracy is limited after a ‘crack’ is initiated by the deletion of an element. Since any
deleted element must reach the fracture strain, force responses can become erratic as each adjacent
element experiences loading and failure out of sequence on the cutting path, as demonstrated by
Boldyrev [69] and summarized by Figure 2.10(a).
Meshfree formulations do not require the nodes to be paired in the form of elements and
hence are free from issues such as mesh entanglement which can limit the analysis of large
deformation problems, with and without fracture. One of the earliest techniques was smoothed
particle hydrodynamics (SPH), designed for continuum mechanics problems with solids and fluids
[70]. The formulation was utilized to accurately predict chip shapes and temperature distributions
under high speed orthogonal cutting by Limido et al. [71]. Further studies were also conducted by
Xi et al. [72] for a high strength Ti6Al4V alloy, Madaj and Piška [73] for a 2000-series aluminum
alloy and by Guo et al. [74] for K9 glass to determine the onset of cracking. An ALE-based
approach was considered by Rakotomalala et al. [75], Ducobu et al. [76] and Movahhedy et al. [77]
which allowed for relatively smooth force predictions, as displayed in Figure 2.8.
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Figure 2.8: Visualization of the deformation and corresponding force response from a 2D, ALEbased model of orthogonal metal cutting [77].
A numerical study of the cutting of thin sheets by Pagani and Perego [78] presented a
cohesive element formulation which generated ‘string’ elements between separated nodes to define
the membrane surrounding a blade. A schematic of the mesh with a visual comparison to a previous
plate tearing experiment are presented in Figure 2.9. This potential element formulation allowed
for simulation of large deformations within the vicinity of the cutter without an overly discretized
mesh and shows promise in the modelling of wedge-based cutting problems.

Figure 2.9: Schematic of directional cohesive solid-shell element formulation [78] with visual
comparison to an experimental sample from Lu and Calladine [27].
Another particle-based technique, referred to as element-free Galerkin (EFG) and
pioneered by Belytschko et al. [79] (among other meshfree methods), was also tested and displayed
a significantly improved and smoothed force response, presented in Figure 2.10(b). This technique
is advantageous in its ability to be utilized with implicit time integration and with the option for
adaptivity to minimize computational efforts, but it is hindered by the inability to exploit a failure
algorithm.

The findings of these models were promising, however, meshfree options are

significantly more computationally expensive than traditional element formulations [70] and hence
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they cannot be utilized for large-scale modelling while also achieving reasonable simulation times
with typical workstations.

(a)

(b)
Figure 2.10: FE-modelling of orthogonal cutting with (a) a typical Lagrangian mesh with strainto-failure, and (b) an EFG formulation with adaptivity and no failure [69].

2.3.4 Concertina tearing
2.3.4.1 Investigations of flat plates subjected to tearing
While considered a form of cutting, concertina tearing is discussed separately from the
curling modes since it is more chaotic, and the mechanisms of deformation are dissimilar. A brief
summary of modelling efforts on this problem will therefore also be presented in this Section. This
mode was of limited interest for safety systems since the noted fluctuations in load are non-ideal
traits, although the deformation bears a resemblance to several large-scale disasters. Notable
examples for plates include complex ship grounding damage, observed by Kitamura et al. [80],
Paik [26] and Astrup [81].
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The vulnerability of a plate to concertina tearing was determined to occur for plate width,
b, to thickness, t, ratios between 30 and 60 by Wierzbicki et al. [82], with divergent tears occurring
when the tear initiates away from the clamped boundary. A series of schema on the deformation
mode are presented in Figure 2.11. This phenomenon was identified by Atkins [83, 84] as a result
of in-plane perforations [85] followed by material buildup with extensive crack propagation due to
the slenderness of the plate, analogous to the common problem of aluminum foil tearing. An
analytical solution for the mean reaction force, Fct, was derived by Wierzbicki [34] for localized
tearing by assuming coupled folding and tearing occurs, applying the principle of virtual work:
𝐹𝑐𝑡 = 2√3𝜎𝑜 𝑡 2 (

2

1⁄
3

𝑏
( )
√3 𝑡

+

𝛿𝑡
)
𝑡

(2.17)

(a)

(b)
Figure 2.11: (a) Reference image and schematic of a simplified model for concertina tearing and
(b) corresponding force-displacement responses [34].
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2.3.4.2 Case study of the September 11th, World Trade Center attacks
Little introduction is necessary since the four coordinated September 11th attacks were the
most notorious and worst single act of terrorism in history. Nearly 3000 people were killed, mostly
at the World Trade Center (WTC) in New York City, with an additional 2000 deaths to date caused
by 9/11-related cancers and other illnesses [86]. Spectators worldwide were in disbelief at the
apparent lack of resistance by the WTC’s exterior columns and vulnerability of these large
structures, displayed in Figure 2.12(a), which led to a myriad of theories to explain the collapse
mechanisms. Investigations by the Department of Engineering at MIT [87] considered failure of
the outer columns, shown in Figure 2.12(b), induced by the wingspan of the Boeing 767s.

(a)
(b)
Figure 2.12: Damage to the exterior columns of the WTC, courtesy of WIT Press from [87], with
(a) subsequent collapse of the South Tower, and (b) a silhouette of the Boeing 767 fuselage and
wingspan, resembling cutting.
Analysis of the failure began with an analytical study by Wierzbicki and Teng [88] which
assumed the wings could be treated as rigid entities acting as knives against the outer columns in a
translational impulse-momentum analysis between a section of the wing and a single column. An
expression for the critical impact velocity, Vcr, for a rigid impactor to tear the outer flange of a
square column was obtained:
𝑉𝑐𝑟 = (1 + 𝜇)√
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2𝜎𝑜 𝜀𝑓
𝜌

(2.18)

Note that the critical velocity was independent of the geometry but rather on the strength
of the material, σo, and failure strain, εf. A critical impact velocity of approximately 155 m/s was
predicted for a typical construction grade steel. It was determined that a minimum yield strength
of 700 MPa, approximately double the strength of the material utilized in the WTC, was necessary
to repel a 240 m/s impact. Velocities exceeding the critical value caused failure by instantaneous
cutting of the outer flange, followed by subsequent concertina tearing of the side webs and tensile
failure of the rear flange. This behaviour was explored further by simulation, as visualized in Figure
2.13, utilizing ABAQUS® with plane stress shell elements and a fracture criterion by Xue et al.
[89, 90]. The approach was previously verified for highly dynamic problems by Jones and Yu [91].
The external columns were estimated to absorb only 6.7 % of the total kinetic energy of the aircraft
through concertina tearing, subjecting the internal structure to an additional 15.86 MJ of kinetic
energy per unit length of wingspan, not including the energy released by the subsequent explosion
of the fuselage.

Figure 2.13: Simulation of a box beam subjected to a 240 m/s impact in ABAQUS with and
without fracture criterion, with concertina tearing observed for the latter [88].
Large-scale modelling was conducted by Karim and Hoo [92] in LS-DYNA® utilizing
explicit simulation with Belytschko-Lin-Tsay shell elements to mesh the columns and Boeing 767
and a Johnson-Cook material model to capture plasticity and failure. Concertina tearing of the side
webs was observed on the external columns, followed by catastrophic separation and crumpling of
the fuselage as shown in Figure 2.14. The full-scale model provided further details, including a
residual impact velocity of 171 m/s after the 240 m/s penetration and an updated critical penetration
velocity of 130 m/s for the case of a full tank of fuel. Further analyses by Szuladziński [93]
demonstrated that the wings of the aircraft remained relatively intact after cutting through the
columns, possibly due to the presence of the incompressible fuel.
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(a)
(b)
Figure 2.14: Finite element models of the Boeing 767 impact with (a) half symmetry of the
aircraft, with permission from ASCE [92], and (b) a detailed analysis of the wing [93].
Understanding the causes of the fatal aftermath of the WTC attacks from an engineering
perspective was a complex and multidisciplinary endeavor. The general consensus was that
progressive collapse of each floor and the extreme static pressure of the buildings above these
compromised sections led to complete failure of the towers [94], combined with thermal creep
caused by rampant fires [95, 96]. However, one of the great mysteries in the wake of this disaster
was the rapid nature of the collapse as each tower only survived for approximately 1 hour after
impact, greatly increasing the loss of life. The unconventional consideration of the plane as a knife
cutting through the tower’s outer columns revealed the failure mechanisms which led to this rapid
collapse and provided insights into how to prevent these tragedies from occurring again.

2.3.5 Previous findings for axially loaded energy absorbers
2.3.5.1 Axial cutting of thin-walled extrusions
In contrast to the previously discussed studies, with the realm of sacrificial dissipators to
dissipate kinetic energy and protect occupants, cutting and destruction of the structure is a desired
outcome. The deformation mode described in Section 2.2.3 was first studied by Cheng and
Altenhof [21] with square, 6061 aluminum extrusions subjected to cutting at the corners with a 4bladed cutting tool, visually similar to the tearing study of square extrusions by Lu et al. [97].
Expanded studies including circular extrusions were conducted by Jin et al. [98] and Majumder et
al. [99] for a consistent 6000-series aluminum alloy in both T4 and T6 temper conditions. The
specimens in a T6 temper condition absorbed approximately 40 % more energy than their T4
tempered counterparts, which was roughly proportionate to the flow strength of the material.
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Furthermore, a progressive increase in the cutting force was observed above 50 mm of
displacement for the square extrusions which was not observed for the round extrusions.
Representative deformation profile summaries are provided in Figure 2.15(a) and Figure 2.15(b)
for square and circular extrusions, respectively. The latter were identified as ideal candidates for
further investigations due to the axisymmetric profile which allowed for the implementation of
additional blades. While these studies relied upon a wedge tearing completely through the walls
of an extrusion, alternative modes were developed by Beeh et al. [100], Gao et al. [101] and Guan
et al. [102] which implemented thick-walled extrusions subjected to partial cutting (i.e. ‘skimming’
of the surface by the cutting tool). The 4-bladed cutters exhibited large energy absorption
capacities, up to 90.1 kJ and 131.7 kJ for a 7075 aluminum and 1045 steel alloy, respectively, over
250 mm of displacement. However, the stroke efficiency was limited to a maximum of 50 % since
the extrusion was relatively intact post-test and hence required an equivalent storage volume.

(a)

(b)

Figure 2.15: Representative deformation profile and force-displacement response for
(a) square [21], and (b) circular 6061-T6 extrusions subjected to 4-bladed axial cutting [98];
50.8 mm OD or side length and 3.175 mm wall.
A conical deflector was implemented below the cutting tool by Jin et al. [103] to radially
divert or ‘clear’ the petalled sidewalls, enabling cutting under low profile applications. An
alternative design by Mahdavi et al. [104] and Mashadi et al. [105] which integrated the deflector
into the cutter. A large parametric study was conducted by Jin et al. [103, 106] considering multiple
diameters, wall thicknesses, cutting tools (3 to 5 blades) and both quasi-static and 7 m/s drop tower
impact testing. The force responses were demonstrated to be highly repeatable with CFE’s
exceeding 90 % reported in several cases. In comparison to progressive folding (currently the state-
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of-the-art) the response was more ideal, although the energy absorption capabilities were typically
observed to be lower for circular extrusions subjected to 3, 4 and 5-bladed cutting [106].
High rate testing was conducted for AA6061 extrusions by Yuen et al. [107] by
accelerating the extruded tubing with plastic explosive through a 4-bladed cutting tool and into a
ballistic pendulum; impact velocities between 68 m/s and 177 m/s were achieved. A sample forcetime response for a 50.8 mm OD, 3.175 mm thick extrusion is presented in Figure 2.16, along with
post-test images. Note that the force response can be compared to the quasi-static data previously
shown in Figure 2.15(b), which reveals an attenuation in the mean cutting force by approximately
40 %. This phenomenon is similar to the previously hypothesized decrease in contact forces at
increased cutting velocities for flat plates [27]. Multiple peaks in the force response were also
recorded and attributed to the folds observed at the proximal ends of the specimens. The formation
of these wrinkles throughout the structure due to extreme stress wave propagation was termed as
dynamic plastic buckling by Abrahamson and Goodier [108, 109] for steel extrusions subjected to
high rate loading. Karagiozova and Jones [110] presented an in-depth analysis of the problem and
concluded that strain rate insensitive materials, along with structures which possess significant
lateral moments of inertia, are more resistant to this response. The 6000-series alloy tested by Yuen
et al. [107] was shown to be relatively strain rate insensitive below 1000 s-1 [111-113]. However,
since dynamic wrinkling was observed for every specimen further testing at reduced velocities is
necessary to clearly identify the transitional range and contribution of inertial effects.

Figure 2.16: Deformation and force-time response from axial cutting of 6000-series aluminum
extrusions subjected to blast loading with evidence of dynamic plastic buckling [107].
2.3.5.2 Passive adaptivity with aspects of cutting and tearing
A series of techniques to implement passive adaptivity were considered for axial cutting.
Several approaches have relied upon the innate characteristic of a blade or wedge to act as a stress
concentrator to initiate failure at a specific location and mitigate peak forces, analogous to the
methods summarized by Yuen and Nurick [17] and Baroutaji et al. [114] for axial crushing.
Notching of circular extrusions prior to splitting was shown by Li et al. [115] for steel and by
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Rouzegar and Karimi [116] for brass to effectively mitigate the peak loads associated with fracture
[36, 37]. Additively manufactured aluminum extrusions were also modified with axial cutting
pretest by Mohamed et al. [117] implementing petalled sidewalls to decrease the structural stiffness
and reduce peak loads under crushing. A cutting tool with stunted wedges was developed and
tested by Hussein et al. [118, 119] for the compression of square, carbon fiber reinforced polymer
tubing with an external aluminum shell, visualized in Figure 2.17(a). The triggers mitigated the
peak crushing forces, furthermore, switching from a 4 to 8-bladed tool provided an 85 % increase
in the steady-state cutting force. The cutter developed by Guan et al. [102], shown mid-test in
Figure 2.17(b), was spring-loaded to constrain the sacrificial extrusion and ‘arm’ of the device
when a collision occurs. The deformation was visually comparable to the traditional mode of
orthogonal machining presented in Section 2.3.3.2.
Prestressing of thin-walled extrusions or a coupling of separate deformation modes is an
alternative technique intended to maximize the energy absorption and improve stability. Rouzegar
et al. [120] followed up their study of notched extrusions subjected to splitting by including rubber
inserts, which marginally increased the axial force and improved alignment between the extrusion
and die. A hybrid deformation mode which relied upon simultaneous radial expansion and tearing
of extrusions was considered by Moreno et al. [121, 122] by means of an annular expansion die
and conical splitter (deflector); the hybrid mode was capable of increasing the mean resistance
force by a factor of 2. Representative images from the dynamic testing as given in Figure 2.17(c).
The implementation of a rigid stopper plate below the conical deflector was tested by Reddy and
Reid [35] to constrain the petalled sidewalls formed by splitting to generate an increased force
response.

(a)
(b)
(c)
Figure 2.17: Passively adaptable, axially loaded extrusions (a) composed of carbon fiber
reinforced polymers, cut by a stunted wedge [119], (b) subjected to subsurface cutting [101] and
(c) a circular member subjected to a coupled expansion-splitting mode [121].
A force limiting energy absorber was developed by Beeh and Friedrich [123, 124] utilizing
a surface skimming mode with multistage telescoping rails. A three-stage rail was developed
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utilizing explicit simulations in LS-DYNA and experimental testing; increased diameters on the
rails led to correspondingly increased cutting forces, as summarized in Figure 2.18. Alternatively,
1050 aluminum plates were modified by reinforcing the material via friction stir welding by Amiri
et al. [125], as shown in Figure 2.19(a) with inclination and wedge semi-angles of 10° and 11.3°,
respectively. The cutting force, presented in Figure 2.19(b), experienced a steeper increase in the
cutting force than the responses for reference plates given in Figure 2.2(b) and Figure 2.6(b). The
inclusion of multiple welds at desired heights allows for a myriad of force limiting configurations.

Figure 2.18: Load-limiting vehicle crash frame based upon multistage surface skimming [123].

(a)
(b)
Figure 2.19: (a) Testing setup for 3 mm thick 1050 aluminum extrusions and (b) a representative
displacement-force response superimposed onto the plate geometry [125].
Unique mechanical response capabilities were experimentally demonstrated by Jin et al.
[126] via the implementation of two, 4-bladed cutting tools in series. The system exhibited a
reduced, steady-state load with a secondary increase once the second cutter was contacted,
effectively producing a load-limited energy absorber. The technique was later refined [127] by
alternatively varying the wall thickness of an extrusion along its axis to ‘program’ a desired force
response.
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A study of multiple element formulations by Majumder et al. [128] identified an Eulerian,
material-and-void element formulation as the preferred method to simulate axial cutting. The
extrusion was modelled with a coupled control volume (airmesh) which the material could ‘flow’
into as the deformation progressed. Due to the inherent symmetry of the deformation mode. An
elastic-plastic material model was generated from tensile test data with the bulk modulus included
within a polynomial equation-of-state. The cutting tool and any platens or hardware to constrain
the extrusion was assumed to be rigid to simplify the analysis. The contact between entities was
defined by global constraints to force the extruded material to ‘flow’ around the blade since no
failure algorithm was implemented. Average validation metrics and cumulative errors exceeded
0.9 and were below 0.1, respectively, for multiple diameters, wall thicknesses, cutting tools,
material temper conditions and loading rates [106, 129].

(a)
(b)
Figure 2.20: Comparison between the experimental and numerical (a) force responses under
quasi-static loading, highlighting the enhanced performance of Eulerian elements over a
meshfree SPH formulation [128], and (b) deformation modes under blast loading [106, 129].
A similar approach was utilized by Wang et al. [130] to model the surface skimming mode
outlined in the previous Section. The force-displacement response and deformation modes were
compared between experimental testing and numerical predictions in Figure 2.21. The forcedisplacement data was near-identical in most cases with only minor deviations. The chip geometry
was predicted to be overly smooth in comparison to the actual chips, which was expected since the
Eulerian element formation does not consider segmentation or fracture.
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(a)
(b)
Figure 2.21: Comparison between the experimental and numerical (a) force responses, and (b)
deformation mode for subsurface cutting (skimming) [130].

2.4 Analytical modelling
2.4.1 Early modelling efforts and empirical formulations
The earliest models for the cutting force, F, and corresponding energy dissipation (work),
W, produced by a wedge tearing through a thin-walled entity were typically single-term expressions
that were calibrated to experimental data. Empirical formulas can be limited in their applicability
since they are often tuned to a specific data set and they do not describe the actual phenomena
responsible for their underlying behaviour. However, in the wake of challenging problems such as
wedge-based cutting, empirical solutions eliminate many of the complexities which can sometimes
impede the analyses while simultaneously identifying the most crucial parameters requiring further
study. Therefore, a brief discussion of the most significant simplified and/or empirical formulae is
presented ahead of the major derivation procedures. Akita et al. [41] proposed a theoretical model
based upon static equilibrium at the contact interface between a plate and the inclined surfaces of
a wedge dominated by a normal stress, σY, such that:
𝐹 = 2𝜎𝑌 𝑡𝑙 tan 𝜃

(2.19)

where t, l and θ represented the plate thickness, wedge penetration length and wedge semi-angle,
respectively. The model was generally noted to overpredict the experimental cutting forces, which
could be expected since actual deformation modes which involved plate rolling and bending, as
summarized in Section 2.2, were not considered.
Subsequent investigations considered a simple polynomial relationship between the plate
thickness and energy dissipation, first proposed by Minorsky [131] with the resultant cutting force
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obtained by evaluating Equation (2.1). General expressions for the work and cutting force
generated by a sufficiently tall wedge (i.e. wedge height exceeds penetration depth, lb ≥ δT) are
provided in Equations (2.20) and (2.21), respectively.
W = C1 lt k1 + C2 l2 t k2 tan θ [J]

(2.20)

F = 1000 ∙ (C1 t k1 + 2C2 lt k2 tan θ) [N]

(2.21)

where C1, C2 are material constants and k1, k2 are geometric constants; each value was empirically
calibrated to the experimental force-displacement data in their corresponding studies. A summary
of these coefficients and validation parameters is given in Table 2.1 for a limited series of
investigations. Note that the 103 scalar on the latter expression was added to correct for units in a
given model and therefore its presence is dependent on each individual study; units were also
specified since these expressions are not dimensionally consistent between expressions. In the
work of Minorsky [131] and Vaughan [29, 42], the wedge shoulder did not fully clear the plate (i.e.
steady-state cutting did not occur), hence both C1 and C2 were defined to generate expressions for
the cutting force which were continuous functions of the penetration depth.
Table 2.1: Summary of coefficients for Equations (2.20) and (2.21) from various investigations;
all models were developed for mild steel plates.
Author(s)

C1

C2

k1

k2

Validity conditions

Vaughan [29], from
Akita and Kitamura [40]

33.3

0.0930

1.000

1.000

1.2 mm ≤ t ≤ 3.2 mm
θ = 30°, α = 10°
σo = 225.6 MPa

Vaughan [42]

5.5

0.0044

1.500

2.000

0.75 mm ≤ t ≤ 1.87 mm
5° ≤ θ ≤ 30°, α=10°

Woisin [43]

4.8

0.0000

1.700

N/A

Jones et al. [23]

Jones et al. [23]

3.9

7.2

0.0000

0.0000

1.440

1.305

2 mm ≤ t ≤ 10 mm, 𝑙⁄𝑡 ≤ 30
15° ≤ θ ≤ 50°, α=0°

N/A

1.50 mm ≤ t < 3.25 mm
15° ≤ θ ≤ 30°, α= 0°
σo = 255 MPa

N/A

3.25 mm ≤ t ≤ 5.95 mm
15° ≤ θ ≤ 30°, α = 0°
σo = 399 MPa

Fundamental material properties (e.g. flow stress, Coulomb’s friction coefficient) do not
explicitly appear in any of these formulations, consequently these expressions demonstrated limited
consistency when compared to a more comprehensive experimental scatter by Lu and Calladine
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[27]. This study culminated in the proposal of an improved model based upon Buckingham
dimensional analysis, presented in Equations (2.22) and (2.23) for the work and cutting force,
respectively. Despite the empirical parameter, C1.3, this was one of the earliest dimensionally
consistent models.
𝑊 = 𝐶1.3 𝜎𝑌 𝑙1.3 𝑡 1.7

(2.22)

𝐹 = 𝐶1.3 𝜎𝑌 𝑙 0.3 𝑡 1.7

(2.23)
It was postulated that a given work-displacement (W, x) response was dependent on the

plate inclination angle, α, blade roll angle, β, wedge semi-angle, θ, and the plate thickness, t.
Therefore, with force and length taken as the dimensions of the problem, two independent
dimensionless groups were defined. The dimensionless work, Wu, and cut length, lu, are given in
Equations (2.24) and (2.25), respectively. The cut length was always normalized with respect to
the inclination angle (i.e. 𝑙 = 𝛿 sec 𝛼) to account for the true penetration depth of the wedge.
𝑊𝑢 =

𝑙𝑢 =

𝑊
𝜎𝑜 𝑡 3

(2.24)

𝑙

(2.25)

𝑡

The responses were assumed to be sufficiently linear and the dimensionless parameters were
empirically correlated to the following expression:
𝑊
𝜎𝑜 𝑡 3

𝑙 𝑛

= 𝐶𝑛 ( )
𝑡

(2.26)

A standard value of n = 1.3 was introduced and Cn was restated as C1.3. The value of C1.3
was found to be highly dependent on the plate material (as expected since it was calibrated against
the flow stress) with values between 1.2 and 5.4 for various steels, aluminum alloys, brass and
copper. A summary plot of the quasi-static versus dynamic values of C1.3 is given in Figure 2.22,
note that the ratio of the dynamic to quasi-static values was less than unity due to the reduced
friction forces, discussed in Section 2.3.2. The trend was mitigated for steel plates due to
compensation from the strain rate sensitivity of common alloys [50].

36

Figure 2.22: Plot of quasi-static (abscissa) and dynamic (ordinate) C1.3 coefficients for plates
subjected to cutting [27].
Wierzbicki and Thomas [31] developed a closed-form solution of similar format, with
added consideration for frictional effects, as per the schema presented in Figure 2.23. The resultant
models possessed dimensional consistency, explicitly stated material terms and a fracture
parameter, 𝛿𝑡̅ , referred to as the crack opening displacement (COD) by Freund et al. [132, 133].
Final expressions for the work and cutting force are given in Equations (2.27) and (2.28),
respectively.

Figure 2.23: Schematics of membrane deformation and free body diagram [31]; cutting direction
indicated by ‘x’.
𝑊 = 2.34𝜎0 𝛿̅ 0.2 𝜇 0.4 𝑙1.4 𝑡 1.6
𝐹 = 3.28𝜎0 𝛿̅ 0.2 𝜇 0.4 𝑙 0.4𝑡 1.6

(2.27)

(2.28)
This closed-form model was modified by Paik [26, 134] with the inclusion of empirically calibrated
constants:
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1.5 1.5
𝑊 = 𝐶1.5 𝐶𝑓 𝜎0 𝑡𝑒𝑞
𝑙

(2.29)

1.5 0.5
𝐹 = 1.5𝐶1.5 𝐶𝑓 𝜎0 𝑡𝑒𝑞
𝑙

(2.30)

where teq represents an equivalent thickness accounting for both the thickness of a flat plate and
the presence of longitudinal stiffeners for marine applications. The first coefficient, C1.5, corrects
for the geometric properties of the wedge while Cf accounts for dynamic effects resulting from the
impact velocity, V. Both coefficients were calibrated as second-order functions, as presented in
Equations (2.31) and (2.32), respectively.
𝐶1.5 = 1.112 − 1.156𝜃 + 3.760𝜃 2

(2.31)

𝐶𝑓 = 1.0 − 0.042𝑉 + 0.001𝑉 2

(2.32)

Note that Cf was empirically derived and therefore, V must be taken as the initial impact
velocity rather than being treated as a continuous function. Additionally, the impact coefficient
formula, Equation (2.32), yields values less than unity to account for the attenuation in cutting force
at increased velocities due to reduced frictional interactions [27]. Despite these incremental
improvements, the procedures described above could not produce a single, universal model.

2.4.2 Characteristics of steady-state cutting
Following the studies outlined in Section 2.4.1, a fully analytical modelling approach
which considered the fundamental deformation modes was formulated by Zheng and Wierzbicki
[28]. The derivation consisted of three major steps: generate a kinematic model of the wedge
(blade) cutting through a shell, estimate the strain fields and energy absorption rates associated with
each deformation mode, obtain the total cutting force by assessing a free body diagram of the wedge
to relate the forces associated with plasticity and friction. The remainder of this Section was
reserved for a discussion of the significant assumptions and to present the derived models.
2.4.2.1 Moving plastic hinge lines and spatial coordinates
The concept of a moving hinge line was first considered by Wierzbicki and Bhat [135] as
a mechanism of energy absorption for circular extrusions subjected to axisymmetric plastic
buckling. It was formally described as a line segment which experiences large-scale translation
due to compression of the structure, coupled with rotation about one of the points due to plastic
deformation; this concept is visualized by Figure 2.24(a). The moving hinge is defined has line
segment OP, as the shoulder of the wedge approaches and clears the origin the moving hinge
transitions into a steady segment, visualized by PY. Simonsen and Wierzbicki [30] hypothesized
that the problem of a wedge cutting through a plate could be mathematically described by a Eulerian
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description of the motion. The material ‘flows’ through a control volume containing a rigid blade
as described by the (ξ,η) coordinate system in Figure 2.24(b). The necessary straining parameters
are labelled as the blade-tip gap width, vθθ, shoulder gap, uo, and the rolling radius, Rr.

(a)
(b)
Figure 2.24: Illustrations of (a) moving hinge lines [28], and (b) resultant strains with material
flow as described by the (ξ,η) coordinate system.
2.4.2.2 Strain field predictions by energy minimization
One of the greatest challenges with predicting the cutting force was the development of
accurate predictions of the strain fields, since theoretically, an infinite number of solutions could
satisfy the problem [30] resulting in a myriad of predictions with no precision. Zheng and
Wierzbicki [28] posited that the rolling radius, Rr, should be left as a free parameter:
𝐹 = 𝑓{𝑡, 𝐵, 𝑇, 𝜃, 𝛼, 𝛽, 𝑅𝑟 }

(2.33)
Assuming the rolling radius will naturally assume the value that minimizes the total energy
dissipation, and all other parameters are constant, a general expression can be determined from:
𝜕𝐹𝑝
=0
𝜕𝑅𝑟

(2.34)

𝑅𝑟𝑡 = 𝑅𝑟 cos 𝜃

(2.35)

The blade-tip and shoulder gaps are presented in Equations (2.36) and (2.37) for convenience.
Readers are encouraged to review [30] and [136] for the derivation of these terms for flat plates
and circular extrusions, respectively. Note that since these strains are highly localized (i.e. confined
to the near-blade vicinity), the mild curvature of a ship hull or extrusion does not alter either term.
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𝑣𝜃𝜃 = 0.16𝑅𝑟 cos2 𝜃 (1 + 0.55𝜃 2 )

(2.36)

𝑢𝑜 = 𝐵𝜃

(2.37)

2.4.2.3 Simplification by assumption of a steady-state process
The time derivative of a given multivariable parameter, f, in the previously defined Eulerian
space can be written as:
𝑑𝑓 𝜕𝑓
=
+ 𝛻𝑓 ∙ 𝑉̅
𝑑𝑡 𝜕𝑡

(2.38)

where the gradient, ∇, and the velocity vector, 𝑉̅, are provided in Equation (2.39) and Equation
(2.40), respectively.
𝜕⁄
𝜕𝜏
𝛻 = [𝜕
]
⁄𝜕𝜂

𝑉̅ = [

𝜕𝜏 𝜕𝜂
,
]
𝜕𝑡 𝜕𝑡

(2.39)

(2.40)

A steady-state cutting force is achieved after the material passes the boundaries of the
previously discussed membrane zone PQT and is in contact with the full blade shoulder. Therefore,
a state of equilibrium can be assumed if the given parameter, f, is taken as the cutting force.
Additionally, the cutting velocity, V, is quasi-parallel to the tangential Eulerian direction, ξ. These
assumptions can be mathematically expressed as:
𝜕𝑓
=0
𝜕𝑡

(2.41)

𝜕𝜂
=0
𝜕𝑡

(2.42)

𝜕𝜏
=𝑉
𝜕𝑡

(2.43)

Substitution of these terms into Equation (2.38) reduces the previous formula to:
𝑑𝑓
𝜕𝑓
=𝑉∙
𝑑𝑡
𝜕𝜏

(2.44)

Removal of the transient component (referring to transience in the time domain and not the
previously discussed transient, depth-based penetration of a wedge) greatly simplifies the analysis
of any expression obtained by the principle of virtual power in Section 2.4.5. This assumption was
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verified for quasi-static testing of flat plates by Zheng, Simonsen and Wierzbicki [28, 30] and for
axial cutting of circular extrusions quasi-statically and under low velocity impacts (i.e. V < 7 m/s)
by Jin et al. [103, 136].

2.4.3 Assumptions for internal energy dissipation
The internal energy dissipation rate, 𝐸̇𝑖 for a general solid body of volume Vs can be expressed as:
𝐸̇𝑖 = ∭ 𝜎𝛼𝛽𝛾 𝜀̇𝛼𝛽𝛾 𝑑𝑉𝑠
𝑉𝑠

(2.45)

where 𝜎𝛼𝛽𝛾 and 𝜀̇𝛼𝛽𝛾 are the stress and strain rate tensors for a given loading condition,
respectively; note that (α,β,γ) refers to an arbitrary coordinate system and not the previously
discussed blade and plate orientation angles. This can be a difficult expression to assess for a
structure subjected to cutting in its current form, and hence a series of assumptions were postulated
by previous authors [28, 30, 103].
i.

The total cutting force is evenly distributed across each blade in an n-bladed cutter; additionally, the
deformation at each blade is identical.

ii.

The yield behaviour of the deformable material obeys a von Mises yield criterion.

iii.

Local necking is neglected, and the plate or extrusion thickness is taken as constant. A state of plane
stress can be assumed.

iv.

Plastic, in-plane shear strains and out-of-plane displacements are neglected.

v.

The deformable material is assumed to deform in an isotropic and rigid-perfectly plastic manner
with an equivalent flow stress, σo, which can be obtained as the average value from the plastic regime
of a material’s stress-strain response.

vi.

The interactions between plastic deformation modes are uncoupled and can be derived
independently followed by a summation by linear superposition via the principle of virtual power.

The von Mises yield condition for a state of plane stress was assumed with the coordinate
system defined in Section 2.4.2.1:
2
2
2
𝜎𝜏𝜏
− 𝜎𝜏𝜏 𝜎𝜂𝜂 + 𝜎𝜂𝜂
+ 3𝜏𝜏𝜂
= 𝜎𝑌2

(2.46)

with the associated flow rule yielding three independent expressions:
𝜀̇𝜏𝜏 = 𝜆̇(2𝜎𝜏𝜏 − 𝜎𝜂𝜂 )
{𝜀̇𝜂𝜂 = 𝜆̇(2𝜎𝜂𝜂 − 𝜎𝜏𝜏 )
𝛾̇𝜏𝜂 = 6𝜆̇𝜎𝜏𝜂
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(2.47)

For extruded material within the vicinity of the cutting blade tip, no material accumulates
beyond the chip formation zone. Therefore, 𝜀̇𝜉𝜉 = 0 and 𝜀̇𝜉𝜂 = 0 since the shear strain was
neglected. Equations (2.46) and (2.47) can be utilized for near-field deformation:
𝜎𝜉𝜉 =

1
𝜎
2 𝜂𝜂

𝜎𝜉𝜂 = 0

𝜎𝜂𝜂 =

(2.48)

(2.49)

2

𝜎𝑜

√3

(2.50)

For extrusion material in the far-field of the cutting tool, no material accumulates in the
circumferential direction adjacent to the blades. Therefore, 𝜀̇𝜂𝜂 = 0 and 𝜀̇𝜉𝜂 = 0 since the shear
strain was neglected. Equations (2.46) and (2.47) can also be utilized for far-field deformation:
1
𝜎𝜂𝜂 = 𝜎𝜉𝜉
2

(2.51)

𝜎𝜉𝜂 = 0

(2.52)

𝜎𝜉𝜉 =

2
√3

𝜎𝑜

(2.53)

Assumption (v) greatly simplifies the analysis by neglecting the strain hardening of the
deformable material with a bilinear approximation, illustrated in Figure 2.25. The plastic behaviour
is described by a single, average value referred to as the flow stress, and is mathematically defined
in Equation (2.54) as the average value within the plastic regime of a material’s response, 𝜎𝑝 (𝜀).
This was established as standard practice by multiple authors [16, 137, 138] for the modelling of
large displacement problems with complex strain fields, such as axial crushing.
𝜎𝑜 =

1
∫ 𝜎𝑝 (𝜀)𝑑𝜀
𝜀𝑓
𝜀𝑝

(2.54)

A simplified estimate of the flow stress was alternatively defined by Abramowicz and
Wierzbicki [139] which relies solely on the ultimate tensile stress, σu:
𝜎𝑜 ≈ 0.92𝜎𝑢
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(2.55)

Figure 2.25: Approximation of an arbitrary stress-strain (σ,ε) response as rigid-perfectly plastic.
Strain rate effects were commonly modelled utilizing the Cowper-Symonds relationship
previously outlined in Section 2.3.3.1 to ‘scale’ the flow stress accordingly:
1⁄
𝑞

𝜎𝑒
𝜀̇𝑒
= 1+( )
𝜎𝑜
𝐷

(2.56)

where q and D represent experimentally calibrated material constants. Bulk approximations to the
average strain rate were traditionally obtained by normalizing the impact velocity with respect to
the total cut length, this approach was validated by Jin and Altenhof [103, 127].

2.4.4 Energy dissipation rates via membrane-bending deformation and fracture
Plastic energy absorption rate, under a cutting mode occurs by three significant
mechanisms: membrane deformation, 𝐸̇𝑚 , far-field bending, 𝐸̇𝑏 , and crack propagation (fracture),
𝐸̇𝑐 . The total energy absorption rate due to plastic deformation, 𝐸̇𝑃 , for a structure subjected to
cutting by a series of blades, n, can be expressed as:
𝑝

𝑞

𝑠

𝐸̇𝑃 = 𝑛 ∙ [∑ 𝐸̇𝑚 𝑖 + ∑ 𝐸̇𝑏 𝑖 + ∑ 𝐸̇𝑐 𝑖 ]
𝑖=1

𝑖=1

(2.57)

𝑖=1

where p, q and s represent the number of individual membrane, bending and fracture deformation
modes, respectively, for a given structure. The expression for a surface, S, experiencing membrane
deformation is given by Equation (2.58) with far-field bending defined in Equation (2.59).
𝐸̇𝑚 = ∫ 𝑁𝛼𝛽 𝜀̇𝛼𝛽 𝑑𝑆
𝑆
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(2.58)

𝐸̇𝑏 = ∫ 𝑀𝛼𝛽 𝜅̇ 𝛼𝛽 𝑑𝑆

(2.59)

𝑆

where 𝑁𝛼𝛽 , 𝑀𝛼𝛽 are components of the membrane and bending moment tensors and 𝜀̇𝛼𝛽 , 𝜅̇ 𝛼𝛽 are
the corresponding generalized strain and curvature rates, respectively for a case of plane stress.
The force, No, and moment, Mo, per unit length for thin-walled structures are typically assumed as:
𝑁𝑜 =

𝑀𝑜 =

2
√3

𝜎𝑜 𝑡

(2.60)

𝜎𝑜 𝑡 2
4

(2.61)

By implementing the material model from Section 2.4.3 and the effective strain, these formulas can
be generally expanded for the case of plane stress as [140]:
𝐸̇𝑚 =

2
√3

2
2
2 + 𝜀̇ 𝜀̇
𝜎𝑜 𝑡 ∬ √𝜀̇𝜉𝜉
+ 𝜀̇𝜂𝜂
𝜉𝜉 𝜂𝜂 + 𝛾̇ 𝜉𝜂 𝑑𝜉𝑑𝜂

(2.62)

𝑝

𝐸̇𝑏 = ∬ 𝑀𝜉𝜂 𝜅̇ 𝜉𝜂 𝑑𝑆 + ∑ 𝑀𝑜,𝑖 𝜃̇𝑖 𝑙𝑖

(2.63)

𝑖=1

𝑆

Further details on the associated deformation modes are given in Section 2.4.7. Energy
dissipation by the tearing of plates was stated by Ashby [141] to be proportionate to the fracture
toughness, Gc, and rate of surface area generation, 𝐴̇:
𝐸̇𝑐 = 𝐺𝑐 ∙ 𝐴̇ = 𝐺𝑐 𝑡𝑉

(2.64)

The concept was also investigated by Atkins [142, 143] for the prediction of forces
associated with chip formation during machining processes. Fracture toughness was found to be a
difficult parameter to implement since it is highly dependent upon the actual strain history up to
failure, unlike the previously mentioned membrane and bending deformation modes [30].
Experimental scatter is another limitation; the fracture toughness was reported by Atkins [144, 145]
to vary by a factor of 5 for mild steel plates. Furthermore, observations by Fan et al. [146]
demonstrated that the energy associated with tearing and its time derivative may not be constant,
as predicted by Equation (2.64), due to in-plane shear strain effects, which could explain the
experimental scatter. A lack of visible crack propagation for mild steel plates [27, 28] and
aluminum extrusions [136] demonstrated that implementation of fracture mechanisms is generally
not appropriate for ductile materials.
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2.4.5 Principle of virtual power
When external forces are applied to a deformable body, the rate of energy absorption must
be equal to the sum of the energy dissipated via plastic deformation. The energy stored elastically
was extensively shown to be negligible. Therefore, a shell subjected to cutting experiences the
energy dissipation rate stated in Equation (2.66), as defined by Atkins and Mai [147]. This formula
can be normalized with respect to the cutting velocity, V, to obtain an expression for the cutting
force associated with plastic deformation, Fp. This method was first considered by Zheng and
Wierzbicki [28] for the problem of cutting and has become the standard approach [30, 33, 136].
𝑛

𝐹𝑝 ∙ 𝑉 = ∑ 𝐸̇𝑝,𝑖

(2.65)

𝑖=1

𝐹𝑝 𝑑𝑥 = 𝐸𝑝 𝑑𝑉 + 𝐺𝑐 𝑑𝑆

(2.66)

2.4.6 The influence of friction
Internal energy dissipation and contribution to the cutting force by friction, Ff, are treated
separately without coupling:
𝐹 = ∑ 𝐹𝑝 + ∑ 𝐹𝑓

(2.67)

The procedure for implementing friction effects involves analysis of a free body diagram
for a single blade [23, 148], illustrated by Figure 2.26. The angle of relative motion due to flaring,
ζ (bounded by 0 ≤ ζ ≤ θ) must be considered. Pippenger [149] experimentally observed that the
1

relative angle was approximately one half of the wedge semi-angle (i.e. ζ ≈ 2 𝜃) for steel plates.
Analysis by Ohstubo and Wang [25] yielded a friction modifier, which relates the plastic
deformation forces, Fp to the total cutting force, F:
𝑔=

𝐹
𝜇
=1+
𝐹𝑝
tan 𝜃

(2.68)

The total energy dissipation rate, in terms of the cutting forces, can be written as [30]:
𝐹 ∙ 𝑉 = 𝐹𝑝 ∙ 𝑉 + 2𝜇𝐹𝑁 ∙ 𝑉𝑟𝑒𝑙

(2.69)

This component of the analysis is crucial since friction accounts for a significant portion
of the cutting force, with estimates between 40 % and 60 % for common blade geometries [23, 28,
136]. Estimation of the Coulomb coefficient of friction under cutting can be a significant challenge
since the value fluctuates for various materials, boundary conditions and even within different
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regions of the contact interface [28]. The strategy for obtaining the ‘correct’ friction coefficient
typically involves a parametric study of several reasonable values and calibration with respect to
experimental results [35, 36, 150].

(a)

(b)
Figure 2.26: Free body diagram of (a) a wedge-like blade with a definition of the relative velocity
and (b) a conical obstruction tearing a plate [151]; cutting direction taken as ‘x’.

2.4.7 Analytical models of the steady-state cutting force
Several analytical formulations were derived with the procedures outlined in Sections 2.4.2
through 2.4.6. A series of the most recent, and significant advancements to the analytical modelling
of cutting are presented below. For brevity, the final expressions are presented, and readers are
encouraged to review the individual studies for models of interest.
2.4.7.1 Flat plates cut by straight and conical wedges
An early model of cutting by a wedge implementing the concept of a rolling radius, Rr, was
developed by Wierzbicki and Thomas [31]:
0.2

𝐹 = 1.67𝜎0 (𝛿𝑡̅ ) 𝑙 0.4 𝑡 1.6
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1
𝜇
∙ [(tan 𝜃)0.4 +
]
0.8
(cos 𝜃)
(tan 𝜃)0.6

(2.70)

−0.2
(sin 𝜃)0.6 (cos 𝜃)0.2
𝑅𝑟 = 0.86𝑙 0.2 𝑡 0.4 (𝛿𝑡̅ )

(2.71)

The investigation was predicated on the assumption that near-field membrane and far-field
bending deformation were not independent. An alternative model was proposed by Ohtsubo and
Wang [25] based upon a similar approach to the previous model with improved accuracy in
Equations (2.72) and (2.73), respectively. The rolling radius explicitly entered the formula without
reliance on a nondimensional fracture parameter, 𝛿𝑡̅ . Note that both models consider a sufficiently
large wedge and hence predict a continuously increasing cutting force with respect to the tear
length, l.
𝐹 = (1 + 𝜇 cot 𝜃) ∙ [𝜎𝑜 𝑡 (

𝑡𝑙 tan 𝜃 (2𝜋 − 4)
+
𝑅𝑟 cos 𝜃)]
2𝑅𝑟
√3

(2.72)

𝑅𝑟 = 0.66𝑙 0.5 𝑡 0.5 (tan 𝜃)0.5 (cos 𝜃)−0.5

(2.73)

Zheng and Wierzbicki [28] proposed a model to predict the steady-state cutting force in
mild steel plates for a sharp blade (i.e. T=0 mm) with a finite shoulder width, 2B, based upon failure
ahead of the blade tip, membrane deformation and frictional effects:

𝐹 = (1 + 𝜇 cot 𝜃) ∙ [

𝑅𝑟 = 𝐵√

𝜃
(𝑅𝑟 + 𝐵)2 cos 2
𝜎𝑜 𝑡 2
𝑅𝑟
𝑅𝑟 + 𝐵
2
(1.268 cos 𝜃 + 2
+ 1.28𝜃
∙
)]
4
𝑡
𝑅𝑟
𝑅𝑟
cos 𝜃

𝑡
𝜃
2 ( ) + 1.28𝜃 2 cos
𝐵
2
1.268 cos 𝜃 + 1.28𝜃 2 cos

(2.74)

(2.75)

𝜃
2

An updated model for steady-state cutting was derived by Simonsen and Wierzbicki [30] with more
rigorous definitions of the membrane strain fields:
−1

𝐹 = (1 −

𝑅𝑟 = √

𝜇
𝜃
sin 𝜃 + cos 𝜃 cos
2

)

∙[

𝜎𝑜 𝑡
√3

𝐵𝑡
0.64𝑅𝑟 cos 3 𝜃 ∙ (1 + 0.55𝜃 2 )

(0.64𝑅𝑟 cos 2 𝜃 ∙ (1 + 0.55𝜃 2 ) +

𝑡(𝑅𝑟 + 𝐵)
+ 2𝐵𝜃)]
𝑅𝑟 cos 𝜃

(2.76)

(2.77)

Further consideration for a brittle cutting mode with extensive crack propagation ahead of the blade
tip was also considered:
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−1

𝜇

𝐹 = (1 −

sin 𝜃 + cos 𝜃 cos

𝜃
2

)

∙ (𝐺𝑐 𝑡 +

2𝜎𝑜
√3

𝐵𝑡𝜃 +

0.906𝜎𝑜 𝑡 2
)
cos 𝜃

(2.78)

The fracture toughness explicitly entered the formulation, and the rolling radius was
eliminated due to the assumed fragmentation of the plate membrane, however, no validation
occurred in this study since the plates did not exhibit visible fracture by crack propagation. The
analytical models based upon ductile failure were validated with adequate parameter scopes,
although their applicability is limited since they do not consider the presence of support structures
such as the longitudinal stiffeners and girders commonly found in ships. An alternative model was
proposed by Simonsen [151] which considered a conical ‘blade’ to provide a more accurate
approximation of sharp rock geometries:
𝐹𝐻 = (1 −

−1
𝜇
)
cos 𝜑 sin 𝜃 + 𝜇 cos 𝜃 cos 𝜉

∙ [(𝐺𝑐 𝑡 +

2
√3

2

2

2

𝜎𝑜 𝑡√(𝑋𝑄 − 𝑋𝑆 ) + (𝑌𝑄 − 𝑌𝑆 ) + (𝑍𝑄 − 𝑍𝑆 ) +

𝜎𝑜 𝑡 2 𝐵𝐷𝐸
)]
2𝑅𝑟𝑡

𝛿 tan 𝜃
𝑅𝑟 = 𝜋
𝜋 𝜑
− 𝜑 − tan ( − )
2
4 2

(2.79)

(2.80)

where BDE represents the deformation width. The spatial coordinates for points Q and S, identified
in Figure 2.26(b), were determined to be:
0
𝑋
(𝑌 ) =
𝑍 𝑄

𝜋
− {𝑅𝑟 cos 𝜑 + (𝐵𝐷𝐸 − 𝑅𝑟 ( − 𝜑)) sin 𝜑}
2
𝜋
𝑅𝑟 (1 − sin 𝜑) + (𝐵𝐷𝐸 − ( − 𝜑)) cos 𝜑
2
(
)

(2.81)

𝐵𝐷𝐸 sin 𝜃 cos 𝜃 − 𝑙𝑄 sin 𝜃
𝑋
(𝑌 ) =
𝑍 𝑆

−{𝐵𝐷𝐸 sin2 𝜃 + 𝑙𝑄 cos 𝜃}
𝜋
𝑅𝑟 (1 − sin 𝜑) + (𝐵𝐷𝐸 cos 𝜑 − 𝑅𝑟𝑡 ( − 𝜑)) cos 𝜑
2
(
)

(2.82)

The model was validated for ship hulls composed of mild steel subjected to impact
velocities up to 12 knots (~6.2 m/s) [152]. A recent study by Zeng et al. [153] incrementally
enhanced the model with experimentally and numerically supported validation.
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2.4.7.2 Axial cutting of thin-walled extrusions
Extrusions subjected to cutting along their axes by the tool illustrated in Figure 2.5(a)
experience membrane and far-field bending deformation modes which are analogous to the modes
described for flat plates. Recall that the cutting tool for circular extrusions differs by implementing
multiple blades (described as an n-bladed cutter) and by implementing blunted wedge tips. Both
revisions are responsible for the presence of additional energy absorbing mechanisms, identified in
Figure 2.27. The former modification leads to the generation of petalled sidewalls and the latter
results in the formation of continuous chips ahead of the blade tip [21].

Figure 2.27: Observed deformation modes and geometric parameters for a circular extrusion
subjected to axial cutting [136].
With some corrections for the additional energy dissipation modes, an analytical model for
the axial cutting force of circular extrusions cutter was developed by Jin and Altenhof [136]:
𝜎0 𝑡 2

1
1
1
4
(𝐵 + 𝑅𝑟 ) ∙ (
+
−
)+
𝜎0 𝑡𝐵𝜃 +
𝜃
𝑅
cos
𝜃
𝑟
+
𝑟
𝑟
+
𝑟
2√3
√3
𝑟
0
𝑚
𝑚
𝑖
𝐹 = (𝑛 + 4𝜇 cos cot 𝜃) ∙
2
𝜋 𝜎0 𝑡 2 𝑟𝑚
2
𝜎0 𝑇𝑡 + 0.366𝜎0 𝑡𝑅𝑟 cos 2 𝜃 ∙ (1 + 0.55𝜃 2 ) +
[ √3
]
√3 𝑛𝑅𝑎

𝑅𝑟 = √

𝐵𝑡
𝑡
𝑡
cos 𝜃 [
−
+ 1.268(1 + 0.55𝜃 2 ) cos 2 𝜃]
𝑟𝑜 + 𝑟𝑚 𝑟𝑚 + 𝑟𝑖

(2.83)

(2.84)

The coefficient of friction, μ, between 600-series aluminum and tool steel was taken as 0.3
in previous investigations, and in Chapters 3, 4, 5 and 6 of this dissertation. This value was
extensively validated by Jin et al. [103, 106] and was nominally consistent to the accepted values
from ASM International [154]. The following geometric parameters are restated for convenience
from [136]: the radial increment, Δr, the distance between the deformed tip and blade shoulder, Dss
and axial bend radius of the petalled sidewalls, Ra.
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𝛥𝑟 =

𝑛𝐵
𝜋

1
𝑅𝑟 + 𝑇
2 +𝑙
𝐷𝑠𝑠 =
𝑏
tan 𝜃

𝑅𝑎 =

2
𝐷𝑠𝑠
𝛥𝑟
+
𝛥𝑟
2

(2.85)

(2.86)

(2.87)

2.4.8 Remarks on the modelling of cutting responses
A strong emphasis was placed on analytical modelling in this dissertation and it is
important to conclude the discussion of these modelling efforts with some rationale for their
prominence. The models presented in Section 2.4.1 and their gradual improvement in predictive
capabilities summarize the history of modelling efforts for the complex problem of cutting. Even
the simplest, empirical formulations provided useful insights into the critical parameters for the
more sophisticated efforts which followed and largely improved the understanding of these
problems from a design perspective. Most of these expressions were also derived at a time when
finite element analysis was an extremely rare tool and even when present, did not possess the
myriad of capabilities available to engineers today.
Additionally, with the ubiquity of numerical tools in the engineering community and high
degree of sophistication which many software packages offer, one might be tempted to dismiss
analytical modelling as an ‘old-fashioned’ tool with less relevance. However, despite the rapid
advancement of computing technology, even complex fully analytical formulations always enjoy
the benefit of minimal computational costs when compared to simulations. This is especially true
for the simulation of cutting problems which often rely on novel element formulations for high
accuracy or large-scale structural models. In the case of axially loaded energy absorbers, the next
generation in the state-of-the-art is expected to be dominated by actively adaptive systems, such as
the pressurized folding apparatus tested by Hu et al. [155] or the deployable cutter developed by
Shery [156]. Both devices would rely upon real-time, feedback control to optimize their responses
and hence need the support of analytical models for rapid controllability. The latter device would
especially benefit since this procedure can predict entire force responses with minimal resources.
It is crucial to the development of novel safety systems with integrated controls that analytical
models continue to see improvements in accuracy and attention from engineers in many disciplines.
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These proposed, enhanced modelling capabilities were generated by new and original
experimental studies with previously unconsidered experimental scopes. As previously mentioned,
published investigations of the axial cutting deformation mode are overwhelmingly limited to
quasi-static loading conditions [98, 102, 106] and impact velocities at or below 7 m/s [101, 103,
126, 127], and to a limited extent under blast loading conditions [107, 129]. Experimental studies
considering the intermediate range of velocities, which are more suitable for replicating high speed
traffic collisions, are completely absent from the literature and hence extensive testing was needed
to assess the influence of dynamic effects (e.g. the relative cutting velocity within this range). Many
studies were also either limited their parametric scopes exclusively to the 3 to 5-bladed axial cutting
deformation modes, and/or were unable to demonstrate an enhancement in energy absorbing
capacity over progressive folding [106].

Therefore, another fundamental objective was to

determine whether it was possible to enhance the deformation mode (e.g. increase the number of
blades in the system, introduce newly observed deformation mechanisms such as radial clamping)
to achieve superior energy absorbing capabilities with respect to the state-of-the-art. These newly
obtained experimental findings were more comprehensive in scope than previous studies, which
led to a more thorough understanding of the underlying theory and the development of highly
sophisticated engineering design tools.
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Analytical and experimental investigations of the
enhanced mechanical response of cutting deformation
compared to progressive folding in AA6061 energy
dissipation devices
3.1 Introduction
Progressive folding, the current state-of-the-art in sacrificial energy absorption, was
studied in the pioneering work of Pugsley et al. [1]. This deformation mode was characterized by
an initial peak force associated with the onset of plasticity, followed by secondary fluctuations in
the force-displacement response coinciding with the formation of each deformed lobe/fold.
Alghamdi [2] reviewed the performance of several energy absorbing structures under axial
compression, including: circular and square tubes, honeycombs, frusta and struts. Abramowicz
and Jones conducted extensive tests for the axial crushing of circular [3] and square-profiled [4]
extrusions under both quasi-static and dynamic loading conditions. Theoretical predictions to the
average crushing force were developed based upon the axisymmetric, symmetric and asymmetric
deformation modes that were observed [5]. An analytical model [6] for the mean crush force of a
circular extrusion subjected to progressive folding is presented in Equation (3.1).
𝐹𝑚,𝑐𝑟𝑢𝑠ℎ =

2𝜎𝑜 √(𝜋𝑡)3 𝑟𝑚
√3 (0.86 − 0.37√𝑡⁄𝑟𝑚 )

4

(3.1)

Investigations by Pugsley [7], Reid [8] and Tarigopula et al. [9] concluded that the
deformation type and resultant peak forces were highly sensitive to the loading rate, boundary
conditions and extrusion geometry. Ratios between the tube radius, ro, or sidewall width, w, with
respect to the wall thickness, t, were especially critical. An axially loaded extrusion can experience
a transition from progressive folding to a global bending deformation mode under unstable loading
conditions, as demonstrated by Karagiozova and Alves [11]. The corresponding force response
exhibited a global peak force generally consistent to the expected value under progressive folding,
followed by a nonlinear decrease in the load bearing capabilities associated with kinking at the
extrusion midspan. Tube length, L, was determined to be a critical parameter since it affected the
formation of plastic hinges and potential transitions to an Euler buckling mode during the folding
process, as demonstrated by Abramowicz and Jones [3, 4] and extensively summarized by Baroutaji
et al. [10]. Engineers have attempted to mitigate these shortcomings since the inception of this
technology.
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Axial cutting has emerged as a novel, more stable alternative for axially loaded energy
absorbers [12]. An experimental study was initially conducted by Cheng and Altenhof [13] on the
cutting of square AA6061-T6 tubes; the average CFE was approximately 80 %. Quasi-static and
dynamic axial cutting tests were also performed by Smith et al. [14] on extrusions composed of
6061-T6 aluminum and AZ31B magnesium utilizing a 4-bladed cutter. Between both alloys, a
maximum CFE of 85.7 % was observed for the cutting mode compared to 44.1 % for crushing.
However, the mean cutting forces were approximately 54 % lower, on average, then the
corresponding mean crushing forces for identical extrusion geometries.
An analytical model was derived by Simonsen and Wierzbicki [15] to predict the steadystate cutting force produced by a wedge with a finite shoulder width cutting through a ductile plate,
as discussed in the previous Chapter. Utilizing the major assumptions and techniques from these
models, Jin and Altenhof [16] analytically derived a model to predict the steady-state force thinwalled circular extrusions subjected to axial cutting by an n-bladed cutter, with and without the
presence of a deflector. The resultant steady-state force expressed in Equation (2.83), with the
corresponding rolling radius in Equation (2.84), allowed for improved predictive capabilities for
extrusion cutting problems with three to five blades.
The cutting deformation mode implemented for energy dissipation was shown to exhibit
sought after desired mechanical characteristics, such as high crush force efficiency [17], a near
ideal force-displacement response [18] and the ability to passively adapt the force response [19].
However, a critical shortcoming of the cutting deformation mode was its inability to meet and/or
exceed the energy absorbing performance for similar extrusions subjected to crushing. The study
presented in the following Chapter utilized a combination of analytical models and experimental
techniques to demonstrate the capability of axial cutting to meet and exceed the TEA of equivalent
thin-walled extrusions subjected to progressive folding. Previously derived analytical models for
crushing and cutting were consulted. The models for axial cutting were revised prior to the
experimental investigation to provide more accurate predictions in a parametric study to select a
series of test cases where axial cutting could meet and/or exceed the energy absorbing capabilities
(i.e. mean force) of progressive folding for the same extrusion.

3.2 Analytical model of the steady-state cutting force
3.2.1 Overview of assumptions
The following Section was provided as a summary of the enhancements to the existing
analytical model for the steady-state axial cutting force, from Jin and Altenhof [16], previously
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discussed in Section 2.4. The necessary assumptions for analytical modelling of the steady-state
cutting force were previously outlined in Sections 2.4.2 through 2.4.6.

3.2.2 Revised friction effects
As outlined in Section 2.4.6 and Equation (2.67), internal energy dissipation and friction
effects are treated separately without coupling. The cutting force was stated in the literature with
respect to the plastic deformation force, Fp. by considering a free body diagram for a single cutting
blade and the force of friction, Ff, was determined as:
𝜃
𝐾𝑓 ∙ 𝜇𝐹𝑝 cos cot 𝜃
2
𝐹𝑓 =
𝑛

(3.2)

where Kf was a constant of proportionality, empirically determined from experimental observations
(𝐾𝑓 ≈ 4) [16], resulting in the following expression for the steady state cutting force explicitly in
terms of the plastic deformation force, Fp:
𝜃
𝐹 = (𝑛 + 4𝜇 cos cot 𝜃) ∙ 𝐹𝑝
2

(3.3)

While this model was previously validated for 3 to 5-bladed cutting tools, it was noted
through preliminary investigations that the predictive capabilities for 8 and 10-bladed cutters were
not accurate. More specifically, this model was observed to underpredict the steady state cutting
force for these cases. Therefore, the frictional effects were revisited with an alternate derivation.
Given the symmetric nature of the cutter and extrusion geometries and the loading conditions, it is
reasonable to assume that for an extrusion subjected to n-bladed cutting, the total cutting force
should be evenly distributed across each blade:
𝐹 = 𝑛 ∙ (𝐹𝑝 + 𝐹𝑓 )

(3.4)

The total friction force per blade was estimated by generating a free body diagram for a
single blade, given in Figure 2.26(a), and summing the forces in Equation (3.5). The angle of this
relative motion, ζ, was approximated as one half of the blade wedge angle, θ [15]. Equilibrium
was assumed since the cutting process results in a near-constant force. Additionally, from the free
body diagram, the plastic deformation force was expressed in Equation (3.6) as the difference
between the cutting resistance force, 𝐹𝑐 , and the blunt tip normal force, 𝐹𝑛 .
∑ 𝐹𝑥 = 𝐹𝑛 + 2𝐹𝑁 sin 𝜃 − 𝐹𝑐 = 0

𝐹𝑝 = 𝐹𝑐 − 𝐹𝑛
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(3.5)

(3.6)

Substituting Equation (3.6) into Equation (3.5) results in an expression for the wedge surface
normal forces with respect to the plastic deformation force:
𝐹𝑁 =

𝐹𝑝
2 sin 𝜃

(3.7)

To assess the friction forces acting on the inclined wedge surfaces, the previously discussed
relative motion of the petalled sidewalls was considered since the friction force was assumed to act
on the same tangential path as these petals. The sum of the friction forces on each side of the
wedge, 𝐹𝑓 , are therefore expressed with respect to the wedge normal forces in Equation (3.8).
𝜃
𝐹𝑓 = 2𝜇𝐹𝑁 cos cos 𝜃
2

(3.8)

To express the total friction force with respect to the plastic deformation force, Equation (3.7) was
substituted into Equation (3.8) to yield:
𝜃
𝐹𝑓 = 𝜇𝐹𝑝 cos cot 𝜃
2

(3.9)

Finally, Equation (3.9) was substituted into Equation (3.4) to generate a revised expression for the
total cutting force for aluminum extrusions:
𝜃
𝐹 = 𝑛 (1 + 𝜇 cos cot 𝜃) ∙ 𝐹𝑝
2

(3.10)

In contrast to the original model, presented as Equation (3.3), the empirical constant was replaced
by the number of cutting blades, n. Since the number of cutting blades is greater than the magnitude
of the empirical constant, this led to increased (and more accurate) estimates of the steady-state
cutting force predictions for 8 and 10-bladed cutting tools.

3.2.3 Revised far-field membrane deformation
The previous expression for the far-field membrane deformation force was as follows:
𝐹𝑚𝑡𝑠 =

4
√3

𝜎𝑜 𝐵𝑡𝜃

(3.11)

Preliminary investigations determined that the steady state cutting force was
overestimated, and a review of the previous derivation [16] attributed this to a corresponding
overestimate in the strain parameter of Equation (2.62). The far-field membrane straining in the
transient zone (indicated by the area enclosed by PQT in was assumed to be dominated by shear.
Therefore, unlike the previous derivation, the effective strain was considered in both the normal
and tangential directions. The energy rate on both sides of the cutting blade can be expressed by
substituting Equation (2.44) and Equation (2.53) into Equation (2.62), such that:
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𝑇

̇
𝐸𝑓𝑓𝑚
= 2∫
𝑃

2

1
𝜎𝑜 𝑡𝑉 ∙ (𝐿𝜂𝜂 + 𝐿𝜉𝜉 )𝑑𝜂
2
√3

(3.12)

where u represents the kinematics of the material tangential to the streamlines and L represents the
normal and tangential components in the effective strain term, defined for the local (ξ, η) coordinate
system. Evaluating this integral over the length of PT results in Equation (3.13). The length taken
from [16] as 𝑢𝑜 ≈ 𝐵𝜃 can be substituted into this expression and normalized with respect to
velocity to generate an expression for the far-field membrane deformation force in Equation (3.14).
The magnitude of this term is now half of the previous estimate. These expressions are more
consistent with previous derivations [15].

As expected, the strain was determined

to be

proportionate to line segment QT, previously identified as uo. The remaining principal deformation
modes identified in [16] (and in Section 2.4.7.2) were accepted per their original derivations.
𝐸̇𝑏𝑓𝑓 =

𝐹𝑏𝑓𝑓 =

2
√3
2
√3

𝜎𝑜 𝑡𝑉𝑢𝑜

(3.13)

𝜎𝑜 𝐵𝑡𝜃

(3.14)

3.2.4 Abbreviated near-tip circumferential membrane stretching
Since the circumferential membrane stretching term is a function of the rolling radius, its
coefficients were expected to maintain a presence in the updated rolling radius derivation. For
convenience, this term was abbreviated as demonstrated by Equations (3.15) through (3.17).
Furthermore, this allows for the Equations in Section 3.2 to be written in a condensed form:
𝐹𝑚𝑏𝑡 = 0.366𝜎0 𝑡𝑅𝑟 cos 2 𝜃 ∙ (1 + 0.55𝜃 2 )
𝐾𝜃 = 0.366(1 + 0.55𝜃 2 ) ∙ cos 2 𝜃

(3.15)
(3.16)

Equation (3.16), denoted as the membrane stretching coefficient, can be utilized to reexpress Equation (3.15) as Equation (3.17) for brevity. This simple revision was implemented in
the following Chapter and in all further Chapters of this dissertation.
𝐹𝑚𝑡𝑏 = 𝐾𝜃 𝜎0 𝑡𝑅𝑟

(3.17)

3.2.5 Enhanced steady-state cutting force model
The revised friction effects, near-tip membrane deformation and abbreviated
circumferential membrane stretching were incorporated into the original general expression to
generate an updated model for the steady state cutting force in aluminum alloys. Equations (2.85)
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to (2.87), identified in the previous Chapter, are geometric parameters derived based on the
geometry of the cutting problem. The updated analytical model for the steady-state axial cutting
force benefits from the revised derivations outlined in the previous subsections. The full model,
given in Equation (3.18), was obtained by substituting Equations (2.65), (3.11) and (3.17) into
Equation (3.10).
𝜎0 𝑡 2

1
1
1
(𝐵 + 𝑅𝑟 ) ∙ (
+
−
)+
𝜃
𝑅𝑟 𝑐𝑜𝑡 𝜃 𝑟0 + 𝑟𝑚 𝑟𝑚 + 𝑟𝑖
2√3
𝐹 = 𝑛 (1 + 𝜇 𝑐𝑜𝑠 𝑐𝑜𝑡 𝜃) ∙
2
2
2
𝜋 𝜎0 𝑡 2 𝑟𝑚
𝜎0 𝐵𝑡𝜃 +
𝜎0 𝑇𝑡 + 𝐾𝜃 𝜎0 𝑡𝑅𝑟 +
[ √3
√3
√3 𝑛𝑅𝑎 ]

(3.18)

This Equation was later implemented, along with Equation (3.1), in Section 3.3.1 of this
Chapter for a parametric study of axially crushed and cut extrusions. Validation of this model
based on experiments from this study is presented in Section 3.5.

3.2.6 Updated rolling radius derivation
The rolling radius, 𝑅𝑟 , was rederived utilizing Equation (3.18). Zheng and Wierzbicki [20]
demonstrated that the rolling radius should be left as a free parameter since it will naturally
converge to the value which minimizes energy dissipation and by extension, the cutting force.
Therefore, assuming all other parameters are constant, the rolling radius can be determined by
𝜕𝐹

assessing the partial derivative, 𝜕𝑅𝑝 = 0, such that:
𝑟

𝑅𝑟 = [ (

𝐵𝑡
4√3𝐾𝜃 cos 𝜃

2

−

𝑇2

2

𝑇2

𝑇
𝐵𝑡
𝐵𝑡
) + √( −
) +
(
+ 𝜋𝑡𝑟𝑚 tan2 𝜃) ]
2
2 4√3𝐾𝜃 cos 𝜃
𝐾𝜃 2√3 cos 𝜃

1⁄
2

(3.19)

3.3 Experimental methodology
3.3.1 Summary of apparatus
3.3.1.1 Cutting tool preparation
The cutting tools (cutters) utilized in previous investigations found in the literature [21, 22]
and in this dissertation were machined from singular sections of round bar stock AISI 4140 tool
steel on a computer numerically controlled (CNC) milling machine. Each tool underwent a twostage heat treatment process which resulted in an experimentally determined hardness of 53 HRC;
readers are encouraged to review [23] for a comprehensive overview. This Chapter considered
newly conducted experimental data utilizing 8 and 10-bladed cutters, illustrated in Figure 3.1. The
most critical dimensions were as follows: the blade shoulder width, 2B, wedge height, lb, blade tip
width, T, wedge angle, θ, cutter height, hc, and outer ring radius, rc.
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It is apparent from

‘SECTION A-A’ that the blades possess a wedge at each end and hence two blade geometries are
provided in a single device. Both potential configurations are noted in Table 3.1. The specific
dimensions for a given investigation are indicated in each respective Chapter.
Table 3.1: Potential blade geometries for the cutting tools shown in Figure 3.1.
Blade
width, 2B
[mm]

Wedge
height,
lb [mm]

Blade tip
width, T
[mm]

Wedge
angle, θ
[rad]

Cutter
height, hc
[mm]

Outer ring
radius, rc
[mm]

S

3.000

6.000

1.000

0.166

20.000

43.800

G

3.000

6.000

1.200

0.149

20.000

43.800

Blade
geometry ID

Note: Blade geometry ‘S’ was utilized in the current Chapter.
A cylindrical push rod was manufactured from a section of 4140 tool steel on a lathe
operated by a professional technician, followed by the previous discussed, two-stage heat treatment.
The end faces were precision ground to maximize their flatness since the minor and major surfaces
were the coupling interfaces to the cutting tools and load cell, respectively. Blind holes were drilled
and tapped to allow for modular connections between these entities, with a UNC ¼ inch-20 thread
for the connection to the cutter. All fasteners utilized in the apparatus were composed of a grade 8
steel. This component was necessary to prevent material buildup from the petalled sidewalls after
prolonged cutting displacements. Since these deformation modes were previously untested, the
typically implemented conical deflector was omitted for this investigation to eliminate any potential
influences from this component (it was later demonstrated that the deflector does not interact with
the petalled sidewalls under higher-bladed cutting modes, refer to Chapters 5, 6 and 7).

Figure 3.1: Schematics of the 8 and 10-bladed cutting tools; dimensions given in ‘mm’.
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3.3.1.2 Quasi-static testing apparatus
All quasi-static testing was conducted utilizing a hydraulically actuated, 600 kN capacity
MTS universal testing machine. The extrusions were positioned such that their axes were parallel
to the motion of the crosshead and their profiles were concentric to the platens. The tests were
performed at a constant, prescribed crosshead speed of 50 mm/min to nominal displacements
indicated in each respective Chapter. A general schematic and representative image of the
apparatus are provided in Figure 3.2(a) and Figure 3.2(b), respectively. Careful inspections were
performed between tests to ensure proper alignment between the specimens and crosshead prior to
the initiation of any experiments. Positioning of the extrusions and necessary components (e.g.
cutter, crush platen) was completed manually (i.e. without any fixturing). The extrusions were
compressed for 100 mm of displacement at a constant rate of 50 mm/min.

(a)
(b)
Figure 3.2: Quasi-static testing apparatus from the current investigation (Chapter 3) for axially
loaded energy absorbers shown (a) schematically, and (b) as-tested [24]; translation direction
indicated as ‘x’ axis.
The compressive forces were measured utilizing a 150 kN capacity strain gauge-based
PCB load cell, model 1204-03A. The specific model number of the implemented load cell is
provided in each respective Chapter. Axial displacement (from the motion of the crosshead) was
measured in all with an Acuity AR700-12 non-contact laser displacement transducer, with a total
range of 300 mm, which was mounted to an isolated tripod. The measurements were collected at
a rate of 2 kHz utilizing a NI CompactDAQ system (cDAQ-9178) incorporating a NI 9215, 16-bit
voltage input module to acquire data from the displacement transducer and a NI 9237, 24-bit bridge
module to supply the appropriate excitation voltage and data acquisition from the strain gauge-
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based load cell. The NI CompactDAQ system was connected to a laptop equipped with LabVIEW
2017, where a custom LabVIEW® user interface was developed for data acquisition and analysis.

3.3.2 Mechanical properties of extruded AA6061 tubing
The circular extrusions considered in this investigation composed of a 6061-aluminum
alloy, with magnesium and silicon as the main alloying elements.

This alloy is becoming

increasingly ubiquitous in engineering applications due to its favorable mechanical properties and
low weight/cost and was identified in the literature as a favorable candidate for superior energy
absorbers. Tubing was received in a T6 temper condition and heat treated as required to obtain
specimens in a T4 temper condition. Representative engineering stress-strain responses for each
material configuration are given in Figure 3.3, from a minimum of 8 individual tests [25]; note that
this data was obtained at the University of Windsor by the same research group which authored
this publication. Additionally, Wadley et al. [26] investigated the tensile properties of 6061-series
panels from the 0° (extrusion direction), 45° and 90° directions and observed a higher degree of
variation in the force response between individual tests than between direction groups,
demonstrating that the material is isotropic. Note the more significant strain hardening and
increased strain-to-failure for the alloy in a T4 temper condition.

Engineering Stress [MPa]

350
300
250
200
150
100
50
0
0.00

AA6061-T4
AA6061-T6
0.05
0.10
0.15
0.20
Engineering Strain [mm/mm]

0.25

Figure 3.3: Representative, quasi-static engineering stress-strain responses for extruded
AA6061-T6 (as-received) and AA6061-T4 (annealed) [25].
The flow stress, σo, was estimated as the average stress over the plastic strain domain
(εY ≤ ε ≤ εf) utilizing the data presented in Figure 3.3 and the following general expression:
𝜎𝑜 =
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𝜀𝑓
1
∫ 𝜎𝑝 (𝜀)𝑑𝜀
𝜀𝑓 − 𝜀𝑌 𝜀𝑌

(3.20)

where 𝜎𝑝 (𝜀) is the stress-strain response after yielding occurs, εf represents the strain to failure and
εY represents the strain at yield. A summary of material properties which are relevant to the studies
presented in this dissertation is provided in Table 3.2.
Table 3.2: Necessary mechanical properties for modelling of AA6061, in the extruded
direction, for the current investigation (Chapter 3).

Material property

AA6061-T6 (as-received)

AA6061-T4 (annealed)

Yield strength, σY [MPa]

277.5

146.2

Ultimate strength, σU [MPa]

320.2

258.3

Flow stress, σo [MPa]

298.7

187.3

The differences in plastic behaviour between the T6 and T4 temper conditions were associated with
differences in their respective microstructures.

The former configuration of AA6061 is

characterized by smaller average grain sizes than the latter, which prevents dislocations during
plastic deformation and correspondingly results in a higher flow stress [27]. The larger, less evenly
distributed grains present in the T4 temper condition form due to the natural aging process
associated with the heat treatment [28] in contrast to the artificial aging and more rapid cooling
utilized in the treatment of 6061-T6. The heat treatment serves as an annealing process which
eliminates residual stresses which develop during the extrusion process, which is also associated
with reduced strength [29]. The annealing process also eliminates the precipitates which form
during the natural age hardening associated with the 6061-T6 alloy. The decomposition of these
precipitates into solute atoms further increases the ductility and reduces the yield strength of the
annealed 6061-T4 alloy.

3.3.3 Parametric study and experimental case selection
Since the primary objective of this study was to demonstrate the ability for axial cutting to
meet or exceed the energy absorbing performance of axial crushing, a parametric study was
conducted utilizing the previously discussed analytical models to identify and select three extrusion
geometries where this was theoretically possible. The mean reaction forces, Fm, were analytically
approximated utilizing Equation (3.18) and Equation (3.1), respectively. The ratio of comparison
between these forces was calculated as:
𝜂𝐹𝑚 =

𝐹𝑚,𝑐𝑢𝑡
𝐹𝑚,𝑐𝑟𝑢𝑠ℎ

(3.21)

Since the mass of an extrusion remains constant throughout the deformation process and
all tests were conducted to the same nominal displacement, Equation (3.21) also represents the ratio
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between TEA and SEA. Therefore, 𝑅𝐶 , represents the ratio of energy absorption between axial
loading with an n-bladed cutter and crushing. Since the flow stress is a scalar multiple in
Equation (3.1) and Equation (3.18), these ratios and their corresponding surface plots apply to any
extrusion material with flow behaviour that can be assumed as linear perfectly plastic. Therefore,
Equation (3.21) can be used to select experimental cases for AA6061 in both T4 and T6 temper
conditions. Values that equal or exceed unity indicate a case where for the same extrusion
geometry, the cutting force meets or exceeds the crushing force, respectively. This ratio was
calculated for a range of tube radii (20 mm ≤ 𝑟𝑚 ≤ 50 mm) and wall thicknesses (1 mm ≤ t ≤ 4
mm). The extrusion radii and wall thicknesses were considered with increments of 2 mm and
0.2 mm, respectively.
Surface plots of the mean reaction force comparison ratio for 8 and 10-bladed axially cut
extrusions to progressive folding are provided in Figure 3.4(a) Figure 3.4(b), respectively.
Increasing the tube radius produces a reduced comparison ratio; this is expected since most of the
energy dissipated by axial cutting, as presented in Equations (2.83) and (3.18), is a result of
localized stress concentrations which are functions of blade geometry and wall thickness and
independent of the tube radius.

(a)
(b)
Figure 3.4: Surface plots of parametric comparisons between progressive folding to (a) 8-bladed
cutting, and (b) 10-bladed cutting; unity plane (i.e. equivalence boundary) plotted for
convenience.
Three extrusion geometries were selected to demonstrate the ability for axial cutting to
meet or exceed the energy absorption capabilities of axial crushing. This selection was based upon
the data from the parametric study, the size of the cutting tools and the available aluminum tubing

72

geometries from a local supplier. The selected extrusion geometries and their corresponding
theoretical energy absorption ratios are provided in Table 3.3. More detailed test groups are
established in the following Section.
Table 3.3: Extrusion geometries selected for testing, and theoretical energy absorption ratios.
Outer diameter [mm]

Wall thickness [mm]

Number of blades, n

Rc [kN/kN] OR [kJ/kJ]

50.8

1.00

8

1.156

50.8

1.00

10

1.443

50.8

2.00

8

0.961

50.8

2.00

10

1.205

63.5

1.50

8

0.981

63.5

1.50

10

1.225

3.3.4 Specimen grouping and performance parameters
Test specimens were identified utilizing the naming convention TC-S-DM-#, where TC
indicated the temper condition of the alloy, S was the extrusion geometry, DM the deformation
mechanism (PF for progressive folding and C8, C10 for 8 and 10-bladed cutting, respectively) and
# the specimen number. The corresponding parametric scope is summarized in Table 3.4. Note
that the naming convention for the extrusion geometries was chosen in the sequence 4, 9, 10 to
coincide with the previous data from [30] that was utilized for a validation exercise in Section 3.5.
The mechanical performance of the extrusions was analyzed, and compared between deformation
modes, utilizing the parameters that were previously outlined in Section 2.3.1. This included: the
total energy absorption, TEA, specific energy absorption, SEA, mean reaction force, Fm,
cutting/crushing force efficiency, CFE, and the relative error, R.
Table 3.4: Parametric scope for selected AA6061 extrusion geometries subjected to crushing and
high-bladed cutting for the presented, quasi-static comparison study.
Outer diameter,
Do [mm]

Wall thickness,
t [mm]

Extrusion
𝑫
ratio, 𝟐𝒕𝒐

Geometry
ID

Temper
condition

Deformation
modes

50.8

1.00

25

S4

T6, T4

C8, C10, PF

63.5

1.50

21

S9

T6, T4

C8, C10, PF

50.8

2.00

12

S10

T6, T4

C8, C10, PF
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3.4 Observations and discussion
3.4.1 Results for geometry S4 (50.8 mm OD, 1.0 mm wall)
The specimens with a T6 temper subjected to progressive folding displayed a rapid increase
in the force up to a peak value of 44.3 kN at approximately 1.6 mm of displacement. In contrast,
the specimens in a T4 temper condition exhibited a prolonged, bilinear increase to a peak value of
22.0 kN at approximately 3.5 mm of displacement. This difference in plastic behaviour can be
attributed to the strain hardening characteristic of the latter. The peak force was followed by an
immediate decrease which coincided with the formation of the initial deformed lobe.

A

representative force-displacement response was selected for each deformation mode and plotted in
Figure 3.5(a) and Figure 3.5(b) for the specimens in T6 and T4 temper conditions, respectively.
The reduction in load bearing capacity was more sudden for the specimens in a T6 temper
condition, occurring within the first 10 mm of displacement compared to the first 25 mm for the
specimens in a T4 temper condition. The secondary peaks and valleys observed in the forcedisplacement response also coincided with the formation of lobes, as illustrated by the deformation
mechanisms shown in Figure 3.6(a) for the specimens in a T6 temper condition.
50
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(a)
(b)
Figure 3.5: Representative force-displacement responses for AA6061 extrusions from group S4
(50.8 mm OD, 1.0 mm wall) in (a) T6, and (b) T4 temper conditions subjected to quasi-static
axial crushing and cutting.
A secondary increase in the steady-state force occurred for the specimens subjected to
cutting after the petalled sidewalls of the extrusion cleared the boundary (outer ring) of the cutting
tool.

The petals flared and contacted the outer ring of the cutter which suppressed the

circumferential expansion of the extrusion and correspondingly resulted in a secondary increase in
the reaction force as the deformation progressed. Deformed extrusions from the 8 and 10-bladed
cutting tests are shown in Figure 3.6(b) and Figure 3.6(c), respectively, for extrusions in a T6
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temper condition. The 10-bladed cutting tests exhibited a moderate decrease in load bearing
capability compared to the 8-bladed force-displacement responses. This was expected since the
higher bladed cutters cause increased sidewall flaring and the partially trapped petals tended to
twist and collapse, as shown in Figure 3.6(c).
The secondary increase in the reaction force was moderately less pronounced for the
specimens in a T4 temper condition subjected to cutting due to transitions to progressive folding,
typically at 40 mm of displacement. This unstable tendency to transition was consistently observed
in the force-displacement response, shown in Figure 3.5(b), noted by the near-constant force’s
tendency to suddenly decrease and begin fluctuating due to the formation of plastic hinges and
lobes. Despite the transition, both cutting modes demonstrated an improved (i.e. higher) CFE
compared to the progressive folding mode with average values of 77.1 % and 41.6 % for axial
cutting and crushing, respectively. In general, the T4 tempered specimens deformed in a less stable
manner compared to the T6 tempered specimens. The specimens subjected to progressive folding
initially deformed at the midspan, as shown in Figure 3.7(a), rather than at the ends as noted for the
specimens in a T6 temper condition. The folds were also larger and more irregular, characterized
by the more gradual peaks and valleys in the force-displacement response.

(a)

(b)

(c)

Figure 3.6: Deformation profiles for AA6061-T6 extrusions with geometry S4 (50.8 mm OD,
1.0 mm wall) subjected to (a) axial crushing, (b) 8-bladed and (c) 10-bladed cutting.
Representative deformation profiles for specimens subjected to 8 and 10-bladed axial
cutting are shown in Figure 3.7(b) and Figure 3.7(c), respectively. Noticeably less sidewall
material was visible above the cutter compared to the T6 tempered specimens due to petal
entanglement within the cutting tool. The excessively thin walls of these, combined with the
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reduced strength of the T4 temper condition, are factors which contributed to the reduced resistance
to bending from the cutting tools. While the entanglement was minor enough for the 8-bladed tool
to allow the cutting process to proceed, the specimens that were cut with a 10-bladed tool exhibited
consistent transitions to progressive folding. The transition, as observed in Figure 3.7(c), was noted
to be unilateral rather than evenly distributed. Careful inspections ensured that concentricity
between the cutter and extrusions was acceptable between tests. Reduced material strength and
excessive petal flaring combined with the presence of the outer ring were determined to be the
cause of the petal entrapment. The softer, thin-walled petals with a T4 temper could not properly
exit the cutting tool. Therefore, 8-bladed cutting represents a practical limit for the current
technology, for geometry S1.

(a)

(b)

(c)

Figure 3.7: Deformation profiles for AA6061-T4 extrusions with geometry S4 (50.8 mm OD,
1.0 mm wall) subjected to (a) axial crushing, (b) 8-bladed and (c) 10-bladed cutting.

3.4.2 Performance metrics for geometry S4 (50.8 mm OD, 1.0 mm wall)
An average mean force of 18.04 kN was calculated for the specimens with a T6 temper
that were progressively folded compared to 16.54 kN and 20.53 kN for the axially cut specimens
subjected to 8-bladed and 10-bladed cutting, respectively. Therefore, the 8-bladed cutting mode
achieved 92.2 % of the energy absorption of the progressively folded specimens and the 10-bladed
cutting mode demonstrated an 11.7 % increase in total energy absorption. The remaining average
performance parameters are summarized in Table 3.5. An average mean force of 9.52 kN was
computed for the extrusions subjected to progressive folding compared to 12.17 kN and 12.03 kN
for the specimens subjected to 8 and 10-bladed axial cutting, respectively, for the extrusions in a
T4 temper condition. The apparent, reduced load bearing capacity for the 10-bladed cutting mode
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was a result of the transition to progressive folding in the latter, which produced a fluctuating
reaction force below the magnitude expected for steady-state, 10-bladed cutting. The specimens in
a T6 temper condition absorbed approximately 50 % more energy than their T4 tempered
counterparts over the prescribed 100 mm of crosshead displacement. However, the specimens a
T4 temper condition displayed improved mechanical performance when comparing crushing and
cutting, with an average increase in energy absorption of 28.8 % and 26.9 % for 8-bladed and 10bladed cutting, respectively. The improved performance was determined to be a result of reduced
energy absorption capabilities for the less stable axially crushed specimens.
Table 3.5: Average performance parameters for extrusion geometry S4 (50.8 mm OD, 1.0 mm
wall) subjected to axial crushing and cutting.
Extruded material
Deformation mode

AA6061-T6

AA6061-T4

PF

C8

C10

PF

C8

C10

Fm [kN]

18.04

16.54

20.53

9.52

12.17

12.03

TEA [kJ]

1.78

1.64

1.98

0.94

1.20

1.19

SEA [kJ/kg]

21.77

20.20

24.02

11.58

15.07

14.71

CFE [%]

40.71

85.39

79.59

41.64

79.47

74.56

3.4.3 Results for geometry S9 (63.5 mm OD, 1.5 mm wall)
The specimens which underwent progressive folding displayed a sharp increase in the
reaction force up to a peak value of 84.7 kN at approximately 1.7 mm of displacement, followed
by multiple secondary peaks and valleys in the force-displacement response. A representative
force-displacement response was selected for each deformation mode and plotted in Figure 3.8(a)
and Figure 3.8(b) for the T6 and T4 tempered specimens, respectively. The folding process
typically initiated in an axisymmetric manner and transitioned to a diamond pattern, as shown in
Figure 3.9(a). While the mechanical behaviour of the extrusions in a T6 temper condition folding
was mostly ductile, minor sidewall cracking was observed above 40 mm of displacement in the
progressively folded specimens.
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Figure 3.8: Representative force-displacement responses for AA6061 extrusions from group S9
(63.5 mm OD, 1.5 mm wall) in (a) T6, and (b) T4 temper conditions subjected to quasi-static
axial crushing and cutting.
The specimens subjected to cutting experienced a more gradual increase in force, achieving
local peaks between 5 mm and 8 mm of displacement. This was followed by sudden, rapid
increases to average steady-state cutting forces of 40.3 kN and 50.9 kN at approximately 25 mm
and 20 mm of displacement for the 8 and 10-bladed cutting tests, respectively. All specimens
exhibited a near-constant cutting force for the remainder of each test. Average CFE values of
90.1 % and 43.3 % were observed for the cutting and crushing deformation modes, respectively.
The deformation for the specimens with a T6 temper subjected to 8 and 10-bladed cutting are
presented in Figure 3.9(b) Figure 3.9(c), respectively. The petalled sidewalls experienced some
twisting but cleared the outer ring and allowed the cutting to continue.

(a)

(b)

(c)

Figure 3.9: Deformation profiles for AA6061-T6 extrusions with geometry S9 (63.5 mm OD,
1.5 mm wall) subjected to (a) axial crushing, (b) 8-bladed and (c) 10-bladed cutting.
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The specimens a T4 temper condition which underwent progressive folding experienced
an average peak force of 43.5 kN at approximately 3.6 mm of displacement. Secondary oscillations
which coincided with the formation of lobes, showcased in Figure 3.10(a), occurred for the
remainder of the deformation. Consistent to the T6 tempered specimens, the progressively folded
specimens in a T4 temper condition initially deformed in an axisymmetric mode and transitioned
to a nonsymmetric, diamond pattern. Comparable extrusions subjected to cutting displayed a more
prolonged initial increase in the reaction force, followed by a global maximum at approximately
20 mm of displacement. The extrusions subjected to 8-bladed cutting, shown in Figure 3.10(b),
maintained a stable reaction force but experienced severe petal torsion. The specimens subjected
to 10-bladed cutting, shown in Figure 3.10(c), underwent material buildup and transitioned to
progressive folding beyond approximately 70 mm of displacement. The transition was attributed
to misalignment, which accumulated during a limited series of tests, and the general inability for
the flared petals to clear the outer ring. Average CFE values of 84.0 % and 46.7 % were noted for
the axial cutting modes and progressive folding, respectively, which demonstrates that cutting is
more favourable in terms of force mitigation, even with the observed transition to crushing.

(a)

(b)

(c)

Figure 3.10: Deformation profiles for AA6061-T4 extrusions with geometry S9 (63.5 mm OD,
1.5 mm wall) subjected to (a) axial crushing, (b) 8-bladed and (c) 10-bladed cutting.

3.4.4 Performance metrics for geometry S9 (63.5 mm OD, 1.5 mm wall)
Average mean forces of 36.75 kN, 36.90 kN and 45.14 kN were calculated for the
extrusions which experienced progressive folding, 8-bladed cutting and 10-bladed cutting,
respectively for the extrusions in a T6 temper condition. The average ratios of total energy
absorbed for specimens deformed by the 8 and 10-bladed cutters, with respect to progressive
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folding, were 1.008 and 1.237, respectively. Therefore, for the given extrusion geometry and
composition, the 8-bladed cutting mode yielded equivalent energy absorbing capabilities to
progressive folding and the 10-bladed cutting mode enhanced the energy absorption by 23.7 %;
both were achieved with significantly improved crush force efficiencies.

The remaining

performance parameters are given in Table 3.6.
Table 3.6: Average performance parameters for extrusion geometry S9 (63.5 mm OD, 1.5 mm
wall) subjected to axial crushing and cutting.
Extruded material
Deformation mode

AA6061-T6

AA6061-T4

PF

C8

C10

PF

C8

C10

Fm [kN]

36.75

36.90

45.14

20.28

23.74

27.92

TEA [kJ]

3.63

3.64

4.46

2.00

2.35

2.77

SEA [kJ/kg]

22.92

23.25

28.68

12.88

15.05

17.60

CFE [%]

43.28

91.48

88.63

46.66

86.52

81.39

The specimens in a T4 temper condition produced average mean forces of 20.28 kN,
23.74 kN and 27.92 kN for progressive folding, 8-bladed cutting and 10-bladed cutting,
respectively. The average energy absorption ratios were 1.171 and 1.374 for the 8 and 10-bladed
cutting tests with respect to progressive folding, respectively. These values indicated an increased
energy absorption for the 8 and 10-bladed axially cut extrusions by 17.1 % and 37.4 %,
respectively, with CFE’s improved by a factor of 2 compared to progressive folding. Therefore,
the extrusions subjected to cutting eclipsed the performance of their axially crushed counterparts
for the geometry showcased in this subsection. The specimens in a T6 temper condition absorbed
60 % to 80 % more energy than their respective T4 tempered specimens, however, a greater relative
improvement between respective deformation modes was observed for the latter. In all considered
configurations, the improvement was likely caused by the highly stable cutting process which was
achieved earlier in the displacement domain compared to other test groups.

3.4.5 Results for geometry S10 (50.8 mm OD, 2.0 mm wall)
Consistent to the data shown in previous subsections, the specimens with a T6 temper that
were progressively folded displayed a sharp increase in load followed by an equally sudden
decrease which coincided with the formation of the first deformed lobe. An average peak load of
25.1 kN was reached at approximately 2.5 mm of displacement followed by multiple secondary
oscillations in the force-displacement response. The formation of continuous lobes was impeded
by brittle failure and sudden drops in the crushing force. Representative force-displacement
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responses were selected for each deformation mode and plotted in Figure 3.11(a) and Figure 3.11(b)
for the T6 and T4 tempered specimens, respectively. A visual inspection of the specimens,
provided in Figure 3.12(a), illustrates this crack propagation in the specimen. The relatively high
strength of the 6061-T6 alloy combined with the high wall thickness with respect to tube diameter
were major factors which caused brittle deformation.
The specimens in a T6 temper condition subjected to cutting experienced a more gradual
increase in force compared to the crushed specimens, with the specimens subjected to 10-bladed
cutting displaying a slightly higher slope than the corresponding specimens subjected to 8-bladed
cutting. A secondary increase to average global maximums of 49.9 kN and 68.1 kN were observed
for the 8 and 10-bladed cutting tests, respectively, at 30 mm and 25 mm of displacement for the
former and latter. This behaviour was attributed to the cut petals being partially constrained against
circumferential expansion until clearing the outer ring of the cutting tool, as shown in Figure
3.12(b) and Figure 3.12(c), respectively. Despite this constraint, the petalled sidewalls displayed
excellent resistance to twisting and entanglement for most of the displacement. The steady-state
cutting force remained nearly constant in both cases with a very slight decay for the remainder of
the deformation process. Average CFE values of 83.6 % and 53.4 % were observed for cutting and
crushing, respectively. The deformation of the axially cut specimens was also more stable than
their progressively folded counterparts since crack propagation was not observed for the former.
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Figure 3.11: Representative force-displacement responses for AA6061 extrusions from group
S10 (50.8 mm OD, 2.0 mm wall) in (a) T6, and (b) T4 temper conditions subjected to quasistatic axial crushing and cutting.
The axially crushed specimens in a T4 temper condition displayed a prolonged, bilinear
increase to an average peak force of 60.9 kN at approximately 11.0 mm of displacement. Smooth
fluctuations in the crushing force, corresponding to the formation of lobes outlined in Figure
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3.13(a), were present without crack propagation. Secondary peaks and valleys beyond 50 mm of
displacement were noted to reach approximately 80 % to 90 % of the magnitude of the initial peak
force in each respective test. The extrusions subjected to cutting in a T4 temper condition displayed
a similar force-displacement trend to their respective T6 tempered counterparts. Secondary
increases in the steady-state force were observed at 30 mm and 25 mm of displacement for the 8
and 10-bladed cutting modes, respectively.

The similar domains between alloys reaffirms

confidence in the previously discussed analytical models, since they indicate that petal flaring, and
circumferential deformation are determined by the extrusion’s initial geometry.

(a)

(b)

(c)

Figure 3.12: Deformation profiles for AA6061-T6 extrusions with geometry S10 (50.8 mm OD,
2.0 mm wall) subjected to (a) axial crushing, (b) 8-bladed and (c) 10-bladed cutting.
The specimens in a T4 temper condition displayed more ductile behaviour in general
compared to their T6 tempered equivalents. However, the extrusions subjected to 8 and 10-bladed
cutting experienced petalled sidewall torsion beyond 50 mm of displacement. Despite this, the 8bladed cutting tests proceeded without any petal entrapment and produced highly stable forcedisplacement responses. A representative deformation profile is presented in Figure 3.13(b) and
Figure 3.13(c), respectively, for each test case. The specimens that were cut with a 10-bladed tool
experienced more severe petal entanglement due to the increased flaring. Some specimens
experienced a transition from axial cutting to progressive folding due to the reduced strength of the
T4 temper condition and specimen shifting which caused misaligned material buildup. However,
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the transition was not observed in every test case and did not cause severe fluctuations in the steadystate force.

(a)

(b)

(c)

Figure 3.13: Deformation profiles for AA6061-T4 extrusions with geometry S10 (50.8 mm OD,
2.0 mm wall) subjected to (a) axial crushing, (b) 8-bladed and (c) 10-bladed cutting.

3.4.6 Performance metrics for geometry S10 (50.8 mm OD, 2.0 mm wall)
Average CFE values of 64.1 % and 81.9 % were calculated for specimens subjected to axial
crushing and cutting, respectively. The improved CFE of the extrusions subjected to crushing in a
T4 temper condition compared to the T6 temper condition was caused by the previously discussed,
pronounced strain hardening observed in the former. An average mean force of 50.83 kN was
calculated for the progressively folded specimens in a T6 temper condition and 43.53 kN and
54.52 kN for the specimens subjected to 8 and 10-bladed cutting, respectively. The extrusions
subjected to 8-bladed cutting were outperformed progressive folding deformation mode, with an
average energy absorption ratio of 0.862. The 10-bladed cutting mode experienced a 7.7 %
increase in TEA compared to crushing, the remaining performance metrics are given in Table 3.7
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Table 3.7: Average performance parameters for extrusion geometry S10 (50.8 mm OD, 2.0 mm
wall) subjected to axial crushing and cutting.
Extruded material
AA6061-T6
AA6061-T4
Deformation mode
PF
C8
C10
PF
C8
C10
Fm [kN]

50.83

43.53

54.52

39.02

31.09

38.30

TEA [kJ]

5.01

4.30

5.39

3.85

3.07

3.79

SEA [kJ/kg]

30.44

26.50

32.79

23.77

18.93

23.14

CFE [%]

53.35

87.24

80.03

64.11

85.60

78.17

3.4.7 Summary of results for all test groups
A summary of the energy absorption ratios comparing 8 and 10-bladed cutting tests to
progressive folding, along with a comparison to the theoretical predictions from Section 3.3.1, is
provided in Table 3.8. Average errors of 11.3 % and 14.2 % were calculated for the groups
containing 6061-T6 and T4 data, respectively. In general, the analytical model for crushing was
noted to under-predict the mean crushing force for 6061-T6 extrusions by approximately 15 %.
The disparities in predictions for geometries S4 and S9 were influenced by several factors,
including the minor variations between tests caused by the inherently reduced repeatability of this
deformation mode, along with the minor fracture observed in some cases. Additionally, the
specimens subjected to cutting experienced a prolonged transient phase in the displacement domain
which reduced their mean force. In a practical application, this effect could be mitigated by predeforming the extrusion to a more ideal displacement. Several test groups experienced a transition
from cutting to progressive folding due to binding between the cutter and extrusion, representing
the practical limit for these respective groups, which introduced further uncertainty.
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Table 3.8: Experimentally obtained and theoretically predicted energy absorption comparison
ratios for all test groups.
Cutting group ID

Progressive folding
group ID

𝜂𝐹𝑚 , experiment
[kJ/kJ]

𝜂𝐹𝑚 , theoretical
[kJ/kJ]

Error
[%]

T6-S4-C8

T6-S4-PF

0.922

1.156

20.24%

T6-S4-C10

T6-S4-PF

1.117

1.443

22.59%

T4-S4-C8

T4-S4-PF

1.288

1.156

11.42%

T4-S4-C10

T4-S9-PF

1.269

1.443

12.06%

T6-S9-C8

T6-S9-PF

0.862

0.961

10.30%

T6-S9-C10

T6-S9-PF

1.076

1.205

10.71%

T4-S9-C8

T4-S9-PF

0.797

0.961

17.07%

T4-S9-C10

T4-S9-PF

0.979

1.205

18.76%

T6-S10-C8

T6-S10-PF

1.008

0.981

2.75%

T6-S10-C10

T6-S10-PF

1.237

1.225

0.98%

T4-S10-C8

T4-S10-PF

1.117

0.981

13.86%

T4-S10-C10

T4-S10-PF

1.374

1.225

12.16%

Recall: 𝜂𝐹𝑚 > 1 indicates that, for a given geometry/case, the cutting deformation mode exhibits
greater energy absorbing potential than progressive folding.
The specimens from group T4-S4 which experienced a transition from cutting to crushing
were more stable than their counterparts which were exclusively subjected to axial crushing, as
shown in Figure 3.14(a) and Figure 3.14(b). Additionally, specimens which could not fold and
experienced material fracture, presented in Figure 3.14(c), deformed as expected when subjected
to cutting. This phenomenon, which was observed when comparing axial cutting to crushing for
test group T6-S10, is particularly interesting as it demonstrates the potential for axial cutting to be
implemented in cases where the deformation mode is too unstable for a more traditional crushing
system. Instability was less severe when observed for the cutting deformation modes and usually
manifested as petal binding, as shown in Figure 3.14(d). However, this effect did not negatively
influence the steady-state cutting force when a transition to progressive folding. In the cases where
Rc exceeded unity, the axially cut extrusions dissipated an average of 15.8 % more energy and
exhibited approximately double the CFE’s of their progressively folded counterparts.
In general, the experimental values of Rc were predicted with reasonable accuracy and
obeyed the expected trend of increasing magnitude with a proportionate increase in the number of
cutting blades. Group T4-S4 was a noted exception to this rule due to petalled sidewall binding
within the cutter, previously discussed in Section 3.4.1. The premature transition to progressive
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folding for extrusions subjected to 10-bladed cutting led to a decrease in the actual total energy
absorption. Consequently, the experimentally obtained value of Rc was lower than the predicted
value in this experimental range and highlighted a practical limit on axial cutting for geometry S4.
The tool binding and sidewall entanglement was largely caused by the presence of the solid outer
ring of the cutting tool. Theoretically, removal of this material should significantly reduce the
number of cases and intensity of cutting to progressive folding transitions since the petalled
sidewalls will be less constrained, at the expense of reduced energy absorbing capacity.

(a)
(b)
(c)
(d)
Figure 3.14: Unexpected deformation modes, including: (a) diametric buckling, (b) cutting to
folding transition, (c) brittle shard formation and (d) petal binding.

3.5 Validation of analytical steady-state cutting model
3.5.1 Results for new tests from comparison study
The cutting experiments conducted in this study were utilized to validate the revised
analytical model presented in Equation (3.18) with comparisons to the previously derived analytical
model from Jin and Altenhof [16] (Equation (2.83)). A summary of the experimentally determined
mean cutting forces and corresponding analytical predictions are summarized in Figure 3.15 for the
complete parametric scope. The revised analytical model demonstrated significantly improved
predictive capabilities compared to the original except for group T4-S4-C10, which is the
previously discussed case which consistently transitioned to progressive folding at a nominal onset
of 50 mm of displacement. Average errors of 8.74 % and 7.74 % were computed for the revised
model, compared to 45.56 % and 45.22 % from the model derived by Jin and Altenhof for the 8
and 10-bladed cutting modes, respectively. These values indicate an improvement in the relative
error by a factor of approximately 5.44 for the considered experimental cases. However, analytical
predictions summarized in Figure 3.15 tend to overpredict the initial steady-state cutting values
outlined in Section 3.4 while generally underpredicting the secondary increases in the force
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responses. This level of accuracy was adequate for the presented investigation which involved bulk
estimates to cutting forces for test case selection. The studies presented in further Chapters
showcase further enhancements to the analytical model which account for the complete forcedisplacement response, onset of petal clamping and other secondary effects.

Figure 3.15: Experimentally obtained and analytically predicted mean forces for AA6061-T4
and T6 extrusions subjected to 8 and 10-bladed cutting (current study).

3.5.2 Consideration for parametric study from [30]
Supplemental data from a previous investigation by Jin et al. [30] which considered
AA6061-T6 extrusions subjected to 3 to 5-bladed, quasi-static cutting was also utilized in the
validation exercise. The parametric scope considered extrusions three distinct wall thicknesses and
outer diameters in every possible combination and hence this data sample was assumed to be
sufficiently comprehensive for validation purposes. The parametric scope from [30] is summarized
in Table 3.9. Note that some geometries overlap with scope from the newly conducted test cases
identified in Table 3.4, hence the non-conventional sequencing. Additionally, the presented
naming convention is convenient since the data from [30] and the current Chapter were utilized in
a meta study further in this dissertation, in Chapter 6.
A summary of these experimentally recorded mean forces and the complementary
analytical predictions is graphically presented in Figure 3.15. The predictive capabilities were
relatively consistent between Equation (3.18), from the current study, and Equation (2.83), from
Jin and Altenhof [16], for these lower-bladed cutting scenarios. However, apart from groups
T6-S6-C3, T6-S8-C3 and T6-S9-C3, the revised analytical model was observed to be more
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accurate. Average errors of 10.1 % and 13.6 % were computed for the revised model, compared to
from the model derived by Jin and Altenhof, respectively. The most significant discrepancies were
noted for cases considering 3-bladed cutting, which was to be expected since this deformation mode
is highly prone to instability as noted in [30]. However, the cases of higher-bladed cutting are of
greater significance for high capacity energy absorbing applications.
Table 3.9: Parametric scope from previous experimental work [30] which emphasized lowerbladed (3 ≤ n ≤ 5) axial cutting deformation modes in AA6061-T6 extrusions.
Outer diameter,
Do [mm]

Wall thickness,
t [mm]

Geometry

Cutting modes
(n-bladed cutters)

44.45

1.00

20

S1

n = {3, 4, 5}

44.45

1.25

16

S2

n = {3, 4, 5}

44.45

1.50

14

S3

n = {3, 4, 5}

50.8

1.00

23

S4

n = {3, 4, 5}

50.8

1.25

19

S5

n = {3, 4, 5}

50.8

1.50

16

S6

n = {3, 4, 5}

63.5

1.00

30

S7

n = {3, 4, 5}

63.5

1.25

24

S8

n = {3, 4, 5}

63.5

1.50

20

S9

n = {3, 4, 5}

Extrusion ratio,

𝑫𝒐
𝟐𝒕

(a)
(b)
(c)
Figure 3.16: Experimentally and analytically predicted mean forces for AA6061-T6 extrusions
subjected to (a) 3, (b) 4 and (c) 5-bladed cutting, experimental data from [30].
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3.6 Conclusions
The objective of this investigation was to demonstrate that the axial cutting deformation mode
can meet, and even exceed, the mechanical performance of progressive folding between identical
extrusion geometries. The key findings of this study are summarized as follows:
1. An analytical model for the steady-state cutting force from [16] was revised and utilized
with an analytical model for progressive folding [6] in a parametric study to identify
potential experimental cases where the steady-state cutting force could exceed the
complementary mean crushing force.
2. Three distinct geometries were identified (among many potential candidates) where this
was possible with diameters ranging from 50.8 mm and 63.5 mm and wall thicknesses
ranging from 1.0 mm to 2.0 mm. An average energy absorption ratio of 1.162 was
predicted across all test groups, indicating an average enhancement of 16.2 % in the energy
absorbing capacity, with a maximum of 37.0 % for test case S9-C10.
3. In addition to exceeding the mechanical performance of the current state-of-the-art, the
CFE’s for the 8 and 10-bladed cutting modes were approximately half (or slightly less) of
the value observed for the complementary crushing tests for a given geometry. This
demonstrates that the noted enhancements in energy absorbing potential can be achieved
while also mitigate excessive peak forces which are often associated with death and serious
injury.
4. The average relative errors for the revised model and the previous model from [16] were
8.8 %, compared to 49.2 %, respectively, for the newly considered experimental scope.
5. Additionally, the revised model was compared to previously collected data [30] for 6061T6 extrusions subjected to 3 to 5-bladed cutting over several extrusion geometry
configurations and determined to be accurate to within an average of 10.1 % error. This
represented a marginal improvement over the previous model from [16], which was
accurate to 13.6 % error.
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Analytical predictions of the complete mechanical
response of AA6061 energy absorbers subjected to axial
cutting
4.1 Introduction
The grim outcome of many vehicular collisions and their high incidence rate are products
of the highly chaotic nature of traffic collisions and the fluctuating, sometimes unpredictable
behaviour of traditional, rail-type energy absorbing structures. Fatality rates are typically much
higher in developing territories where safety regulations and health care systems are less
established. Approximately 90 % of all road fatalities occur in low and middle-income countries,
which contain less than half of the world’s road vehicles [1]. It is therefore crucial to develop
energy absorbers with more favorable mechanical responses that are also highly reliable,
(relatively) inexpensive and easy to implement in large-scale manufacturing settings to ensure
economic feasibility.
Progressive folding is hindered by characteristic fluctuations in the force-displacement
response. These fluctuations, especially within the domain which corresponds to the initial
deformation, significantly deviate from the mean reaction force, for a given extrusion which is
typically utilized as a crucial design parameter for determining energy absorption capabilities. The
degree of difficulty associated with predicting the complete force-displacement response of
progressively folded extrusions limits the precision of vehicle safety system design efforts.
Additionally, significant variation can occur between macroscopically similar test specimens due
to the highly randomized presence of microscopic imperfections in the material structure, as
confirmed by Yuen and Nurick [2] and discussed in Structural Impact [3].
Numerous techniques to mitigate the fluctuating force response, prevent unstable
deformation mode transitions and introduce more ideal characteristics via passively adaptive
characteristics were extensively investigated, including but not limited to: collapse initiating
triggers by Thornton and Magee [4], cutouts and annealing by Gupta [5], dents and holes in the
corners of square extrusions by Bodlani et al. [6], [7] and Marshall et al. [8], altering the internal
geometry by Tang [9] and the inclusion of foams by Santosa et al. [10]. Alternative deformation
modes with improved mechanical responses were developed for axially loaded energy absorbers,
such as tube inversion, studied by Reddy [11]. Investigations of the quasi-static and dynamic
responses of inversion, conducted for mild steel by Reid and Harrigan [12] and brass and copper
by Al-Qureshi [13] identified extrusion geometry, material strength and resilience, die radius and
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surface conditions as critical parameters. When the die radius is sufficiently large, the wall of an
extrusion will tend to split apart rather than invert as one continuous entity, as shown by Reddy and
Reid [14] for circular extrusions and for square extrusions by Huang et al. [15]. Both deformation
modes enjoyed an increased CFE compared to axial crushing.
More recently, axial cutting was developed as an alternative deformation mode for thinwalled extrusions by Altenhof et al. [16]. Further investigations by Majumder et al. [17] and Jin
and Altenhof [18] have demonstrated that this deformation mode is capable of CFE’s exceeding
90 % and can accommodate low profile applications when a conical deflector is introduced.
Magliaro et al. [19] (this study was showcased as Chapter 3 of this dissertation) demonstrated,
when appropriately sized utilizing a validated analytical model, aluminum extrusions subjected to
axial cutting could absorb up to 30 % more energy than an identical specimen subjected to crushing.
Axially cut extrusions were also shown to be passively adaptable for quasi-static loading and
dynamic loading with a drop tower by Jin and Altenhof [20] by varying the wall thickness along
the length of the specimen; a quasi-linear relationship between the specimen wall thickness and
cutting force was observed. The experimental findings of this study form the basis of the analytical
techniques and corresponding validation presented in this Chapter.
An analytical model to predict the steady-state cutting force for aluminum extrusions was
derived by Jin and Altenhof [21], based upon the work of Zheng and Wierzbicki [22] and Simonsen
et al. [23] (see Section 2.4 for details on the derivation). An enhanced version of the model from
[21] was developed by Magliaro et al. [19], which demonstrated an average error of 8.7 % for
circular, AA6061 extrusions subjected to axial cutting. However, the accuracy was only assessed
by considering the relative error between the steady-state cutting force predictions and
experimentally determined average forces. Utilizing the model from [19] (Chapter 3), and newly
derived supplementary techniques, an analytical modelling procedure to predict the complete forcedisplacement response of 6061-T6 and 6061-T4 extrusions subjected to axial cutting was
developed.

Selected cases of the experimental data from the previously conducted passive

adaptability study [20] were considered for validation purposes to demonstrate the versatility of
this approach.

4.2 Experimental methodology
The details outlined in this section were originally presented in the passive adaptive cutting
study by Jin and Altenhof [20], which is the source of the experimental data that was utilized for
validation of the proposed analytical techniques. A summary of the most significant details was
reproduced for convenience and to compile parameters that were necessary for modelling.
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4.2.1 Specimen preparation
4.2.1.1 Fabrication techniques
The extrusions were composed of AA6061 in T6 and T4 temper conditions, relevant material
properties are outlined in Section A.2. Critical dimensions of the test samples included an
unmodified outer diameter, Do, of 50.8 mm, wall thickness, t, of 3.175 mm and nominal length, L,
of 300 mm. A series of geometries were fabricated by the authors of [20] which possessed a
varying wall thickness along the lengths of the extrusions; these profiles included a combination of
constant and linearly varying steps, Figure 4.1 illustrates the critical dimensions. Geometry ‘A’
represents an unmodified specimen while ‘B’ through ‘E’ represent the adaptive profiles. The
midsections of profiles ‘D’ and ‘E’ were fabricated with a linear transition between thicknesses.
An enlarged schematic of the linearly varying profile is presented further in Figure 4.6. All
modifications were performed utilizing a conventional lathe operated by a professional technician.

Figure 4.1: Selected geometries (50.8 mm OD) from [20] subjected to axial cutting with modified
profiles ‘B’ through ‘E’ for passive adaptability; all dimensions given in ‘mm’.

4.2.2 Cutting tool preparation
The 4-bladed cutting tool utilized by [20] was fabricated from a section of round bar stock
AISI 4140 tool steel on a computer numerically controlled (CNC) milling machine and subjected
to the two-stage heat treatment discussed in Section 3.3.1.1. The blade dimensions were consistent
with profile ‘S’, summarized in Table 4.1.
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Table 4.1: Blade geometry for the cutting tool utilized by [20].
Blade
geometry ID
S

Blade
width, 2B
[mm]

Wedge
height,
lb [mm]

Blade tip
width, T
[mm]

Wedge
angle, θ
[rad]

Cutter
height, hc
[mm]

Outer ring
radius, rc
[mm]

3.000

6.000

1.000

0.166

20.000

43.800

The deflector was fabricated with a consistent material to the cutter and installed above the
cutter to prevent material buildup during the deformation process for geometries ‘B’ and ‘D’. This
component was necessary due to the low working profile encountered under dynamic testing. The
deflecting surface possessed a conical profile with a radius of 50.8 mm, with upper and lower
diameters of 23 mm and 108 mm, respectively.

4.2.3 Experimental testing
4.2.3.1 Quasi-static apparatus and procedure
A minimum of two tests were performed per specimen geometry and temper condition by
the authors of [20], except for the unmodified extrusion (geometry ‘A’) which was only tested once.
This was determined to be sufficient to demonstrate repeatability for aluminum extrusions
subjected to axial cutting by [24], [17] and [18]. The quasi-static testing apparatus, illustrated in
Figure 4.2, consisted of the following major components: a sacrificial extrusion, the cutter/deflector
assembly and a pair of hardened steel platens. All tests were performed utilizing a hydraulically
operated Tinius-Olsen testing machine. The cutting tool, extrusion and platens were manually
aligned without any external fixturing. A 150 kN capacity strain gauge-based PCB load cell was
utilized to measure the cutting force.

(a)
(b)
Figure 4.2: Quasi-static cutting apparatus shown (a) schematically, and (b) as tested [20];
translation direction indicated by x.
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Platen displacement was tracked with a linear voltage differential transformer (LVDT) with
a range of 150 mm fixed to a support isolated from the Tinius-Olsen machine, as displayed in
Figure 4.2(b). Force and displacement data was acquired by a CompactDAQ equipped with
NI9215 modules at a sampling rate of 1.6 kHz. The lower platen of the Tinius-Olsen machine was
translated at a constant rate of 132 mm/min to a displacement of 145 mm.

4.2.4 Dynamic test procedure
The dynamic cutting tests were performed utilizing a drop tower testing machine,
illustrated in Figure 4.3. The drop tower consisted of the following major components: a 53.7 kg
crosshead falling crosshead, pneumatically controlled kinetic assistance device and steel support
column equipped with a 3-jaw chuck. The crosshead was raised to a height of 1500 mm and the
pneumatic accelerator was pressurized to approximately 650 kPa for each test, resulting in a range
of impact velocities from 6.8 m/s to 7.2 m/s.

(a)
(b)
Figure 4.3: Dynamic cutting apparatus shown (a) schematically and (b) as tested [20], translation
direction indicated by x.
The force was measured at each end by a pair of integrated electronic piezoelectric (IEPE)
load cells.

The upper and lower load cells were PCB sensors with capacities of 222 kN

(model #200C50) and 89 kN (model #200C20), respectively.

Crosshead displacement was

measured utilizing a micro-epsilon, non-contact LVDT (model #optoNCDT 1607-200) with a
range of 200 mm. Data from the LVDT was acquired utilizing a National Instruments NI9215 4
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channel, 16-bit analog input module with a capacity of 100 kHz per channel. The load cells were
connected to a NI9233 module with a capacity of 50 kHz per channel. These modules were
connected to a laptop equipped with LabVIEW software.

4.2.5 Mechanical properties of extruded AA6061 tubing
4.2.5.1 Summary of quasi-statically obtained properties
The extruded tubing utilized by Jin and Altenhof [20] was composed of consistent 6000series aluminum alloys to the previous Chapter, with the mechanical behaviour showcased in
Figure 3.3. For convenience, the mechanical properties necessary for the analytical modelling
presented further in this Chapter are summarized in Table 4.2, note that the elastic modulus, E, is
now a relevant parameter due to the newly considered transient region of the force response.
Table 4.2: Necessary mechanical properties for modelling of AA6061, in the extruded
direction, for the current investigation (Chapter 4).
AA6061-T6
(as-received)

AA6061-T4
(annealed)

Elastic modulus, E [GPa]

68.9

65.3

Yield strength, σY [MPa]

277.5

146.2

Ultimate strength, σU [MPa]

320.2

258.3

Flow stress, σo [MPa]

298.7

187.3

Material property

4.2.5.2 Strain rate insensitivity of AA6061
A major advantage of the 6061-T6 alloy is its tendency to be rate insensitive (i.e. less than
10 % increase in flow stress) up to 1000 s-1, demonstrated extensively by work of Carden et al.
[25], Morita et al. [26] and Masuda et al. [27]. An investigation by Tucker et al. [28] was conducted
for 6061-T6 aluminum under tension, compression and shear for strain rates ranging from 10-3 s-1
to 103 s-1. The flow stress was observed to vary by less than 10% of the reference tensile data.
This regime encompasses several real-world scenarios, including low to medium-speed automotive
collisions (e.g. traffic collisions at or below 60km/h). The rate effects for AA6061 in both temper
conditions were modelled by employing a Cowper-Symonds constitutive relationship [29]:
1⁄
𝑞

𝜎𝑒
𝜀̇𝑒
= 1+( )
𝜎𝑜
𝐷

(4.1)

where 𝜀̇𝑒 represents the effective (bulk) strain rate, and D, q were the material constants. This
approach was favored for the analytical modelling procedures in this dissertation since the flow
stress of the extrusion was the dominant material parameter.
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Jones and Airaldi [30, 31]

recommend, from a comprehensive examination of multiple sources, that D and q be taken as
1288000 s-1 and 4, respectively, for 6061-T6. The high value of D quantifies the insensitivity of
this alloy to rate effects, which was articulated in a meta study by Jin [32]. Additionally, D and q
values of 6500 s-1 and 4, respectively, were recommended for annealed AA6061 (including the T4
temper condition). These values are indicative of a notable increase in rate sensitivity (a factor of
approximately 3 on average) in comparison to the T6 temper condition, which was confirmed in an
experimental study of damage evolution in AA6061 by Adesola et al. [33]. However, 6061-T4 is
still considered a mildly rate sensitive material and is effectively rate insensitive in comparison to
traditional materials such as mild steel.

4.2.6 Specimen grouping and performance parameters
Test specimens were identified in this study with the naming convention, TC-S-LR-#,
where TC indicates the temper condition of the 6061 alloy, S the extrusion geometry (i.e. profiles
‘A’ through ‘E’), LR the loading rate (‘QS’ for quasi-static and ‘Dyn’ for dynamic) and ‘#’ the
specimen number. A summary of the defined specimen groups and the corresponding details is
presented in Table 4.3.
Table 4.3: Grouping and extrusion properties for specimens subjected to axial cutting.
Geometry ID

Temper conditions

Profile type

Loading rate

A

T6, T4

Unmodified

QS (132 mm/min)

B

T6, T4

Passively adaptive

QS (132 mm/min)
Dyn (6.9 m/s)

C

T6, T4

Passively adaptive

QS (132 mm/min)

D

T6, T4

Passively adaptive

QS (132 mm/min)

E

T6, T4

Passively adaptive

QS (132 mm/min)
Dyn (7.0 m/s)

The mechanical performance of the extrusions was analyzed utilizing the parameters that
were previously outlined in Section 2.3.1. This included: the total energy absorption, TEA, mean
reaction force, Fm, cutting/crushing force efficiency, CFE. The relative error, R, was utilized to
assess the analytical modelling procedure’s ability to predict these performance parameters. The
validation metric, VM, and cumulative error, CM, were utilized to assess the correlation between the
instantaneous force responses.
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4.3 Analytical modelling of the force-displacement response
4.3.1 Steady-state cutting force
The analytical expression for the steady-state cutting force, F, developed by Jin and
Altenhof [21], is fundamentally an application of the principle of virtual power. An enhanced
version of this analytical model was proposed and validated by Magliaro et al. [19]:
𝜎0 𝑡 2

1
1
1
(𝐵 + 𝑅𝑟 ) ∙ (
+
−
)+
𝜃
𝑅
cos
𝜃
𝑟
+
𝑟
𝑟
2√3
𝑟
0
𝑚
𝑚 + 𝑟𝑖
𝐹 = 𝑛 (1 + 𝜇 cos cot 𝜃) ∙
2
2
2
𝜋 𝜎0 𝑡 2 𝑟𝑚
𝜎0 𝐵𝑡𝜃 +
𝜎0 𝑇𝑡 + 𝐾𝜃 𝜎0 𝑡𝑅𝑟 +
[ √3
√3
√3 𝑛𝑅𝑎 ]

(4.2)

where the membrane stretching coefficient, 𝐾𝜃 , and rolling radius, Rr, from [19] are given in
Equation (4.3) and Equation (4.4), respectively. Note that the coefficient of friction between 6061
aluminum and 4140 steel was taken as approximately 0.3, as confirmed from [34]. Rate effects for
models of the dynamic tests were accounted for utilizing the Cowper-Symonds relationship.
𝐾𝜃 = 0.366(1 + 0.55𝜃 2 ) ∙ cos 2 𝜃

(4.3)
2

𝑇2
𝑇2
𝐵𝑡
𝑇2
𝐵𝑡
𝑅𝑟 = [ (
− ) + √( −
) +
(
+ 𝜋𝑡𝑟𝑚 tan2 𝜃) ]
2 4√3𝐾𝜃 cos 𝜃
𝐾𝜃 2√3 cos 𝜃
4√3𝐾𝜃 cos 𝜃 2
𝐵𝑡

1⁄
2

(4.4)

Equation (4.4) contains the following geometric properties which must also be defined: the
radial increment due to the presence of the blades, the distance between the plastic deformation tip
and the blade shoulder and the axial bend radius of the petalled sidewalls (Δr, Dss and Ra,
respectively). These terms are defined, in their listed order, in Equations (4.5) through (4.7). For
scenarios where a deflector is implemented, the magnitude of 𝑅𝑎 should instead be replaced by the
conical radius of the deflector.
𝛥𝑟 =

𝐷𝑠𝑠 =

𝑅𝑎 =
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𝑛𝐵
𝜋

(4.5)

1
𝑅𝑟 + 𝑇
2 +𝑙
𝑏
tan 𝜃

(4.6)

2
𝐷𝑠𝑠
𝛥𝑟
+
𝛥𝑟
2

(4.7)

4.3.2 Transient cutting regime
The initial domain of the force-displacement response, referred to as the transient regime,
was modelled utilizing a piecewise approximation of the linear elastic and post-yield responses of
the extruded material. Although previous investigations by Zheng [22], Simonsen [23] and Jin [21]
have demonstrated that the magnitude of energy absorbed during elastic loading is small compared
to the plastic deformation, accounting for the former (even with simplifications) allowed for
predictions of the entire force response.
4.3.2.1 Elastic loading increment
The following expressions were derived based upon the assumption that the extruded
material exhibits a linear-elastic response up to yield. The domain of the elastic loading increment
can be stated as (0 ≤ 𝑥 ≤ 𝛿𝑌 ), where δY represents the cutter displacement at the onset of yielding
and is referred to as the yield depth. The strain-to-yield, 𝜀𝑌 can be written in terms of the yield
stress and elastic modulus, as per Hooke’s law for the case of uniaxial compression.
𝜀𝑌 =

𝜎𝑌
𝐸

(4.8)

The product between Equation (4.9) and the extrusion length, L can be rearranged into a simplified
estimate (i.e. ignoring the highly localized plasticity at the blade tips) of the yield depth:
𝛿𝑌 = 𝐿 ∙

𝜎𝑌
𝐸

(4.9)

The elastic force developed within the extrusion was assumed to result from two major
deformation modes: axial compression of the contact surface at the blade tip and circumferential
compression of the extruded material between the cutting blades. The cutting resistance force over
the elastic domain, FE can be stated as sum of the contact forces between the extrusion and blades.
These forces were assumed to be a result of uniaxial compression and can be represented as the
product between the stress 𝜎, and contact area, Ac. Therefore, the localized necking at the blade tip
and in-plane shear strains were neglected, consistent with the derivation presented by Jin [21].
𝑁

𝐹𝐸 = 𝑛 ∑ 𝜎𝑖 ∙ 𝐴𝑐𝑖

(4.10)

𝑖=1

where n represents the number of cutting blades. The relevant contact areas and critical blade
dimensions are illustrated in Figure 4.4. The contact area at the blade-tip, highlighted in red, can
be assumed as the product between the radial increment (which was implemented to account for
the curvature of the extrusion) and the extrusion wall thickness. The product between this area and
Equation (4.9) represents the axial component of the elastic force.
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Figure 4.4: Schematic of elastic deformation for a single blade; circumferential and axial contact
surfaces highlighted in blue and red, respectively.
The circumferential material below the blade-tip was also subjected to uniaxial
compression as the cutting process initiated. This phenomenon was expected to occur equally on
both sides of a given blade, based upon the symmetric nature of the device. The developing petalled
sidewalls withstand a loading condition similar to the buckling of a column. However, once the
elastic limit of the extruded material is exceeded, significant petalled sidewall flaring initiates and
a transition to the plastic deformation modes occurs. Assuming a contact area of twice the product
of the yield depth and wall thickness, Equation (4.9) was utilized to derive the circumferential
elastic force. The axial and circumferential contact areas are stated below for clarity. Note that the
blade angle, θ was included to account for the incline of the shoulder surface and the area was
normalized with respect to the radial increment to account for the curvature of the petalled sidewall.
{

𝐴𝑐 𝑎𝑥𝑖𝑎𝑙 = 𝑇𝑡
2∆𝑟𝑡
𝐴𝑐 𝑐𝑖𝑟𝑐 =
∙𝑥
𝐵 cos 𝜃

(4.11)

After substitution into Equation (4.10), the total elastic cutting force as a function of the
displacement, x can be stated as:
𝐹𝐸 = [

𝑛𝑡𝐸 2𝑛𝛿𝑌
(
+ 𝑇)] ∙ 𝑥
𝐿 𝜋 cos 𝜃

(4.12)

It is important to note that since the displacement domain was considered, Equation (4.12) is valid
for extrusions initially at rest on a cutter or pre-deformed onto a cutter and unloaded.
4.3.2.2 Post-yield loading increment
The regimen of the force-displacement response from the material yield point to the
initiation of steady-state cutting is referred to as the post yield increment. Previous analytical
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modelling efforts by [21] and [19] of the steady-state cutting force stipulated that the model was
valid once the extrusion was displaced below the blade wedge; this critical depth was postulated as
the blade shoulder height, lb. A careful inspection of the force response data and observed
deformation modes from previous cutting studies [17], [18] and [35] confirmed this assumption.
Therefore, the post-yield increment represents the displacement domain from the yield depth to the
blade shoulder height, (𝛿𝑌 ≤ 𝑥 ≤ lb). The cutting force at yield, FY can be calculated by substituting
the yield depth into Equation (4.12).
𝐹𝑌 =

𝑛𝑡𝐸
2𝑛𝛿𝑌2
∙(
+ 𝑇𝛿𝑌 )
𝐿
𝜋 cos 𝜃

(4.13)

The transient cutting force in the post-yield domain is characterized by a nonlinear
increase, up to the steady-state cutting force once the displacement exceeds the wedge height. The
precise nature of the force-displacement response is a function of several parameters, including but
not limited to: the strain hardening characteristics of the extruded material, the linearly varying
wedge profile and development of the plastic deformation modes. Given that the steady-state
cutting force model presented in Equation (4.2) is second order, the relationship between the yield
force, FY and steady-state force, FS (which can be computed by utilizing Equation (4.2) through
Equation (4.4) was assumed to also be second order. Therefore, the post-yield energy dissipation
rate, 𝐸̇𝑃𝑌 was approximated utilizing a general second order relationship, consistent to previous
studies by Zheng [22] and Simonsen [23]. Given the low magnitude of energy absorption observed
within this domain, the cutting velocity, V can be assumed as quasi-constant.
𝐸̇𝑃𝑌 = 𝐹𝑃𝑌 ∙ 𝑉 = 𝐴2 𝑥 2 + 𝐴1 𝑥 + 𝐴0

(4.14)

𝐸̈𝑃𝑌 = 2𝐴2 𝑥 + 𝐴1

(4.15)
The global maximum of this parabola was expected to occur when the displacement

reached the blade shoulder height, and the yield force with the yield depth. These boundary
conditions were utilized to extrapolate the following coefficients:
𝐹𝑌 − 𝐹𝑆
(𝛿𝑌 − 𝑙𝑏 )2
𝐹𝑌 − 𝐹𝑆
𝐴1 = −2𝑙𝑏
(𝛿𝑌 − 𝑙𝑏 )2
𝐹𝑌 − 𝐹𝑆
𝐴2 =
2
(𝛿
{
𝑌 − 𝑙𝑏 )
𝐴0 = 𝐹𝑆 + 𝑙𝑏2

(4.16)

The resultant expression for the post-yield cutting force was derived as:
𝐹𝑃𝑌 =

102

𝐹𝑌 − 𝐹𝑆
∙ [𝑥 2 − 2𝑙𝑏 𝑥 + 𝑙𝑏2 ] + 𝐹𝑆
(𝛿𝑌 − 𝑙𝑏 )2

(4.17)

The phenomena discussed within the previous sub-sections are important to consider when
designing an axial cutting system. For example, if a rapid transition between transient and steadystate cutting is desired, wedge height, lb, should be minimized. In contrast, this height should be
maximized if a gradual transition is preferred.

4.3.3 Modelling for extrusions with varied profiles
4.3.3.1 Generalized definition of the steady-state cutting force
Prior investigations which considered the analytical expression of the steady-state cutting
force were limited to unmodified extrusions (i.e. extrusions with a constant wall thickness). A
major contribution of the presented modelling procedure is the generalization (i.e. modification
into an instantaneous expression) of the steady-state cutting model given in Equation (4.2). Since
the model was previously validated for a large scope of parameters [19], the model was restated
such that the cutting force, F is a function of the wall thickness, t. Furthermore, the wall thickness
can be treated as a function of x (i.e. displacement) if a specific profile is fabricated, as per the
samples shown in Figure 4.1.
𝐹 = 𝑓{𝑡(𝑥)}

(4.18)

The thickness profiles of the extrusions considered in this study were modelled as piecewise
functions. For example, extrusions with sections of constant wall thickness were modelled as
constant magnitude functions in their respective domains along the extrusion length and spliced
together. However, any suitable function type could be implemented for a given geometry,
including polynomial expressions, Fourier series or any combination of such techniques, as desired.
4.3.3.2 Transition between instantaneous steps in the wall thickness
A general function for 𝑡(𝑥), regardless of the extrusion geometry (e.g. the linearly varying
profiles of geometries ‘D’ and ‘E’), is a valid approach if the variation in wall thickness exists over
a significant domain (i.e. 𝐿 ≫ lb). A sudden transition from one extrusion wall thickness to another
will yield a transient force response before steady-state cutting is achieved. The transition between
steady-state cutting forces was expected to exhibit a more linear response since the material near
the blade tip has already experienced post-yield deformation. The following derivations emanate
from the assumption that steady-state cutting occurs once the displacement exceeds the wedge
height, which was initially proposed for an unmodified extrusion. Therefore, the extruded material
present within the wedged domain of the cutting tool, as displayed in Figure 4.5, must possess a
constant wall thickness for steady-state cutting to occur.
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Figure 4.5: Schematic of steady-state cutting process at an arbitrary displacement, 𝛿 with varying
wall thickness; cutting direction indicated by x.
This reasoning implies that the instantaneous cutting force is directly proportional to the
average wall thickness within the control domain, defined as the region between the blade tip and
lower boundary of the blade wedge, lb such that:
𝑡𝑇 =

1 𝛿𝑇 +𝑙𝑏
∫
𝑡(𝑥) 𝑑𝑥
𝑙𝑏 𝛿𝑇

(4.19)

where tT represents the instantaneous transition thickness within the wedge domain and 𝛿𝑇
represents an arbitrary displacement where the transition initiates. The value of 𝛿𝑇 will also
coincide with the interface between two wall thicknesses. A detailed schematic which includes a
labelled example of this parameter, among others, is provided in Figure 4.6. The transient force
response due to a step-change in the extrusion wall thickness can be modelled by generating an
expression for the transitional thickness and substituting this relationship into Equation (4.18). The
thickness was considered as a piecewise function within the displacement domain, as per the
schematic in Figure 4.5, resulting in:
𝑡𝑇 =

𝛿𝑇 +𝑙𝑏
1 𝑥
[∫ 𝑡𝑠 𝑑𝑥 + ∫
𝑡𝑝 𝑑𝑥]
𝑙𝑏 𝛿𝑇
𝑥

(4.20)

The integral was split into two separate terms to consider the primary, 𝑡𝑝 and secondary,
𝑡𝑠 wall thicknesses with updated limits. The intermediate displacement limit was stated as a
variable x to ensure that the following expression remained general. Integration of Equation (4.20)
and rearrangement of the presented terms results in the final statement of the transient wall
thickness in Equation (4.21).
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𝑡𝑇 =

𝑡𝑠 − 𝑡𝑝
∙ (𝑥 − 𝛿𝑇 ) + 𝑡𝑝
𝑙𝑏

(4.21)

The transient thickness presented in this section must temporarily replace the true wall thickness,
𝑡(𝑥) for a given transitional domain, ( 𝛿 ≤ 𝑥 ≤ 𝛿 + 𝑙𝑏 ). While this relationship does not rely on the
actual wall thickness, the presented theory does capture the effect of a transition between steadystate cutting forces through an averaging effect. The validation metrics presented further in the
manuscript reinforce the validity of this approach. Furthermore, Equation (4.21) was demonstrated
to be equally valid for an increasing or decreasing step-change in wall thickness.
4.3.3.3 Expressions for wall thickness as a function of length
This sub-section provides a derivation and compilation of the functions necessary to fully
describe the force-displacement response for a selected geometry. For brevity, this section was
limited to geometry ‘D’ (from Figure 1) since the features of this profile adequately incorporates
all the discussed modelling procedure.

The force-displacement responses of the remaining

geometries, presented in Section 4.4 of this manuscript, were derived with an identical approach.
A labelled schematic of the selected extrusion profile is presented in Figure 4.6. Note that transient
phases were defined ahead of the datum and a transitional domain was added at the interface
between the step change in wall thicknesses.

Figure 4.6: Extrusion geometry ‘D’ divided into significant cutting domains; linearly varied
portion enlarged for visibility, steady-state phases indicated as SS-#.
Expressions for the wall thickness, t were stated in terms of unmodified extrusion wall
thickness, tw. The linear-elastic and post-yield sections of the force-displacement response were
modelled through the implementation of Equation (4.12) and Equation (4.17), respectively. From
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the enlarged portion of Figure 4.6, the linearly varied portion of the wall thickness, tV was
mathematically described as:
𝑡𝑉 =

𝑡𝑑 − 𝑡𝑖
∙ (𝑥 − 𝛿𝑉 ) + 𝑡𝑖
𝐿𝑉

(4.22)

where ti and td represent the incidental and distal wall thicknesses, respectively; as per the
previously provided schematic, these thicknesses represent the endpoints of the varied region. The
length of variation and displacement at onset were presented as LV and δV , respectively. While the
format of this expression is identical to Equation (4.21), it is important to note that they describe
different phenomena. A summary of the analytical models applied to each region of the extrusion
are listed in Table 4.4.
Table 4.4: Regions of the force-displacement response and models for geometry ‘D’.
Region

Domain [mm]

Thickness [𝑡(𝑥) = ]

Force [𝐹{𝑡(𝑥)} = ]

Linear-elastic
phase

0.0

≤x<

1.2

0.25𝑡𝑤

𝐹𝐸 , Equation (4.12)

Post-yield
phase

1.2

≤x<

6.0

0.25𝑡𝑤

𝐹𝑃𝑌 , Equation (4.17)

Steady-state 1

6.0

≤x<

42.0

0.25𝑡𝑤

𝐹, Equation (4.2)

Linear ramp

42.0

≤x<

84.0

0.25𝑡𝑤
∙ (𝑥 − 42) + 0.25𝑡𝑤
42

𝐹, Equation (4.2)

Steady-state 2

84.0

≤x<

126.0

0.50𝑡𝑤

𝐹, Equation (4.2)

Transitional
phase*

126.0

≤x<

132.0

0.50𝑡𝑤
∙ (𝑥 − 126) + 0.50𝑡𝑤
6

𝐹, Equation (4.2)

Steady-state 3

132.0

≤x≤

300.0

𝑡𝑤

𝐹, Equation (4.2)

Note: * indicates the domain where the true wall thickness were replaced with an average
thickness within wedge region to approximate the step transition, per Section 4.3.3.2.

4.4 Validation of the theoretical modelling procedure
4.4.1 Quasi-static cutting force-displacement responses
Quasi-static testing was performed by the authors of [20] for specimen geometries A
through E from Table 4.3, previously illustrated in Figure 4.1. The unmodified extrusions
displayed the highest degree of correlation of any of the selected profiles, with validation metrics
of 0.953 and 0.963 calculated for the 6061-T6 and T4 extrusions, respectively. The theoretical
force-displacement responses are plotted together with a selected, experimentally obtained forcedisplacement response for each temper condition in Figure 4.7. In general, the post-yield domain
was slightly overpredicted in terms of the force with a shortened domain.

However, this

discrepancy between the model and experiments was minor in comparison to the high level of
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accuracy within the steady-state region, as quantified by the cumulative errors of 0.047 and 0.038
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Figure 4.7: Theoretical and experimental [20] quasi-static force-displacement responses for
extrusion geometry ‘A’ (unmodified), composed of (a) 6061-T6, and (b) 6061-T4 aluminum.
The first passively adaptive geometry considered was profile ‘B’, the corresponding
force-displacement responses are plotted in Figure 4.8(a) and Figure 4.8(b) for the T6 and T4
temper conditions, respectively. While more variation was noted in comparison to the unmodified
extrusions, the correlation between the theoretical model and experiments was relatively high.
Average validation metrics of 0.888 and 0.893 were calculated for the specimens in T6 and T4
temper conditions, respectively. The increased variation within the steady-state domains was likely
a result of the previously discussed manufacturing tolerances and the step transition in the wall
thickness which instantaneously doubled the magnitude.
A transient response initiated at approximately 75 mm of displacement for all specimens
and stabilized within the following 6 mm, as expected. The initial transient force development was
more gradual for the T4 tempered specimens. While this was only noted for the T4 tempered
specimens for geometry ‘B’, the phenomenon was attributed to a minor chamfer between the
constant thickness zones. The presence of the chamfers was an artifact of the previously discussed
machining process since a truly instantaneous transition between wall thicknesses was impractical
to fabricate. Due to the difficulty encountered in measuring these features and their negligible
impact on the total energy absorption, the presence of chamfers was accepted as a minor source of
error. The latter claim is supported by the previously noted validation metric of approximately 0.89
and an average relative error of approximately 5.7 % for the mean force and total energy absorption.
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Figure 4.8: Theoretical and experimental [20] quasi-static force-displacement responses for
extrusion geometry ‘B’ composed of (a) 6061-T6, and (b) 6061-T4 aluminum.
Geometry ‘C’ was also composed of a series of step transitions. In contrast to geometry
‘B’, the reaction force was gradually increased to a steady-state force, with a decrease and
secondary increase introduced to the profile. Utilizing step transitions, the steady-state force was
maintained at approximately 7 kN at one-quarter wall thickness and eventually increased, and
maintained for 31 mm of displacement, to a steady-state force of approximately 41 kN at full
thickness for the T6 temper condition. A similar response was observed for the T4 tempered
specimens with quarter- and full-thickness cutting forces of approximately 5 kN and 30 kN,
respectively. Following this, the profile was reduced to half-thickness and maintained at a steadystate load of approximately 18 kN, maintained for 31 mm of displacement, and returned to fullthickness for the remainder of the test length. This unique energy absorbing behaviour was
adequately captured by the modelling procedure for both temper conditions, as shown in Figure 4.9
and quantified by the average cumulative errors of 0.085 and 0.086, respectively. The high level
of consistency observed between each temper condition reinforces the rigid-perfectly plastic
material assumption for steady-state cutting.
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Figure 4.9: Theoretical and experimental [20] quasi-static force-displacement responses for
extrusion geometry ‘C’ composed of (a) 6061-T6, and (b) 6061-T4 aluminum.
Gradual ramping of the load between stepped regions was observed to varying degrees for
each specimen at the junctions between wall thicknesses due to the presence of chamfers, similar
to the previously discussed specimens. The transition from half to full-thickness resulted in a
prolonged transient response compared to the transition from quarter to half-thickness. While the
change in magnitude was identical, the formerly discussed transition involved a larger total increase
in contact surface area. This new contact area was large enough to introduce material sufficiently
far from the zone of plasticity near the blade-tip, temporarily resulting in a cross-section with varied
stages of deformation. The effect was present for each test, but more pronounced at the 31 mm
increments for the T4 tempered specimens. Due to the pronounced strain hardening of this alloy
compared to 6061-T6, the phenomenon was most likely dominated by the material response.
The remaining geometries ‘D’ and ‘E’ introduced a linear ramp in the wall thickness over
a specific domain. Profile ‘D’ also included a stepped transition from half-thickness to fullthickness at approximately 125 mm. After maintaining a steady-state force of approximately 7 kN,
profiles ‘D’ and ‘E’ exhibited a linearly increasing cutting force at displacements of 42 mm and
60 mm, respectively, which terminated and returned to steady-state and 84 mm and 90 mm,
respectively. The force-displacement response for geometry ‘D’ is presented in Figure 4.10; a
slight ramp was present at approximately 125 mm, followed by a transient increase in the reaction
force to 41 kN. The high correlation between the theoretical and experimental linearly varying
domains reinforces the hypotheses summarized in Section 4.3.3.3, including the difference between
a step transition and linearly varying domain.
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Figure 4.10: Theoretical and experimental [20] quasi-static force-displacement responses for
extrusion geometry ‘D’ composed of (a) 6061-T6, and (b) 6061-T4 aluminum.
A similar level of accuracy is visibly apparent between the force responses for geometry
‘E’, displayed in Figure 4.11. The average validation metrics for each test group generally
exceeded 0.90. The improved accuracy was a result of the decreased presence of transient zones.
Except for the linear-elastic and post-yield responses, only a single transitional zone was present
for geometry ‘D’, none were implemented for geometry ‘E’. The lack of step transitions ensured
that the presence of manufacturing artifacts, including the previously mentioned tool chamfers,
were minimized. Furthermore, the linearly varying regions provide a more gradual transition
between steady-state cutting zones which mitigated fluctuations.
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Figure 4.11: Theoretical and experimental [20] quasi-static force-displacement responses for
extrusion geometry ‘E’ composed of (a) 6061-T6, and (b) 6061-T4 aluminum.
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The theoretically predicted, linearly varying force-displacement responses were more
accurate than the stepped geometries, but marginally less accurate than the unmodified profiles.
The average validation metrics were 0.941 and 0.910 for geometries ‘D’ and ‘E’, respectively. The
validation metric and cumulative error are presented in Table 4.5 and Table 4.6 for the extrusions
in T6 and T4 temper conditions, respectively. The average values across the complete parametric
scope were 0.923 and 0.078, respectively.
Table 4.5: Validation metrics, VM, and cumulative errors, CM, for AA6061 extrusions in a T6
temper condition subjected to quasi-static, 4-bladed cutting.
Profile
Test ID

A

B

C

D

E

1

2

1

2

1

2

1

2

1

2

VM

0.953

N/A

0.890

0.886

0.927

0.907

0.939

0.938

0.939

0.901

CM

0.074

N/A

0.111

0.124

0.074

0.095

0.062

0.064

0.062

0.100

Table 4.6: Validation metrics, VM, and cumulative errors, CM, for AA6061 extrusions in a T4
temper condition subjected to quasi-static, 4-bladed cutting.
Profile
Test ID

A

B

C

D

E

1

2

1

2

1

2

1

2

1

2

VM

0.963

N/A

0.894

0.893

0.921

0.909

0.943

0.941

0.904

0.901

CM

0.038

N/A

0.107

0.108

0.080

0.092

0.057

0.060

0.097

0.100

4.4.2 Overview of accuracy for quasi-static performance parameters
The performance parameters were predicted with a similar degree of accuracy as the
force-displacement responses. An average error of roughly 4.6 % was calculated for the mean
loads of the extrusions subjected to quasi-static cutting. A summary plot of the theoretical and
experimental mean forces is provided in Figure 4.12 to illustrate the strong correlation between
results. The average relative error for all performance parameters was approximately 6.1 %; SEA
was not considered since the error would be identical to that of the TEA. Previous analytical
modelling efforts regarding the axial cutting of circular extrusions [21] reported an average relative
error of 14.8 %. The improved accuracy of the relative errors, presented in Table 4.7, can be
attributed to the consideration for transient effects within the force-displacement response and
improvements from [19] (Chapter 3).
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Figure 4.12: Average experimentally obtained [20] and analytically predicted mean forces for
AA6061 extrusions subjected to quasi-static axial cutting.
Table 4.7: Average relative errors, R, for performance parameters from quasi-static testing of
AA6061 extrusions with adaptive geometries subjected to 4-bladed cutting.
Test group ID

𝑅𝐹𝑚 [%]

𝑅𝑇𝐸𝐴 [%]

𝑅𝐶𝐹𝐸 [%]

T6-A-QS

2.69

0.63

3.86

T4-A-QS

2.28

1.55

6.05

T6-B-QS

7.61

6.51

11.40

T4-B-QS

8.49

7.19

13.08

T6-C-QS

3.75

3.31

8.26

T4-C-QS

4.36

4.16

12.61

T6-D-QS

4.06

3.55

11.08

T4-D-QS

1.23

1.36

4.17

T6-E-QS

1.04

0.58

7.38

T4-E-QS

4.16

2.53

12.18

4.4.3 Dynamic cutting force-displacement responses
A series of dynamic tests were conducted by the of authors [20] to demonstrate the
capability of the axial cutting deformation mode to maintain a passive adaptive response when
subjected to impact loading.

An average, bulk estimate to the steady-state strain rate of

approximately 47.5 s-1 was estimated in [20] utilizing the quotient between the impact velocity and
total cut distance (displacement). It was assumed that the strain rates encountered in the zone of
plasticity remained constant from the perspective of the moving cutting tool for the vast majority
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of the cutting process. Therefore, the Cowper-Symonds relation presented in Equation (2.56)
predicted an 8 % increase in the flow strength of the material. The scope of these tests was limited
to profiles ‘B’ and ‘E’ due to the highly repeatable nature of extruded AA6061 subjected to axial
cutting. Readers are encouraged to review reference [20] for an in-depth discussion of the selected
dynamic tests and their correlation to the quasi-static performance. The analytical and experimental
force responses for geometry ‘B’ are displayed in Figure 4.13(a) and Figure 4.13(b) for the
extrusions in T6 and T4 temper conditions, respectively.
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Figure 4.13: Theoretical and experimental [20] dynamic force-displacement responses for
extrusion geometry ‘B’ composed of (a) 6061-T6, and (b) 6061-T4 aluminum.
The dynamic responses exhibited rapid fluctuations in the load within the initial 5 mm of
displacement, caused by inertial effects of the apparatus and/or stress wave propagation through
the apparatus. Since the analytical modelling procedure was assumed to be dominated by materialbased phenomena, the dynamic fluctuations were not considered. Average validation metrics of
0.899 and 0.897 were calculated for the T6 and T4 temper conditions, respectively; which
reaffirmed this approach. The slightly reduced validation metrics were also attributed to the gradual
increase in load bearing capacity within the final 10 mm of displacement. The transient domain
initiated in a near-identical manner to the complementary quasi-static cutting tests at approximately
75 mm of displacement and continued for roughly 6 mm. The consistency between test rates and
different extrusion materials reinforces the modelling techniques discussed in Section 4.3.3.2,
which assume that the transient response is dominated by the extrusion-blade geometry.
Dynamic testing was also conducted for extrusions with profile ‘E’, the force responses are
presented in Figure 4.14. Similar to the other dynamically tested extrusions, rapid fluctuations in
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the response were observed during the initial 5 mm of displacement. The linearly varying profiles
were captured with a comparable degree of accuracy to the quasi-statically tested extrusions. A
gradual ramp in the cutting force was recorded within the final 15 mm of displacement for the
6061-T4 extrusions; this effect was not observed for the shown 6061-T6 response and was present
to a lesser extent during the second test. Additionally, fluctuations in the cutting force at elevated
displacements (i.e. 𝛿 ≥ 50 mm) were caused by petalled sidewall fracture. The average cumulative
errors for the T6 and T4 tempered extrusions were 0.896 and 0.851, respectively. The reduced
accuracy of the 6061-T4 specimens was attributed primarily to the ramp in the cutting force.
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Figure 4.14: Theoretical and experimental [20] dynamic force-displacement responses for
extrusion geometry ‘E’ composed of (a) 6061-T6, and (b) 6061-T4 aluminum.
The validation metric and cumulative error for each dynamic force-displacement response
is listed in Table 4.8; the average values for each figure were estimated as 0.886 and 0.132,
respectively. The previously noted inertial effects and late-stage force ramping were the major
sources of the reduced accuracy. These effects were slightly more apparent for the T4 tempered
specimens. An examination of the steady-state domains for profiles ‘B’ and ‘E’ displayed strong
correlation with the analytical predictions.
Table 4.8: Summary of validation metrics and cumulative errors for dynamic testing.
Material
Profile
Test ID
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AA6061-T6
B

AA6061-T4
E

B

E

1

2

1

2

1

2

1

2

VM

0.910

0.887

0.921

0.871

0.882

0.897

0.842

0.861

CM

0.097

0.127

0.112

0.143

0.122

0.113

0.192

0.162

4.4.4 Overview of accuracy for dynamic performance parameters
The performance parameters were predicted with less accuracy compared to the quasistatic results, but still within an acceptable range. An average error of roughly 8.7 % was calculated
for the mean loads of the extrusions subjected to dynamic cutting (groups 11 to 14). A summary
plot of the theoretical and experimental mean forces is given in Figure 4.15. The average relative
error for all performance parameters, including: the mean cutting force, total energy absorption and
cutting force efficiency was approximately 12.7 %. This figure was increased in comparison to the
quasi-statically determined metrics because of the overpredicted cutting force efficiencies. The
average errors were 10.3 % and 24.0 % for the T6 and T4 temper conditions, respectively. These
disparities were caused by the late stage force ramping noted within the final 10 mm to 15 mm of
displacement. Since these effects were more apparent for the T4 tempered specimens, potentially
due to the significant strain hardening characteristics of the material, it was expected that the error
would be more pronounced for the temper of this alloy.

Figure 4.15: Average experimentally obtained [20] and analytically predicted mean forces for
AA6061 extrusions subjected to dynamic axial cutting.
The average relative errors for the dynamic testing are presented in Table 4.9 for the
relevant performance parameters (Fm, TEA and CFE). The relative errors associated with the mean
cutting and total energy absorption were below 10 % for each group, except for group T6-E-Dyn
which was marginally higher. It is important to note that while deviation was observable for the
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cutting force efficiencies, the mean forces and energy absorption are more fundamental parameters.
These metrics are critical to the design process and proper implementation of energy absorbers,
regardless of the geometry or deformation modes. While CFE is useful, especially for comparisons
between technologies, it is secondary to the other presented metrics.
Table 4.9: Average relative errors, R, for performance parameters from dynamic testing of
AA6061 extrusions with adaptive geometries subjected to 4-bladed cutting.
Group ID

𝑅𝐹𝑚 [%]

𝑅𝑇𝐸𝐴 [%]

𝑅𝐶𝐹𝐸 [%]

T6-B-Dyn

8.84

3.83

17.41

T4-B-Dyn

5.54

5.27

19.62

T6-E-Dyn

12.06

2.07

6.57

T4-E-Dyn

6.79

9.17

30.86

4.4.5 Discussion of results for all test groups
Overall, the force-displacement responses and corresponding performance parameters for
AA6061 extrusions subjected to quasi-static and dynamic axial cutting were predicted with
excellent correlation. An average validation metric and cumulative error of 0.908 and 0.098 were
calculated for the considered parametric scope. The quasi-static force responses for profiles ‘B’
and ‘E’ were predicted with approximately 5 % stronger correlation than their dynamic
counterparts. The highly fluctuating response due to inertial effects and unexpected deformation
modes such as minor sidewall tearing were the main contributions to the difference in performance.
The remaining geometries tested with a push rod apparatus displayed the highest degree of
correlation with an average validation metric of 0.935, compared to 0.900 for specimens tested with
a deflector. Interaction between the rigid conical profile and the curvature of the petalled sidewalls,
combined with misalignments within the apparatus, increased the risk of sidewall fracture. The
difference in deformation modes between the push rod and deflector (with and without sidewall
tearing) is illustrated in Figure 4.16. However, the influences of these uncertainties were shown to
be negligible compared to the large-scale deformation characteristics.
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(a)
(b)
(c)
Figure 4.16: Observed deformation modes for axially cut extrusions (a) without a deflector (QS)
and with a deflector, exhibiting (b) stable cutting (Dyn) and (c) unexpected fracture (Dyn) [20].
The performance parameters were theoretically predicted with a similar level of accuracy
to the force-displacement responses. Average relative errors of approximately 5.4 %, 3.8 % and
13.0 % were calculated for the mean load, TEA and CFE, respectively across the entire parameter
scope. Both the force response correlation and performance parameter accuracy were near identical
between temper conditions. The errors were slightly higher for geometries ‘B’ and ‘C’ due to the
implementation of step transitions, which increased the incidence rate of manufacturing artifacts
such as chamfers.
The quasi-static performance metrics were generally predicted with approximately double
the accuracy compared to the dynamic metrics. For example, the relative error for the average
mean force was 4.6 % for the quasi-static tests compared to 8.7 % for the dynamic tests. The
increased error was traced to additional fluctuations in the mechanical response due to inertial
effects, eccentricities in the dynamic apparatus and sporadic material fracture.

The energy

absorption and mean force were both predicted to accuracies within 5 % and 10 % for the entire
parameter scope. Relative errors associated with the CFE were slightly higher for all test groups,
especially the dynamic tests, since this parameter was more sensitive to instantaneous changes in
the force. However, most test groups exhibited relative errors below 15 %.
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4.5 Conclusions
The objective of this investigation was to develop and outline an analytical modelling approach
to predict the complete force-displacement response of aluminum extrusions subjected to axial
cutting. The key findings of this study are summarized as follows:
1. An analytical model of the steady-state cutting force [19] was utilized with a series of
supplementary definitions and derivations to outline a modelling procedure to predict the
complete force-displacement response of AA6061 extrusions subjected to axial cutting, for
both unmodified extrusions and extrusions with significantly varied profiles for passive
adaptive applications.
2. Validation was performed utilizing experimental data from [20], collected both quasistatically and dynamically (~7 m/s impacts). An average validation metric and cumulative
error of 0.923 and 0.079, respectively were calculated for the full parameter scope. The
degree of correlation was identical for both the T6 and T4 temper conditions.
3. The mean cutting force and total energy absorption were predicted with average relative
errors of 5.4 % and 3.8 %, respectively. The improved accuracy compared to the validation
metric was expected since these metrics are less sensitive to instantaneous uncertainties in
the force-displacement response.
4. The high level of accuracy was attributed to the consideration of previously neglected
transient effects, both during the initial loading phase and for sudden changes in the wall
thickness. The blade wedge height, lb was identified as a crucial feature which directly
influences the duration of the transient response, which is an important consideration for
future investigations where a precise design is needed.

5. The presented analytical modelling procedure was later utilized by Gudisey et al. [36] to
design a novel energy absorber, for tensile loading applications, which utilized axial cutting
with adaptive capabilities. The average validation metric and cumulative error were
approximately 0.90 and 0.09, respectively.
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Energy absorption mechanisms and capabilities of
magnesium extrusions under impact
5.1 Introduction
Mass imbalances remain as one of the most significant shortcomings in modern
transportation safety [1]. Mass reduction in any form, and for any vehicle, is crucial to both
improving traffic safety and maximizing the benefits of emission reducing technologies.
Magnesium is the lightest structural metal available to engineers, with a relatively high specific
strength and a density that is approximately 20 % and 60 % the magnitudes of conventional steel
and aluminum alloys, respectively. A recent investigation by Xu et al. [2] resulted in the
development of an ultra-lightweight magnesium alloy with a body-centered cubic (BCC) matrix,
which could result in enhanced ductility, and an average density approximately 30 % lower than
conventional magnesium alloys. A plethora of alternative techniques were considered to improve
the manufacturability and mechanical performance of magnesium alloys. Notable examples
include the double extruded technique studied by Du et al. [3], additives for improved corrosion
resistance considered by Song and Atrens [4], the inclusion of aluminum oxide fibers for enhanced
wear resistance by Banerji et al. [5] and the development of alloys with improved toughness
compared by Luo et al. [6]. Since the availability of these materials was significantly limited, this
study considered a commercially available AM30 alloy.
Common magnesium alloys (e.g. AZ31, AZ91, AM60) were observed to plastically deform due to
the combined effect of basal slip and twinning by Chino et al. [7], Barnett [8, 9] and Cheng and
Ghosh [10] for the AZ31 alloy, and by Jiang et al. [11]. This plastic behaviour is characteristic of
the hexagonal close-packed (HCP) crystal structure, common to both of these alloys and several
others. Anisotropic mechanical behaviour is also a common feature of these alloys, as summarized
by Bohlen et al. [12] and Kumar et al. [13]. Strain hardening and rate sensitivity was investigated
by Lin and Chen [14] for extruded magnesium alloys at strain rates between 10-4 s-1 and 10-2 s-1 and
an increase in the flow strength of approximately 11 % was observed. The AM30 alloy was tested
for strain rates up to 2800 s-1 and 1900 s-1 in tension and compression, respectively, by Xu et al.
[15]. Asymmetry was noted in the flow behaviour which was confirmed by the findings of
Zachariah et al. [16].
This phenomenon was also observed for the AZ31 alloy by Kurukuri et al. [17] and
Chandola et al. [18]. A crystal plasticity model was developed by Zhou et al. [19] for an extruded
AM30 alloy which considered the influence of grain geometry on the yield strength. The strength
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was observed to increase as the grain size decreased, per the Hall-Petch effect, with a greater
influence on the compressive strength due to the inherent tension-compression asymmetry for the
AM30 alloy, studied by Bisht et al. [20] and Roostaei and Jahed [21]. Consistent to the findings of
Akbaripanah et al. [22] and Qiao et al. [23]. Basal texture intensity of the HCP structure was
determined to influence the tension-compression asymmetry of the alloy such that a more random
basal texture distribution reduced the asymmetry. The influence of the metallurgy of the novel
AM30 magnesium alloy compared to more established, ductile alternatives such as steel and
aluminum and the fundamentally different deformation mechanisms encountered under cutting
deformation modes were of significant interest to promote new and original findings in this
research.
Magnesium extrusions subjected to axial crushing experience a brittle failure mode
characterized as segment fracture (sharding) by Beggs et al. [24] and Zi et al. [25]. Extensive crack
propagation was also observed under lateral compression by Lv et al. [26]. This catastrophic failure
was partially mitigated by the inclusion of aluminum foam cores within the extruded structure by
Kaczyński et al. [27]. Despite the reduced load bearing capacity, AZ31 extrusions subjected to
crushing were shown to exhibit similar specific energy absorptions when compared to 6000-series
aluminum extrusions with consistent geometry by Easton et al. [28]. Sharding was observed to
occur in these experimental studies for thin-walled extrusions with a diameter-to-thickness ratio
less than 30. An experimental and analytical study of AZ31B magnesium tubes subjected to axial
cutting and crushing was conducted by Magliaro et al. [29], the force-displacement responses
exhibited a steady-state regime with minor oscillations caused by segmented chip formation and
failure. A semi-empirical model for the steady-state cutting force, F, and the rolling radius, Rr, are
summarized in Equations (5.1) and (5.2), respectively.
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(5.1)

𝑛𝑅𝑎

(5.2)

Investigations in the open literature which considered the deformation of thin-walled,
magnesium structures for energy absorption are limited and experimental data obtained via impact
testing is particularly scarce.
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The impetus of this investigation was to collect and assess

experimental data for the mechanical response of AM30 magnesium extrusions subjected to axial
crushing and cutting. The former deformation mode currently represents the state-of-the-art in
sacrificial energy absorption for unidirectional impacts [30], while the latter is a novel alternative
which was developed more recently and has shown promise as a superior alternative [31].
Therefore, a significant outcome of the proposed work was the comparison of these deformation
modes in terms of energy absorption, crushing/cutting force efficiency and overall stability for
novel AM30 extrusions. Loading rates from quasi-static to previously untested dynamic impacts
up to 18 m/s were considered. An enhanced analytical model of the complete cutting force response
was proposed with a revised theoretical basis postulated from qualitative observations from the
experiments. This was supported by high speed, macroscopic photography and scanning electron
microscopy (SEM) which were employed for examination of the failure surfaces.

5.2 Experimental methodology
5.2.1 Specimen preparation and material properties
The extruded tubing considered in this study was composed of an AM30 magnesium alloy
and was manufactured utilizing a conventional hot extrusion process.

Selected tensile and

compressive engineering stress-strain responses for AM30 magnesium at various strain rates are
provided in Figure 5.1(a) and Figure 5.1(b), respectively. Note that the tension-compression
asymmetry and superior compressive strength is consistent with a highly ordered basal texture,
common to extruded AM30 alloys [32]. Significant work hardening was observed under both
loading conditions with increased ductility at elevated strain rates.
400

300
200
0.00075 s-1
1 s-1
2800 s-1

100
0
0.00

0.05

0.10

0.15

Engineering strain [mm/mm]

(a)

0.20

Engineering stress [MPa]

Engineering stress [MPa]

400

300
200
0.00075 s-1
1 s-1
1900 s-1

100
0
0.00

0.05

0.10

0.15

0.20

Engineering strain [mm/mm]

(b)

Figure 5.1: Engineering stress-strain responses at multiple strain rates for AM30 magnesium
subjected to (a) tension, and (b) compression in the extruded direction [15].
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The flow stress, σo, of the AM30 alloy in the extruded direction was taken as the average
stress over the effective plastic strain domain (i.e. εY ≤ ε ≤ εf), and was estimated as 192.6 MPa
utilizing the quasi-static tensile data (consistent with multiple sources summarized in [31])
presented in Figure 5.1(a). The elastic modulus was assumed to be approximately 42.0 GPa, as
provided by the Institute for Vehicle Concepts [29]. The extrusions possessed a nominal outer
diameter and wall thickness of 55 mm and 2 mm, respectively, with a 145 mm length.
The cutting force under dynamic loading conditions was estimated by assuming that the
flow stress of the extruded material increased at the resultant, elevated strain rates. The previously
summarized findings of Lin and Chen [14] and Xu et al. [15] characterized the moderate strain rate
sensitivity of the AM30 alloy. The parametric material constants, D and q for the Cowper-Symonds
constitutive relationship were determined as 2034 s-1 and 1.97, respectively, from experimental data
obtained previously by Lin and Chen [14] and Xu et al. [15], [33]. These values (i.e. relatively
high D and intermediate 1⁄𝑞 exponent) indicate moderate strain rate sensitivity which is consistent
with experimental findings for this alloy and other common magnesium-aluminum-manganese
alloys [34, 35]. Bulk approximations of the average strain rate in the steady-state cutting regime
were estimated as the ratio between the impact velocity, VS and total deformation, δT. This figure
was previously validated as a reasonable estimate to the average strain rate by [36] and [37].

5.2.2 Summary of apparatuses
5.2.2.1 Cutting tool preparation
The cutting tools considered in this investigation were manufactured from single sections
of AISI 4140 tool steel and heat treated to an experimentally determined hardness of 53 HRC,
consistent to the procedures mentioned in Section 3.3.1.1. Cutters with 4, 6, 8 and 10 equally
spaced blades (Figure 5.2) were considered to provide a comprehensive investigation of the
mechanical response under axial cutting. The blades possessed profile ‘G’, which is restated in for
convenience.
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Figure 5.2: Schematics of 4, 6, 8 and 10-bladed cutting tools with critical dimensions identified;
all numerical dimensions are given in ‘mm’.
Table 5.1: Blade geometry for the cutting tools utilized in the current investigation and shown in
Figure 5.2.
Blade
geometry
ID
G

Blade
width, 2B
[mm]

Wedge
height, lb
[mm]

Blade tip
width, T
[mm]

Wedge
angle, θ
[rad]

Cutter
height,
hc [mm]

Outer ring radius,
rc [mm]

3.000

6.000

1.200

0.149

20.000

43.800

5.2.2.2 Quasi-static testing procedure
The quasi-static testing was conducted utilizing the previously mentioned, 600 kN capacity
MTS testing machine. An annular support was fabricated in addition to the cutting tools from a
4140 tool steel for the specimens subjected to crushing with a depth of 12.5 mm, referred to as the
‘chuck’ and visible in Sections 5.3.1 and 5.3.2. This component was needed to constrain the
dynamically tested specimens since the apparatus was horizontal (i.e. perpendicular to gravity), and
to provide a contact interface for the distal force sensor. A cap was also fabricated, with a depth of
5 mm, for the proximal end of all extrusions to position an additional force sensor for the dynamic
tests. These components were also utilized in a limited series of quasi-static tests to assess the
influence of the additional constraints on the axial crushing deformation mode. The quasi-static
apparatus is shown schematically and as-tested in Figure 5.3(a) and Figure 5.3(b), respectively.
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(a)
(b)
Figure 5.3: Quasi-static experimental testing apparatus for axially loaded AM30 extrusions
shown (a) schematically, and (b) as-tested.
The extrusions were compressed for 105 mm of displacement at a constant rate of
50 mm/min, except in the constrained axial crushing tests where the displacement was limited to
70 mm. The strain gauge-based load cell was a PCB, model 1204-02A, transducer with a capacity
of 89 kN. Displacement readings were collected from the Acuity AR700-12, non-contact laser
displacement transducer. The measurements were collected at 2 kHz utilizing a NI CompactDAQ
system (cDAQ-9178) equipped with a NI 9215 16-bit voltage input module and a NI 9237 24- bit
bridge module to acquire data from the laser displacement gauge and to supply the appropriate
excitation voltage and acquisition of data from the load cell, respectively. The NI CompactDAQ
system was connected to a laptop equipped with LabVIEW 2017, where a custom program was
developed for data acquisition.
5.2.2.3 Dynamic testing procedure
The dynamic tests were performed utilizing a pneumatically accelerated testing apparatus,
illustrated in Figure 5.4(a). The apparatus consisted of the following: a 11.5 kg impactor (bullet)
assembly, steel barrel with a square channel to constrain the impactor, an air reservoir and a fixed
barrier. The barrel and air receiver were capable of a stroke of 1.8 m and maximum pressure of
690 kPa, respectively. The apparatus is also shown in Figure 5.4(b). Impact velocities in this study
were limited to 18 m/s for safety and due to the uncertain nature of the deformation of the AM30
alloy. The specimens subjected to crushing were lightly constrained in the chuck with 3, 10-32 set
screws. Similarly, the extrusions subjected to cutting were pre-deformed onto the cutters to a
nominal depth of 6 mm. The cutting and crushing forces were measured at both the proximal and
distal ends to observe and quantify the dynamic nature of each test for newly considered material,
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consistent to the motivation of a previous investigation by Jin et al. [38]. The former represented
the response directly at the impact interface while the latter represented the structure requiring
protection (e.g. the occupant’s cabin of a vehicle). Therefore, the distal force-displacement
response was considered to assess energy absorbing capabilities.

(a)
(b)
Figure 5.4: Pneumatically accelerated impact testing apparatus for axially loaded AM30
extrusions shown (a) schematically, and (b) as-tested.
The proximal and distal force-time responses were obtained utilizing IEPE Dytran 1210V4
and PCB 200C50 load cells, respectively.

The previously mentioned cap for the proximal load

cell was removed for a limited series of high-speed crushing tests to observe the axial crushing
mode without the inherent annular constraint. Displacement-time histories were collected with the
Acuity AR700-32, 800 mm range non-contact laser. High speed footage was captured with a single
Photron SA4 camera recording at 30000 fps (frames per second). The camera was connected to a
NI9401 transistor-transistor logic (TTL) module for data acquisition and synchronization.
Data from the laser was acquired by the previously mentioned NI CompactDAQ system
(cDAQ-9178) equipped with a NI9223 module. Calibration of the bullet’s horizontal position and
observed data from the AR700-32 displacement transducer was completed in advance of any
testing. This calibration was necessary as the displacement transducer was set at an angle to the
horizontal axis of the pneumatic accelerator. The load cells were connected to a NI9250 module to
obtain force data following an IEPE/ICP sensor requirement. Data from all modules was acquired
at a rate of 100 kHz. The data acquisition system was triggered by an Acuity AR700-12 laser which
tracked the position of the impactor within the barrel and initiated the acquisition process.
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5.2.3 Specimen grouping and performance parameters
Test specimens were identified with the naming convention DM-LR-#, where DM indicated
the deformation mode (either ‘C’ for cutting or ‘PC’ for progressive crushing), LR the loading rate
(‘QS’ for quasi-static and ‘Dyn (V)’ for dynamic, with V being the impact velocity) and ‘#’
represents the specimen number. Note that an additional ‘C’ and ‘F’ were added to the specimen
names for the specimens subjected to progressive crushing to distinguish between tests which were
constrained at both ends and free at one end, respectively. A summary of the considered parametric
scope is given in Table 5.2. Note that the impact velocities were nominally selected at, or if
possible, above the generally accepted dynamic impact threshold of 10 m/s [39] to fill the
previously discussed void in the literature; the upper limits were dictated by safety considerations.
Table 5.2: Parametric scope for AM30 magnesium extrusions subjected to axial cutting and
progressive crushing.
Deformation mode

Loading rate

Repeatability
(number of tests)

4-bladed axial cutting (C4)

Quasi-static (50 mm/min)

4

Quasi-static (50 mm/min)

4

Dynamic (V ≈ 12 m/s)

2

Quasi-static (50 mm/min)

4

Dynamic (12 m/s ≤ V ≤ 14 m/s)

4

Quasi-static (50 mm/min)

4

Dynamic (12 m/s ≤ V ≤ 18 m/s)

4

Quasi-static (50 mm/min)

4

Dynamic (10 m/s ≤ V ≤ 14 m/s)

4

Quasi-static (50 mm/min)

2

Dynamic (14 m/s ≤ V ≤ 18 m/s)

4

6-bladed axial cutting (C6)

8-bladed axial cutting (C8)

10-bladed axial cutting (C10)
Progressive crushing, both ends
constrained (PCC)
Progressive crushing, one end
free/one constrained (PCF)

The mechanical performance of the extrusions was analyzed and compared between the
crushing and cutting deformation modes utilizing the parameters that were previously outlined in
Section 2.3.1. This included: the total energy absorption, TEA, specific energy absorption, SEA,
mean reaction force, Fm, cutting/crushing force efficiency, CFE. The relative error, R, was utilized
to assess the analytical modelling procedure’s ability to predict these performance parameters. The
validation metric, VM, and cumulative error, CM, were also utilized to assess the correlation between
the experimentally obtained and analytically predicted force-displacement responses.
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5.3 Results and discussions
5.3.1 Experimental results from quasi-static testing
5.3.1.1 Discussion for specimens subjected to axial cutting
The force responses presented in Figure 5.5 displayed a parabolic increase in force from
the initiation of the test to approximately 6 mm of displacement (consistent with the wedge height),
followed by a steady-state reaction force. The specimens subjected to 4, 6 and 8-bladed cutting
achieved steady-state responses of approximately 6 kN, 9 kN and 11.5 kN, respectively. Minor
oscillations were observed in the steady-state regime and associated with the cyclic development
and fracture of discontinuous chips. More pronounced variations were present in the 40 mm to
80 mm range for specimens subjected to 4-bladed cutting. Significant curvature of the axially cut
petals caused by interaction with the hardened deflector were contributors to transverse fracture in
the sidewalls, as shown in Figure 5.6(a). The higher-bladed deformation modes resulted in
increased flaring and hence the petalled sidewalls were not susceptible to transverse fracture.
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Figure 5.5: Representative force-displacement responses for AM30 extrusions subjected to
quasi-static axial cutting.
The specimens subjected to 10-bladed cutting experienced a secondary increase in their
steady-state cutting force from approximately 13.5 kN to 15 kN at a displacement of 25 mm. This
phenomenon was associated with the radial suppression of the petalled sidewalls from the outer
ring of the cutter.

Once the petals contacted this outer ring a sudden increase in the steady-state

cutting force was observed for the remainder of each test due to the clamping generated. At
displacements greater than 50 mm, the symmetry of the petals gradually diminished and twisting
initiated for the remainder of each test, as illustrated in Figure 5.6(d). Interactions between the
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petalled sidewalls and minor misalignments between the extrusion and cutting tool at the start of
the cutting process were the culprits of this effect. However, sidewall twisting occurred at a
relatively large distance away from the active cutting surface and hence this phenomenon did not
affect the force response.

(a)

(b)

(c)

(d)

Figure 5.6: Observed deformation for AM30 extrusions subjected to (a) 4, (b) 6, (c) 8 and (d)
10-bladed quasi-static axial cutting.
The petalled sidewalls of each specimen possessed serrated edges with triangular gouges
at the outer surfaces where contact with the wedge occurred. A representative petalled sidewall
and gouges from the discontinuous chips are illustrated in Figure 5.7(a) for a specimen subjected
to 6-bladed cutting. The gouges were isosceles and typically quasi-equilateral. These rough,
triangular patches were separated by a smooth failure surface, adjacent gouges typically merged at
the outer surface. SEM images of a representative failure surface are provided in Figure 5.7(b) and
Figure 5.7(c). Chip formation was suppressed at the inner surface due to the added compressive
loading caused by the radial flaring of the extrusion. No discernible differences were observed
between the sizes, frequency or other critical features of the discontinuous chips and gouges
generated by various cutting tools. This was expected since the individual blades were identical
and chip generation was a highly localized phenomenon.
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Clamping was also observed for the extrusions subjected to 8-bladed cutting at
approximately 30 mm of displacement. The reaction force did not increase by a notable magnitude.
However, the influence of clamping was confirmed visually by the presence of gouges at the
midspan of the petalled sidewalls post-test due to the relative sliding, shown in Figure 5.8. Average
mean cutting forces of 6.45 kN and 14.58 kN were calculated for the extrusions subjected to 4bladed and 10-bladed cutting, respectively.

Comparable increases were also noted for the

performance parameters for the specimens subjected to 6 and 8-bladed cutting, reinforcing the
assumption of an even force distribution. The average performance parameters for specimens
subjected to cutting are provided in Table 5.3.
Table 5.3: Average performance metrics for specimens subjected to quasi-static cutting.
Specimen group TEA [kJ]

SEA [kJ/kg]

Fm [kN]

CFE [%]

C4-QS 0.67

8.24

6.45

86.25

C6-QS 0.87

10.59

8.41

90.51

C8-QS 1.14

14.21

11.04

92.89

C10-QS 1.50

18.53

14.58

87.65

(a)
(b)
(c)
Figure 5.7: Sample images of (a) the edge of a serrated petal from an extrusion subjected to 6bladed cutting with SEM images of (b) adjacent tears and (c) a gouged section.
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Figure 5.8: Gouging of a petalled sidewall due to contact (and clamping) with the outer ring of
the cutting tool.
5.3.1.2 Discussion for specimens subjected to progressive crushing
The specimens subjected to crushing exhibited relatively ductile axial shortening until the
initiation of failure at approximately 12 mm of displacement.

This domain of the force-

displacement response, as shown for selected extrusions in Figure 5.9, was characterized by the
development of the peak load followed by rapid decay and brittle fracture. The peak load was
approximately 8 % higher for the constrained extrusions compared to their free counterparts. The
remainder of the force response consisted of sharp oscillations between approximately 25 kN and
45 kN due to sidewall sharding for the free specimens. A significantly attenuated crushing force,
below 10 kN, which resembled a typical global bending response was observed for the constrained
specimens due to widespread crack propagation, illustrated by Figure 5.10(a).
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Figure 5.9: Representative force-displacement responses for AM30 extrusions subjected to
quasi-static progressive crushing.

133

The cap and chuck provided an annular constraint to the ends constrained, which resulted
in the noted increase in the peak crushing force and a shift in the fracture locations. The
unconstrained specimens initially experienced progressive folding followed by a transition to
sharding at the onset of cracking as shown in Figure 5.10(b). Cracking always initiated at the end
of the extrusion which coincided with the deformed lobe. Since this process was constrained for
the previous group by the annular fixtures, sidewall cracking was preceded by crumpling at the
midspan. Displacements beyond 30 mm resulted in catastrophic failure and greatly diminished
load bearing capacity.

(a)

(b)

Figure 5.10: Observed deformation for AM30 extrusions subjected to quasi-static, (a)
constrained and (b) free (unconstrained) progressive crushing.
Average mean crushing forces of 16.60 kN and 31.33 kN were calculated for the
progressively crushed, constrained and free specimens, respectively, with the remaining
performance parameters summarized in Table 5.4. The constrained specimens exhibited an average
TEA and SEA which were approximately one-third of the values obtained for the specimens with a
free end. Note that the increased disparity between the mean crushing forces was a result of the
reduced maximum potential displacement. The average CFE was less than 50 % for both groups,
which indicated that the fluctuations in the force response were severe for the sharding and buckling
deformation modes, and more significant in comparison to progressive folding for traditional
materials [30].
Table 5.4: Average performance parameters for specimens subjected to quasi-static, constrained
and free axial crushing.
TEA [kJ]

SEA [kJ/kg]

Fm [kN]

CFE [%]

PCC-QS

1.14

14.62

16.60

22.29

PCF-QS

3.23

41.31

31.33

45.27

Specimen group
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5.3.2 Experimental results from dynamic testing
5.3.2.1 Filtering procedure for impact forces
The dynamically obtained experimental data was filtered to improve its legibility utilizing
a low pass, 2-way SAE filter with the guidance of the SAE J211 standard [40]. The standard
typically recommends a channel frequency class (CFC) of 600 for structural components, although
any CFC may be implemented if there is suitable rationale. The 600 CFC filter over-attenuated the
peak reaction forces, force oscillations and initial force ramping time durations, in general. A CFC
of 1000 exhibited a preferable trade-off between accurately capturing the characteristics of the
force-displacement response and smoothing the dynamic noise across all deformation modes.
CFC’s above 1000 exhibited excessive noise that made individual curves difficult to decipher when
superimposed. Sample force-time responses for specimens subjected to 6-bladed axial cutting,
constrained and free progressive crushing are provided in Figure 5.11(a) through Figure 5.11(c).
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Figure 5.11: Filtered and unfiltered force-time data for (a) 6-bladed cutting, (b) constrained
progressive crushing and (c) free progressive crushing; data taken from distal load cell.
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The filtered and unfiltered force data was transferred to the displacement domain to
compute and compare the performance parameters, summarized for each sample case in Table 5.5.
The variation between all performance parameters except CFE was observed to be within 1 % of
the unfiltered values. The CFE was influenced more than the other parameters since this metric, by
definition, is more sensitive to instantaneous values in the force response. The 1000 CFC filter was
confirmed to provide a balance between noise elimination and preservation of the response. In the
present study, and the dynamic experimental study presented in Chapter 7, the impact velocity for
each test was obtained from both optical measurements and by calculating the dissipated kinetic
energy, the latter was obtained from the force-displacement responses. The deviation between
these values was calculated as 3 % (or less) over the entire parametric scope, which reinforced
confidence in the experimentally determined force readings and energy balances.
Table 5.5: Filtered and unfiltered performance parameters from sample force responses.
Parameter

6-bladed cutting (C6)

Constr. crushing (PCC)

Free crushing (PCF)

CFC

None

1000

600

None

1000

600

None

1000

600

TEA [kJ]

0.87

0.87

0.87

1.00

1.00

1.00

1.79

1.80

1.80

Fm [kN]

11.69

11.72

11.72

18.76

18.78

18.78

36.02

36.15

36.15

SEA [kJ/kg]

11.11

11.14

11.13

12.46

12.46

12.46

22.84

22.97

22.97

CFE [%]

54.66

86.62

92.23

18.24

18.21

20.54

37.00

37.47

49.03

5.3.2.2 Discussion for specimens subjected to axial cutting
Selected force-displacement responses for 6-bladed cutting are provided in Figure 5.12(a)
and Figure 5.12(b) for the proximal and distal load cells, respectively. Fine oscillations were
observed throughout the cutting process, although the amplitude and domains were extended within
the first 45 mm of displacement due to the formation of discontinuous chips and inertial effects
from the impact. The approximate length of the oscillations reduced beyond the noted displacement
and their shape more closely resembled the quasi-static data, as expected since the impactor’s
velocity was also reduced. These oscillations occurred through a steady-state cutting force of
approximately 12 kN for the distal location, with an average strain rate of approximately 162 s-1.
The cutting process and development of petalled sidewalls was consistent with the quasi-static
deformation except for the development of chips ahead of the blade tips. The discontinuous chips
stayed together in a loose chain as they formed rather than separating.
The transient regime of the proximal responses for each test were characterized by isolated,
incrementing spikes in the force response which coincided with repeated impact events between
the impactor and extrusion. The initial impact resulted in a global peak reaction force, followed by
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multiple secondary impacts, which occurred more frequently in the time and displacement domains,
due to the mass difference between the impactor (11.50 kg) and extrusion (0.08 kg). The negative
domains of these force responses indicated the presence of minor tensile loads, which was
consistent with restitution and the elastic response of the impacting surfaces. The effect was more
prolonged for elevated impact velocities due to the increased linear momentum in the system. The
most extreme tensile force values were between -2 kN and -4 kN, compared to peak compressive
forces exceeding 100 kN.
The qualitative aspects of the mechanical response were consistent with the previously
mentioned phenomena for the 8 and 10-bladed cutting tests. Oscillations in the distal force
responses, presented in Figure 5.13 and Figure 5.14 for specimens subjected 8 and 10-bladed
cutting, respectively, attenuated as the proximal responses transitioned to steady-state. Steady-state
cutting forces of approximately 16 kN and 20 kN were observed for the specimens subjected to 8
and 10-bladed cutting, respectively. These values were not highly sensitive to the tested impact
velocities and the steady-state forces maintained a highly consistent corridor.
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Figure 5.12: Representative (a) distal, and (b) proximal force-displacement responses for AM30
magnesium extrusions subjected to dynamic 6-bladed axial cutting.

137

60

60

C8-Dyn (14.3 m/s)-D4
C8-Dyn (12.6 m/s)-D2

C8-Dyn-P4
C8-Dyn-P2

50

40

Force [kN]

Force [kN]

50

30
20
10

40
30
20
10

0

0

0

10 20 30 40 50 60 70 80 90

0

10 20 30 40 50 60 70 80 90

Displacement [mm]

Displacement [mm]

(a)
(b)
Figure 5.13: Representative (a) distal, and (b) proximal force-displacement responses for AM30
magnesium extrusions subjected to dynamic 8-bladed axial cutting.
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Figure 5.14: Representative (a) distal, and (b) proximal force-displacement responses for AM30
magnesium extrusions subjected to dynamic 10-bladed axial cutting.
The average strain rates were estimated between 188 s-1 to 213 s-1 and 190 s-1 to 276 s-1 for
the extrusions subjected to 8-bladed and 10-bladed cutting, respectively. Consistent with the quasistatic findings, a secondary increase in the cutting force occurred at approximately 25 mm of
displacement from 18.5 kN to 20 kN due to contact and the subsequent clamping between the
petalled sidewalls and outer ring of the 10-bladed cutting tool. The observed deformation modes
for extrusions subjected to 6, 8 and 10-bladed cutting are illustrated by Figure 5.15(a) through
Figure 5.15(c), respectively. The petalled sidewall width and axial bend radius decreased (i.e. the
degree of flaring increased) as the number of blades was increased. This was expected since the
effect is a function of the cutting apparatus geometry. However, the extent of the radial flaring was
notably reduced in comparison to AA6061 extrusions subjected to cutting [37], which resulted in
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comparatively reduced localized peak forces earlier in the force response and clamping forces later
in the force response.

(a)

(b)

(c)

Figure 5.15: AM30 extrusions subjected to dynamic (a) 6-bladed (12.2 m/s impact), (b) 8-bladed
(14.3 m/s impact) and (c) 10-bladed (18.0 m/s impact) axial cutting.
The development of discontinuous chips which remained semi-attached in a loose chain
occurred in a similar manner for each cutting test, regardless of the impact velocity, and is shown
in Figure 5.16 for a representative specimen. The lower portions of the adjacent chips were
observed to be relatively smooth in comparison to the characteristically rough edges of the
segmented chips formed during the quasi-static cutting tests. Serrated edges were present on the
petalled sidewalls, consistent with the quasi-static findings, and the approximate shape and size of
the chips were generally comparable to the discontinuous process. This effect was likely caused
by the noted increase in ductility (and flow stress) for magnesium alloys at elevated strain rates
[14] and amplified by increased temperatures at the cutting interface. Estimates to the performance
parameters regarding energy absorption and the mean cutting force, Fm, were calculated utilizing
the force-displacement data from the distal location. The cutting force efficiency was measured at
the proximal, CFEP, and distal, CFED, locations to assess the dynamic nature of each test. The
average performance parameters from each group are presented in Table 5.6.
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Figure 5.16: SEM images of semi-brittle chips from AM30 extrusion subjected to 8-bladed
cutting after a 14.3 m/s impact.
Average increases in the mean cutting force by approximately 37 % and 28 % were noted
when the number of cutting blades was increased from 6 to 8 and from 8 to 10, respectively. These
magnitudes were roughly proportionate to the increase in the number of blades which confirmed
that the cutting force remained quasi-proportionate to the number of blades under dynamic loading.
The CFE increased by an average magnitude of 4 at the distal location compared to the proximal
location, highlighting the capability of axial cutting to serve as an effective mechanical filter.
Table 5.6: Average performance parameters for specimens subjected to dynamic cutting.
TEA [kJ]

SEA [kJ/kg]

Fm [kN]

CFED [%]

CFEP [%]

C6-Dyn (12.2 m/s)

0.88

11.25

11.31

86.16

15.25

C8-Dyn (12.6 m/s)

0.93

11.99

15.76

91.72

29.69

C8-Dyn (14.4 m/s)

1.22

15.38

15.92

91.30

27.24

C10-Dyn (12.6 m/s)

0.94

11.72

20.43

90.52

38.72

C10-Dyn (17.9 m/s)

1.89

23.87

19.97

89.98

27.07

Specimen ID

An interesting phenomenon was the tendency for the steady-state cutting force for a given
cutting tool to increase by approximately 30 % under dynamic loading compared to the equivalent
quasi-static tests. While increased forces may seem logical, the opposite trend (i.e. decreased
cutting forces at velocities above 10 m/s) was extensively observed and established for steel plates,
as summarized by Lu and Calladine [41] and for aluminum extrusions subjected to blast loading
by Yuen et al. [42]. The former authors attributed this behaviour to reduced contact forces caused
by the high relative speed at the plate/blade interface.
The data presented in this study demonstrates that structures composed of magnesium
alloys are immune to this attenuation in the cutting force which is experienced by traditional
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materials. This was partially attributed to the improved cutting contact interface under dynamic
loading, previously illustrated in Figure 5.16 by the coalescence of serrated chips which formed a
continuous surface at the blade interface. Although temperature readings could not be collected
ahead of the cutter, the specimens were detectably warmer post-test within the cut membrane and
far-field which supports the theory that chip coalescence was caused by localized thermal softening
and melting. However, these phenomena are counter-intuitive with regards to the increased cutting
force under impact (especially since this is contradictory to findings for traditional metals) which
highlights that the true underlying causes are highly complex and must also be dependent on aspects
of the material composition, the microstructure and its evolution under extreme deformation.
5.3.2.3 Discussion for specimens subjected to progressive crushing
The constrained specimens experienced a steady increase in the crushing force up to
approximately 100 kN, followed by a rapid decrease and the onset of fracture between 12 mm and
15 mm of displacement. Representative force-displacement responses from the distal location are
presented in Figure 5.17(a). The onset of fracture led to widespread crack propagation and
significant instability in the deformed extrusion, as illustrated by Figure 5.19(a). The reaction force
remained below 20 kN for most of the impact event due to unstable collapse of the constrained
specimens. Reaction forces at the proximal end of the extrusion, shown in Figure 5.17(b), exhibited
a pattern of repeated incremental maxima associated with the impulse between the impactor and
specimen. In contrast to the cutting tests, the local maximum was observed to progressively
increase for each test as the deformation progressed since the distal force response exhibited a
progressive increase in the reaction force rather than a steady-state response.
PCF-Dyn (17.8 m/s)-D4
PCF-Dyn (14.7 m/s)-D2

120

120

100

100

80

80

Force [kN]

Force [kN]

PCC-Dyn (14.2 m/s)-P4
PCC-Dyn (12.6 m/s)-P3

60
40

60
40
20

20

0

0
0

10

20

30

40

Displacement [mm]

50

60

0

15

30

45

60

75

90

Displacement [mm]

(a)
(b)
Figure 5.17: Representative (a) distal, and (b) proximal force-displacement responses for AM30
extrusions subjected to dynamic, constrained progressive crushing.
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The specimens subjected to progressive crushing with a free proximal end experienced a
similar peak reaction force at the distal end of approximately 100 kN, as exhibited by Figure 5.18.
Note that since the proximal end was free, the impact force was not measured at this location for
the specimens with a free proximal end. While the force response exhibited secondary peaks and
improved deformation compared to the constrained specimens, prolonged regions in the
displacement domain between peaks where the force was near-zero due to unstable fracture still
occurred.
Failure was noted to initiate at the proximal end for all specimens and at a consistent
displacement of approximately 15 mm for both impact velocities. The proximal end developed a
plastic hinge which shattered beyond this displacement, followed by progressive collapse a wave
of debris which propagated ahead of the impactor. Widespread crack propagation also persisted in
this deformation mode, although its onset was generally delayed compared to the constrained
specimens. In severe cases the extrusion was observed to bulge at the annular chuck and experience
catastrophic fracture which lead to an extended loss in load-bearing capacity and sudden lateral
shift of the specimen. Key aspects of the observed deformation are illustrated by Figure 5.19(b).
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Figure 5.18: Representative, distal force-displacement responses for AM30 extrusions subjected
to dynamic, unconstrained/free progressive crushing.
Estimates to the performance parameters regarding energy absorption and the mean
crushing force, Fm, were calculated utilizing the force-displacement data from the distal location,
consistent with the cutting tests. The mean forces for the constrained specimens were comparable
to the performance of extrusions subjected to 8-bladed and 10-bladed cutting, similar to the quasistatic results. The specimens subjected to crushing with a free proximal end outperformed all other
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configurations in terms of the mean force by 50 % or greater. However, the CFE measured at both
ends of the constrained extrusion were comparable in magnitude, demonstrating severe force
fluctuation throughout the structure and a lack of ability to mitigate this effect.

(a)

(b)

Figure 5.19: Deformation for AM30 extrusions subjected to dynamic (a) constrained (14.2 m/s
impact), and (b) unconstrained/free (17.8 m/s impact) progressive crushing.
Table 5.7: Average performance metrics for specimens subjected to dynamic crushing.
Specimen ID

TEA [kJ]

SEA [kJ/kg]

Fm [kN]

CFED [%]

CFEP [%]

PCC-Dyn (11.1 m/s)

0.72

9.00

19.71

20.06

16.15

PCC-Dyn (13.6 m/s)

1.09

13.51

21.12

20.47

18.79

PCF-Dyn (14.8 m/s)

1.29

16.02

36.68

37.24

N/A

PCF-Dyn (18.2 m/s)

1.94

24.62

29.27

30.09

N/A

5.3.3 Comparison between results for all test groups
The energy absorption was compared between deformation modes by utilizing the
comparison ratio, RC, defined in Equation (5.3).
𝑅𝐶 =

𝐹𝑚,𝑐𝑢𝑡
𝐹𝑚,𝑐𝑟𝑢𝑠ℎ

(5.3)

A comparison ratio exceeding unity represents a case where the energy absorbing capacity for an
extrusion is greater under a cutting deformation mode compared to axial crushing. A summary of
the average comparison ratios obtained from the quasi-static testing is provided within Table 5.8.
Maximum comparison ratios of 0.88 and 0.47 were calculated between the 10-bladed cutting mode
and constrained and free progressive crushing, respectively.
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While the energy absorption

capabilities could not be exceeded, the cutting mode exhibited substantial improvements to the
force efficiency with average ratios of approximately 4 and 2. Furthermore, the progressively
crushed specimens experienced unstable and brittle fracture, which is highly unfavorable for energy
absorbing structures.
Table 5.8: Average energy absorption ratios, RC, for specimens subjected to quasi-static loading.
𝐶𝐹𝐸𝑐𝑢𝑡
𝐶𝐹𝐸𝑐𝑢𝑡
Number of
RC [kN/kN]
RC [kN/kN]
blades, n
for PCC
for PCF
𝐶𝐹𝐸𝑃𝐶𝐶
𝐶𝐹𝐸𝑃𝐶𝐹
4

0.39

3.87

0.21

1.91

6

0.51

4.06

0.27

2.00

8

0.67

4.17

0.35

2.05

10

0.88

3.93

0.47

1.94

Similar comparisons were investigated for the dynamic test data and are presented in Table
5.9. The average mean forces for each deformation mode were computed for brevity. This was
chosen as an acceptable simplification since the experimentally determined mean forces for each
deformation mode did not vary significantly (i.e. < 5 %). A maximum average comparison ratio
of 0.99 was calculated between extrusions subjected to 10-bladed cutting and constrained
progressive crushing and 0.61 between 10-bladed cutting and free progressive crushing. These
values indicate an improvement in the energy absorbing capabilities between axial cutting and
crushing of approximately 15 % to 20 %. A likely cause for the improvement is the increased
cutting force due to the rate sensitivity of the AM30 alloy. Furthermore, the increased strength was
partially attenuated by the loss of load bearing capacity due to widespread crack propagation.
Table 5.9: Average energy absorption ratios, RC, for specimens subjected to dynamic loading.
𝐶𝐹𝐸𝐷,𝑐𝑢𝑡
𝐶𝐹𝐸𝐷,𝑐𝑢𝑡
Number of
RC [kN/kN]
RC [kN/kN]
blades, n
for PCC
for PCF
𝐶𝐹𝐸𝐷,𝑃𝐶𝐶
𝐶𝐹𝐸𝐷,𝑃𝐶𝐹
6

0.55

4.29

0.34

2.57

8

0.78

4.54

0.48

2.77

10

0.99

4.47

0.61

2.70

The CFE exhibited a similar increase in performance, with average ratios between 10bladed cutting and constrained and free progressive crushing of approximately 4.4 and 2.4,
respectively. Despite the improved performance in comparison to quasi-static crushing, the energy
absorption was only determined to be equivalent between extrusions subjected to 10-bladed cutting
and constrained progressive crushing. The remaining configurations yielded ratios below unity,
which indicated a larger energy absorbing capacity for the specimens subjected to crushing.
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However, these specimens were also prone to unstable failure in both configurations. The
characteristic brittle fracture was demonstrated as too significant of a risk to safely, and reliably,
implement a progressively crushed magnesium extrusion in an energy absorbing structure.
The characteristic near-constant force response was extensively demonstrated and
maintained under both quasi-static loading and high speed impacts for AM30 extrusions subjected
to cutting, albeit with relatively low mean reaction forces compared to previously tested aluminum
extrusions [43]. Many applications stipulate minimal force requirements for their energy absorbers
to prevent/minimize damage or injury, including: safety harnesses, steering columns, and seating
systems. Magnesium extrusions subjected to axial cutting could be favorable candidates since the
reaction force can be designed within a tight corridor for low energy applications.

5.4 Analytical modelling of the cutting force response
5.4.1 Overview of assumptions
The following Section contains a summary of the assumptions necessary to derive an
analytical expression of the steady-state cutting force for a circular extrusion composed of a
magnesium alloy. Readers are encouraged to review [43 and [29], and/or Section 2.4 of this
dissertation, for more detailed overviews of the procedure for ductile alloys. The work from [29]
was conducted before the studies in this dissertation with an extraneous scope (e.g. no comparisons
to crushing, study of lower-bladed cutting, no modelling of the complete force response). This
publication was therefore not included as a formal Chapter, for brevity. However, a thorough
comparison between models from [29] and the newly presented enhancement was an important
factor which led to the archival publication of Chapter 5.
5.4.1.1 Plastic deformation modes
Previous models for the axial cutting of circular extrusions were based upon contributions
to the cutting force, F, from the following major deformation modes, from left to right in Equation
(5.4): far-field membrane deformation, Fbff, transient membrane deformation, Fmts, discontinuous
chip formation Fdc, near-tip circumferential membrane stretching, Fmtb, and petalled sidewall
bending, Fba. The summation of these independent terms was acceptable per the generally accepted
assumption of rigid-perfectly plastic material behaviour under cutting (Figure 2.25) and the
principle of virtual power (Section 2.4.5).
𝐹𝑝 = 𝐹𝑏𝑓𝑓 + 𝐹𝑚𝑡𝑠 + 𝐹𝑑𝑐 + 𝐹𝑚𝑡𝑏 + 𝐹𝑏𝑎

(5.4)

A labelled illustration of these deformation modes is provided in Figure 5.20. The critical
dimensions of the discontinuous chip are labelled as the tear length, lt and crack depth, dc.
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Figure 5.20: Plastic deformation modes for magnesium extrusions subjected to axial cutting[24];
cutting direction indicated as ‘x’, hinge line OP in ‘green’.
A series of revisions were applied to the model to improve its accuracy, particularly for
higher-bladed cutting configurations, and to better describe the mechanisms responsible for energy
absorption. Previous models for the steady-state cutting force relied upon the assumption of a
ductile membrane with a fully developed rolling radius, as illustrated by Figure 5.21(a). The most
significant change was consideration for the extruded material’s strain energy release rate, Gc, to
quantify the force associated with failure of the sharded membrane highlighted in Figure 5.21(b).
The transient membrane deformation and discontinuous chip formation terms were dropped and
replaced by a single deformation mode, referred to as serrated membrane generation, Fsm. The
contribution of friction in the analytical model was also revised and the necessary strain fields were
no longer described by the rolling radius, Rr, due to extensive membrane fracture.

(a)
(b)
Figure 5.21: SEM micrographs of blade tip regions for (a) 6061-T6 aluminum (ductile), and (b)
AM30 magnesium (brittle) extrusion interfaces subjected to axial cutting, highlighting the
contrasting failure modes.
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An additional, newly considered term was derived to account for the component of total
energy absorption which occurred via the clamping effect, Fcm, as noted in Section 5.3.3 for the
extrusions subjected to 8 and 10-bladed cutting. It is important to note that this term would more
generally be applicable to any potential cutting scenario where extrusion-ring contact occurs. The
general expression for the revised Fp is presented in Equation (5.5), their corresponding derivations
and rationale are detailed in the following subsections.
𝐹𝑝 = 𝐹𝑏𝑓𝑓 + 𝐹𝑚𝑡𝑠 + 𝐹𝑠𝑚 + 𝐹𝑏𝑎 + 𝐹𝑐𝑚

(5.5)

5.4.2 Serrated membrane surface generation
As previously noted, this serrated membrane term replaces the discontinuous chip force,
𝐹𝑑𝑐 , and transient membrane deformation force, 𝐹𝑚𝑡𝑏 . The former was derived by computing the
dot product between the fracture surface area, Af, and the effective stress, σe, as expressed by
Equation (5.6). The fracture surface area was estimated as the sum of the area of the triangular
gouges present on each side of the blade as previously shown in Figure 5.20. Calculating this area
required empirical estimates to the critical chip dimensions from experimental calibration [29].
𝐹𝑑𝑐 = 𝜎𝑒 ∙ 𝐴𝑓 =

2
√3

𝜎𝑜 ∙ 𝑙𝑡 𝑑𝑐

(5.6)

where the product between the tear length, lt and crack depth, dc, represents the total fracture surface
area, Af, for the brittle cutting process and 𝜎𝑒 =

2
𝜎 ,
√3 𝑜

as outlined in [29]. The transient membrane

deformation force was derived by considering the strain field around the blade-tip necessary to
minimize the strain energy, and was determined to be a function of the rolling radius, Rr:
𝐹𝑚𝑡𝑏 = 0.366𝜎0 𝑡𝑅𝑟 cos 2 𝜃 ∙ (1 + 0.55𝜃 2 )

(5.7)

Both modes are inadequate due to their reliance on a flow stress, 𝜎𝑜 , for the material
response despite extensive fracture at the wedge tip. The significance of the strain energy release
rate was postulated in previous investigations [41], [44]. It was concluded by Simonsen and
Wierzbicki [45] that omitting this term greatly simplified the analysis and provided sufficient
accuracy for ductile materials where the deformation occurs without visible crack propagation. The
extensive membrane fracture presented in Figure 5.7 and Figure 5.15 confirm that membrane
tearing results in the absence of a curled sidewall with a rolling radius, crack propagation ahead of
the blade tip and serrated chip formation which originates at least partially at the petalled sidewalls.
The brittle fracture can be visualized as the extruded material cleaving apart in the wake of the
blade tip, rather than straining and conforming to its profile. The energy dissipation rate of the
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serrated membrane, 𝐸̇𝑠𝑚 , is related to the J-integral, Gc, and the rate of new surface area generation,
𝐴̇.
𝐸̇𝑠𝑚 = 𝐺𝑐 ∙ 𝐴̇

(5.8)
̇
where the area generation rate is related to the extrusion thickness and cutting velocity (𝐴 = 𝑡𝑉)
and the steady-state force can therefore be expressed as:
𝐹𝑠𝑚 = 𝐺𝑐 𝑡

(5.9)
The strain energy release rate of extruded AM30 was experimentally determined by Shen et al. [46]
as approximately 20.7 kJ/m2 and 13.0 kJ/m2 in the extruded and transverse directions, respectively.
The latter was utilized for all calculations since transverse crack propagation coincided with the
cutting direction.

5.4.3 Brittle far field bending deformation
Modifications were necessary since this deformation mode is taken as a function of the
rolling radius for ductile materials. This variable was eliminated by the following relation
previously identified by Simonsen and Wierzbicki for the case of a brittle membrane [45]:
𝐵
𝑅𝑟 ≅ 𝜋
( ⁄2 − 1)

(5.10)

The revised derivation of Fffb emanates from Equation (5.1), where the bending moment per unit
area, Mo, is given in Equation (5.11).
𝑀𝑜 =

𝜎𝑜 𝑡 2

(5.11)

4√3

Therefore, the energy dissipation rate due to far-field membrane deformation, 𝐸̇𝑏𝑓𝑓 , can be
generally expressed as:
𝐸̇𝑏𝑓𝑓 = 2 ∫
𝐿𝑂𝑃

𝜎𝑜 𝑡 2
4√3

∙𝑉(

1
1
1
+
−
) 𝑑𝐿𝑂𝑃
𝑅𝑟 cos 𝜃 𝑟0 + 𝑟𝑚 𝑟𝑚 + 𝑟𝑖

(5.12)

where LOP represents the moving hinge line associated with this bending, illustrated in Figure 5.20.
Evaluation of this expression and substitution of Equation (5.10) to eliminate the rolling radius
yields the following:
𝐸̇𝑏𝑓𝑓 = 𝑉 ∙
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𝜎𝑜 𝑡 2
4√3

[(𝐵 +

(𝜋 − 2)
2𝐵
1
1
)(
+ 𝑡
−
𝑡 )]
(𝜋 − 2) 2𝐵 cos 𝜃
+ 𝑟𝑚 𝑟𝑚 −
2
2

(5.13)

𝐹𝑏𝑓𝑓 =

𝜎𝑜 𝑡 2

(𝜋 − 2)(16𝑟𝑚2 − 𝑡 2 ) − 8𝐵𝑡 cos 𝜃
𝜋𝐵
[(
)(
)]
2𝐵 cos 𝜃 (16𝑟𝑚2 − 𝑡 2 )
4√3 (𝜋 − 2)

(5.14)

5.4.4 Revised petalled sidewall bending effects
The petalled sidewalls generated by axial cutting were extensively observed to flare
radially outward as the deformation progressed. The degree of flaring was observed to be less
severe for magnesium extrusions compared to geometrically similar aluminum extrusions by
Magliaro et al. [29], although no quantitative descriptions of this effect were considered in the
semi-empirical model.

The experimental findings and revised theory of this investigation

demanded an updated term since the axial bend radius, Ra, of the petalled sidewalls was related to
the rolling radius (which is no longer applicable) and increased flaring produced an additional
energy absorption mode which relied on an accurate estimate to the axial bend radius, Ra, shown
schematically in Figure 5.22. The expression for this term is restated below from [37] for
convenience:
𝑅𝑎 =

2
𝐷𝑠𝑠
𝛥𝑟
+
𝛥𝑟
2

(5.15)

where Δ𝑟 and 𝐷𝑠𝑠 represent the radial increment and distance between the plastic deformation tip
and blade shoulder, respectively [47].
𝛥𝑟 =

𝑛𝐵
𝜋

(5.16)

The following, updated definition of the deformation tip to blade shoulder distance was obtained
utilizing Equation (5.10):
𝐷𝑠𝑠 = (

4𝐵 + 𝑇(𝜋 − 2)
) cot 𝜃 − 𝑙𝑏
2(𝜋 − 2)

(5.17)

5.4.5 Petalled sidewall clamping
The following subsection contains the derivation for an additional energy absorbing
mechanism, referred to as sidewall clamping, which accounts for the noted secondary increase in
the steady-state force observed for extrusions subjected to 8 and 10-bladed cutting. The proposed
deformation mode occurs when the petalled sidewalls interact with the rigid boundary of the
cutter’s outer ring. Contact forces are generated at the extrusion/ring interface due resistance to the
virtual deflections from the steady profile postulated by Jin [48] and the constrained contact profile
as represented by Δl and Δh for the radial and axial directions, respectively. A similar deformation
mode was considered by Reddy and Reid [49] for extrusions subjected to axial splitting with the
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flow stress, σo, taken as the crucial material parameter. The following assumptions were identified
for the annular clamping associated with the outer ring:
i.

The axial clamping force, Fcm, emanated from and was dominated by constraint of the
petalled sidewalls. The associated deformation was linear-elastic and hence the petals
could be approximated as cantilevered beams.

ii.

Due to the relatively low strains associated with petal deflection, especially in contrast to
the deformation modes ahead of the blade tip, the effects of plasticity were assumed to be
negligible for the clamping mode.

iii.

Once clamping occurred, the deformation within a fixed field containing he outer ring of
the cutter and blade tips was observed to be constant and hence any forces associated with
the deformation mode were assumed to be steady-state.

iv.

The petalled extrusion material outside the cutter boundary was neglected in the derivations
since there was no direct contact between this material and the cutter.

An enhanced version of the model presented in the following subsections is one of the major
contributions of the manuscript presented as Chapter 6 of this dissertation. The fundamentals of
the following derivation were maintained in the following Chapter, but an expanded experimental
scope and the corresponding observations allowed for advancements which were not originally
possible.
5.4.5.1 Kinematic modelling of the petalled sidewall
Obtaining spatial coordinates of the outer surface of the petals below the blade tip was
necessary to obtain estimates for the virtual displacements. Schema for a single petalled sidewall
(i.e. the material contained between two blades) are provided in Figure 5.22. The vertical (axial)
positions of the petals, x, are assumed to be dependent upon the radial position, y, and geometric
parameters:
𝑥 = 𝑓{𝑦, 𝐵, 𝑡, 𝑇, 𝜃, 𝛥𝑟}

(5.18)
Analysis of the complex, evolving petal shapes was streamlined by curve fitting the full profile
with a series of known points.

Furthermore, the petal profiles at contact, xC, and in the

unconstrained case, xf, were predicted separately. The former was approximated as a piecewise,
bilinear function while the latter was observed to be quasi-parabolic.
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Figure 5.22: Kinematic model of a cantilevered petal subjected to bending between two blades;
solid profile indicates constrained, dashed profile indicates unconstrained or ‘free’ petal shape.
The origin was the location of the xy-plane which coincided with the base of the cutter and
outer surface of the extrusion, indicated by the datum in Section A-A of Figure 5.22. The point of
contact at the blade tip, K1, was observed to develop early in the deformation process and was
common to both profiles. Optical measurements of specimens tested by Jin [48] and Magliaro et
al. [29, 43] revealed that the radial (y-direction) change in magnitude was approximately half the
𝑡

wall thickness (~ 2) for aluminum and magnesium alloys.

The previously defined radial

increment, Δr, was derived with the assumption of a petal with an arc length significantly larger
than the cutter’s dimensions. An intermediate radial increment, Δrt, was defined with a similar
procedure to [47], with additional consideration for the blade tip geometry.
𝛥𝑟𝑡 =

𝑛(2𝐵 − 𝑇)
2𝜋

(5.19)
𝑡

𝑡

The (y, x) coordinates of K2 can therefore be expressed as (2 + ∆𝑟𝑡 , ℎ𝑐 − 𝑙𝑏 ) and (2 + ∆𝑟, ℎ𝑐 − 𝑙𝑏 )
for xc and xf, respectively. The slope, m, below the wedge was roughly equal to the ratio between

151

−2𝜋𝑡

the wall thickness and intermediate radial increment (i.e. [
]), determined via optical
𝑛(2𝐵−𝑇)
measurements. Combined with the known locations of points K1 and K2, the petal profile during
ring contact was approximated as:
−2𝑙𝑏
𝑙𝑏 𝑡
𝑡
] 𝑦 + ℎ𝑐 +
𝑖𝑓 ≤ 𝑦 < ∆𝑟
2∆𝑟 − 𝑡
2∆𝑟 − 𝑡
2
𝑥𝐶 (𝑦) =
−2𝜋𝑡
𝑛(2𝐵 − 𝑇)(ℎ𝑐 − 𝑙𝑏 ) + 𝜋𝑡(𝑡 + 2∆𝑟)
[
]𝑦 +
𝑖𝑓 ∆𝑟 ≤ 𝑦 < 𝑙𝑝
{ 𝑛(2𝐵 − 𝑇)
𝑛(2𝐵 − 𝑇)
[

(5.20)

To obtain the second order profile of the free petal, the assumption of a conical profile from Jin
[48] and illustrated by the contour in Figure 5.22 was utilized to determine the minimum height of
the petal, such that 𝑥𝑓′ (𝑅𝑎 ) = 0.
−𝑙𝑏
2𝑙𝑏 𝑅𝑎
𝑙𝑏 𝑡(𝑡 − 4𝑅𝑎 )
𝑥𝑓 (𝑦) = [ 2
] 𝑦2 + [ 2
]𝑦 + [ 2
] + ℎ𝑐
∆𝑟 + ∆𝑟𝑡 − 2∆𝑟𝑅𝑎
∆𝑟 + ∆𝑟𝑡 − 2∆𝑟𝑅𝑎
∆𝑟 + ∆𝑟𝑡 − 2∆𝑟𝑅𝑎

(5.21)

The location of the centroid of the profile from the origin, 𝑦̅, was obtained utilizing the following
general expressions for a planar area, AP:
𝑦̅ =

∫𝐴 𝑟𝑑𝐴
𝑃

∫𝐴 𝑑𝐴

(5.22)

∑ 𝐴𝑖 𝑦𝑖
∑ 𝐴𝑖

(5.23)

𝑃

𝑑𝑃 =

where dp represents the distance from the origin to the petal centroid GP from Section C-C of Figure
5.22. The planar area of the petal was determined to be:
𝐴𝑃 =

2𝜋𝑟𝑚 𝑡
𝑛

(5.24)

The coordinates of the petal were converted to a polar system for the petal segment,
represented as a circular sector of a fixed increment angle, ϕ, and 𝑑𝐴 = 𝑟 cos(𝜙) 𝑑𝜙 was
substituted into Equation (5.22). Recall in Equation (5.24) that n represents the number of
angularly spaced blades, which the increment angle is proportionate to.
𝜋

𝑛 𝑛 𝑟
𝑦̅ = 2 ∫ ∫ 𝑟 2 cos(𝜙) 𝑑𝑟𝑑𝜙
𝜋𝑟 −𝜋 0

(5.25)

𝑛

Implementation of the principle of superposition by Equation (5.23) utilizing Equation (5.25) for
the outer and inner radii yields the following expression for the distance from the extrusion axis to
the petal centroid, dP:
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𝑑𝑃 = (2𝑟𝑚2 𝑡 +

𝑡2
𝜋
) sin ( )
6
𝑛

(5.26)

The second moment of area of the profile about the centroid, 𝐼𝐺𝑃 , can be obtained via parallel axis
theorem:
𝜋
𝑛

𝑟

𝐼𝐺 𝑃 = ∫ ∫ 𝑟 3 cos 2 𝜙 𝑑𝑟𝑑𝜙 − 𝐴𝑃 𝑑𝑃2
−

(5.27)

𝜋
0
𝑛

Substitution of Equations (5.24) and (5.26) into Equation (5.27) and consideration for the inner and
outer radii result in the following expression for the second moment of area:
2

𝐼𝐺 𝑃 =

(4𝑟𝑚3 𝑡 + 𝑟𝑚 𝑡 3 )
𝜋
𝜋
𝜋
𝑛
𝑡3
𝜋
[cos ( ) sin ( ) + ] −
(2𝑟𝑚2 𝑡 + ) sin2 ( )
4
𝑛
𝑛
𝑛
2𝜋𝑟𝑚 𝑡
6
𝑛

(5.28)

The kinematic models of the petal profiles were necessary for both the prediction of virtual
displacements and to determine whether clamping (and the corresponding increase in the steadystate cutting force) will occur. If the vertical position of the petal at a radial distance coinciding
with the outer ring, 𝑥𝑓 (𝑙𝑃 ), is within the height of the blade, hc, clamping occurs. If the petal is
below the blade (i.e. clears the ring) then it is assumed that clamping will not occur. A Heaviside
function was defined, H(xf), as a binary operator and applied as a scalar multiple to the force
predictions in the following subsections to quantify this if/else check where the values of unity and
zero correspond with clamped and free petals, respectively.
𝐻 (𝑥𝑓 (𝑦)) = {

1 𝑖𝑓 𝑥𝑓 (𝑙𝑃 ) < ℎ𝑐
0 𝑖𝑓 𝑥𝑓 (𝑙𝑃 ) ≥ ℎ𝑐

(5.29)

Assuming clamping occurs, the length of the petal at the instant of contact, LP, which also represents
the displacement of initiation, can be estimated by the arc length formula:
𝑙𝑃
𝑑𝑥𝐶 2
𝐿𝑃 = ∫ √1 + (
) 𝑑𝑦
𝑡
𝑑𝑦

(5.30)

2

Substitution of Equation (5.20) into Equation (5.30) yields the following estimate to the
displacement coinciding with petal/ring contact:
2
2
2𝑙𝑏
𝑡
2𝜋𝑡
𝐿𝑃 = √1 + (
) ∙ (𝑙𝑏 − ) + √1 + (
) ∙ (𝑙𝑃 − 𝑙𝑏 )
2∆𝑟 − 𝑡
2
𝑛(2𝐵 − 𝑇)

(5.31)

This arc length was also exploited to determine the radial position of point H from Figure 5.22, lf,
since this value was assumed to be common between the constrained and free profiles. The arc
length, LP, was alternatively redefined with respect to the free profile:
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2

𝑙𝑓

𝐿𝑃 = ∫ √1 + (
𝑡
2

𝑑𝑥𝑓
𝑡
) 𝑑𝑦 = 𝑆𝑓 (𝑙𝑓 ) − 𝑆𝑓 ( )
𝑑𝑦
2

(5.32)

where the integrated arc length formula was denoted as 𝑆𝑓 (y). Therefore, the radial position (i.e.
the upper limit of integration, lf) could be obtained from:
𝑡
𝑙𝑓 = 𝑆𝑓−1 [𝑆𝑓 ( ) + 𝐿𝑃 ]
2

(5.33)

For convenience, lf was estimated by numerical integration utilizing Newton’s method, although
any desired integration scheme could be substituted. A stop condition was also applied with a
cutoff error, tol, of 10-4. These procedures are defined in Equations (5.34) and (5.35), respectively.
𝑆𝑓𝑘+1 = 𝑆𝑓𝑘 −

𝑓(𝑆𝑓𝑘 )
𝑓′(𝑆𝑓𝑘 )

|𝑆𝑓𝑘+1 − 𝑆𝑓𝑘 | < 𝑡𝑜𝑙

(5.34)

(5.35)

The difference between free and constrained radial positions of the petal was observed to
be approximately equivalent to the difference between the steady and transient radial increments,
previously defined in Equations (5.16) and (5.19), respectively. Therefore, if numerical integration
is not a feasible option, the following expression can alternatively be utilized (to an expected
relative error within 10 %):
𝑙𝑓 ≅ 𝑙𝑃 +

𝑛𝑇
2𝜋

(5.36)

One could implement any desired shape function to the following derivations if the sacrificial
extrusion and/or cutter geometries were significantly modified (e.g. square or honeycomb profiles).
The energy method approach outlined in further subsections was therefore written in as general a
format as possible with only final expressions which rely upon the shape functions derived in this
subsection.
5.4.5.2 Prediction of clamping forces at the contact interface
The deflection of the petals resulting from the presence of the outer ring resulted in the
development of normal forces in the radial direction, Fr, at the interface with a sliding component
due to the relative motion between these entities. A free body diagram is given in Figure 5.23 for
a single petal subjected to this clamping mode. The radial force was a byproduct of the virtual
displacement of the petal from its free to constrained position.
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Figure 5.23: Free body diagram of a petalled sidewall at the cross-section coinciding with ring
contact, forces are halved in the yz-plane (right image) due to symmetry.
The internal reaction moment about an arbitrary point along the petal, MK, was obtained from the
free body diagram as:
𝑀𝐾 = 𝐹𝑟 (𝜇𝑦𝑃 − 𝑥𝑃 )

(5.37)
where xP and yP are the vertical and horizontal positions of this arbitrary point, respectively. Their
positions are defined with respect to the border of the ring in Figure 5.23. The change in energy
was calculated by applying Castigliano’s second theorem to the petalled sidewall by implementing
the virtual displacements between petal orientations and isolating for the radial contact force. The
axial deflection, Δh, can be written in terms of the axial clamping force, Fi, as:
∆ℎ = ∫ 𝑀𝐾
𝐿𝑃

𝜕𝑀𝐾 𝑑𝑦
∙
𝜕𝐹𝑖 𝐸𝐼𝐺𝑃

(5.38)

The moment stated in Equation (5.37) can be reformulated in terms of the axial sliding component
of the force as 𝐹𝑖 = 𝜇𝐹𝑟 , the partial derivative is given in Equation (5.39). The definitions for yP
and xP with respect to previously outlined geometric parameters are given in Equations (5.40) and
(5.41), respectively.
𝜕𝑀𝐾
1
= 𝑦𝑃 − 𝑥𝑃
𝜕𝐹𝑖
𝜇

(5.39)

𝑦𝑃 = 𝑙𝑓 − 𝑦

(5.40)

𝑥𝑃 = (𝑥𝑓 (𝑙𝑓 ) − 𝑥𝑓 (𝑦)) =
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𝑙𝑏 (𝑦 2 − 𝑙𝑓2 ) + 2𝑙𝑏 𝑅𝑎 (𝑙𝑓 − 𝑦)
∆𝑟 2 + ∆𝑟𝑡 − 2∆𝑟𝑅𝑎

(5.41)

Substitution of Equations (5.39) through (5.41) into Equation (5.42) yields the following general
expression for the vertical deflection, ∆ℎ :
∆ℎ =

2
𝑙𝑓
𝐹𝑖
1
∫ [(𝑙𝑓 − 𝑦) − (𝑥𝑓 (𝑙𝑓 ) − 𝑥𝑓 (𝑦))] 𝑑𝑦
𝐸𝐼𝐺𝑃 𝑡
𝜇

(5.42)

2

Evaluating this expression by integrating over the petal’s radial domain results in the following
universal formula for the radial force on the outer ring, Fr:
𝐹𝑟 =

𝐸𝐼𝐺𝑃 ∆ℎ
𝜇𝑋𝑃

(5.43)

where XP represents the value obtained via integration of Equation (5.42).
2
𝑙𝑓
1
𝑋𝑃 = ∫ [(𝑙𝑓 − 𝑦) − (𝑥𝑓 (𝑙𝑓 ) − 𝑥𝑓 (𝑦))] 𝑑𝑦
𝑡
𝜇

(5.44)

2

The expressions for Δh and XP in terms of the shape functions from Section 5.4.5.1 are given
in Equations (5.45) and (5.46), respectively. The former was calculated as the difference between
the axial positions of the constrained and free profiles, previously expressed as Equations (5.20)
and (5.21), respectively.
∆ℎ = ℎ𝑐 + [

𝑋𝑃 =

𝑙𝑏 𝑡(𝑡 − 4𝑅𝑎 ) + 2𝑙𝑓 𝑙𝑏 𝑅𝑎 − 𝑙𝑏 𝑙𝑓2
2𝜋𝑡𝑙𝑃
𝑛(2𝐵 − 𝑇)(ℎ𝑐 − 𝑙𝑏 ) + 𝜋𝑡(𝑡 + 2∆𝑟)
]+
−
2
∆𝑟 + ∆𝑟𝑡 − 2∆𝑟𝑅𝑎
𝑛(2𝐵 − 𝑇)
𝑛(2𝐵 − 𝑇)

(5.45)

2
1
𝑙𝑏
𝑡 5
5
(
)
[𝑙
−
(
) ]
𝑓
5𝜇2 ∆𝑟 2 + ∆𝑟𝑡 − 2∆𝑟𝑅𝑎
2
1
𝑙𝑏
1
2𝑙𝑏 𝑅𝑎
𝑡 4
+
( 2
)( ( 2
) − 1) [𝑙𝑓4 − ( ) ]
2𝜇 ∆𝑟 + ∆𝑟𝑡 − 2∆𝑟𝑅𝑎 𝜇 ∆𝑟 + ∆𝑟𝑡 − 2∆𝑟𝑅𝑎
2

𝑙𝑓2
𝑙𝑓
1 2
𝑙𝑏
+ [ ( 2
) (𝑙𝑓 −
(𝑙 − ))
3 𝜇 ∆𝑟 + ∆𝑟𝑡 − 2∆𝑟𝑅𝑎
𝜇(∆𝑟 2 + ∆𝑟𝑡 − 2∆𝑟𝑅𝑎 ) 𝑏 𝜇
1
2𝑙𝑏 𝑅𝑎
𝑡 3
+( ( 2
) − 1)] ∙ [𝑙𝑓3 − ( ) ]
𝜇 ∆𝑟 + ∆𝑟𝑡 − 2∆𝑟𝑅𝑎
2

(5.46)

𝑙𝑓2 𝑙𝑏 − 2𝑙𝑏 𝑙𝑓 𝑅𝑎
1
2𝑙𝑏 𝑅𝑎
+( ( 2
) − 1) (𝑙𝑓 − (
)) [𝑙𝑓2
𝜇 ∆𝑟 + ∆𝑟𝑡 − 2∆𝑟𝑅𝑎
𝜇(∆𝑟 2 + ∆𝑟𝑡 − 2∆𝑟𝑅𝑎 )
2

𝑙𝑓2 𝑙𝑏 − 2𝑙𝑏 𝑙𝑓 𝑅𝑎
𝑡 2
𝑡
− ( ) ] + (𝑙𝑓 − (
)) ∙ (𝑙𝑓 − )
2
𝜇(∆𝑟 2 + ∆𝑟𝑡 − 2∆𝑟𝑅𝑎 )
2

Numerical integration, as expressed in Equations (5.34) and (5.35) or any other desired method,
could be utilized to circumvent these derivations for scenarios where a more complex shape
function is necessary to describe the contour of the petalled material.
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5.4.5.3 Influence of the clamping forces on the axial cutting force
In a consistent methodology demonstrated by Simonsen and Wierzbicki [45] for flat plates
and by Jin and Altenhof [47] for circular extrusions, the energy rate due to petal clamping, 𝐸̇𝑐𝑚 ,
was obtained by evaluating Equation (5.47) such that:
𝐸̇𝑐𝑚 =

𝑑
∫ 𝑀𝐾 𝜅𝑃 𝑑𝐴𝑃
𝑑𝑡

(5.47)

𝐴𝑃

1

Note that the steady curvature, κP, was taken as 𝑅 from the previous derivation by Jin and Altenhof
𝑎

[47]. Normalizing with respect to the cutting velocity, V, yields the following expression for the
axial force due to annular petal clamping, Fcm:
𝐹𝑐𝑚 =

𝐸𝐼𝐺𝑃 ∆ℎ
(𝑙 − 𝜇ℎ𝑐 )
𝜇𝑋𝑃 𝑅𝑎 𝑝

(5.48)

5.4.6 Revised friction effects
An existing model proposed and validated by Magliaro et al. [29] for the steady-state
cutting force in magnesium extrusions, FMg, is stated in terms of the individual plastic deformation
forces as Equation (5.49).
𝜃
𝐹𝑀𝑔 = (𝑛 + 4𝜇 cos cot 𝜃) ∙ 𝐹𝑑𝑐 + 𝑛 ∙ (𝐹𝑏𝑓𝑓 + 𝐹𝑚𝑡𝑠 + 𝐹𝑚𝑡𝑏 + 𝐹𝑏𝑎 )
2

(5.49)

These models were previously validated for lower-bladed cutting tools (i.e. n ≤ 5) but were found
to generate significantly underpredicted cutting forces for higher-bladed tools. As previously
mentioned, the decoupling between the friction multiplier and selected deformation modes and
empirically derived coefficient of 4 were based upon qualitative assumptions without support from
a mathematical basis. Previous studies of the free body diagram of a single blade [43], [47]
demonstrated that the proportionality constant, Kf, was equivalent to the number of cutting blades,
n. The total cutting force, F, can therefore be expressed in terms of the total deformation force and
independent of the extruded material as [43] (from Chapter 3):
𝜃
𝐹 = 𝑛 (1 + 𝜇 cos cot 𝜃) ∙ 𝐹𝑝
2

(5.50)

Further modification is required in the case of annular petal clamping since the radial forces are
partially transmitted onto the wedge, Frw. This force can be related to the radial force by assessing
the moment at the extrusion/blade shoulder and substituting Equation (5.43):
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𝐹𝑟𝑤

𝜋
(𝐷𝑠𝑠 + ℎ𝑐 ) sin ( ) 𝐸𝐼𝐺 ∆ℎ
𝑛 ∙
𝑃
=
2𝐷𝑠𝑠 + 𝑙𝑏
𝜇𝑋𝑃

(5.51)

The normal forces on the wedge surface are related to the plastic deformation forces by the
following expression [47]:
𝐹𝑁 =

𝐹𝑝
2 sin 𝜃

(5.52)

An extended expression for the original friction forces [43, 47], Ff, was obtained from Section :
𝜃
𝜃
𝐹𝑓 = 2𝜇 (𝐹𝑁 cos 𝜃 cos + 𝐹𝑟𝑤 cos 2 𝜃 cos )
2
2

(5.53)

Substitution of Equations (5.52) and (5.53) into Equation (2.75) yields a revised definition of the
total cutting force, F:
𝜃
𝜃
𝐹 = 𝑛 (1 + 𝜇 cos cot 𝜃) ∙ 𝐹𝑝 + 𝐻 (𝑥𝑓 (𝑦)) ∙ 2𝜇𝐹𝑟𝑤 cos 2 𝜃 cos
2
2

(5.54)

Note that the Heaviside function defined in Equation (5.29) was applied to the clamped portion of
the expression to invoke the previously discussed if/else check.

5.4.7 Total steady-state cutting force model
The revised friction effects and deformation modes, both augmented and newly proposed,
were combined in this Section to obtain a revised model of the steady-state cutting force
experienced by magnesium extrusions subjected to axial cutting. Equations (5.9), (5.14), (5.48)
and (5.51) were implemented in Equation (5.54) to yield the complete steady-state model:
𝜃

𝜎𝑜 𝑡 2

2

4√3

𝐹 = 𝑛 (1 + 𝜇 cos 𝜃 cos ) ∙ [
𝜋𝜎0 𝑡 2 𝑟𝑚
√3𝑛𝑅𝑎

+ 𝐻 (𝑥𝑓 (𝑦)) ∙

𝐸𝐼𝐺𝑃 ∆ℎ
𝜇𝑋𝑃 𝑅𝑎

𝜋𝐵

2 −𝑡 2 )−8𝐵𝑡 cos 𝜃
(𝜋−2)(16𝑟𝑚

((𝜋−2)) (

2 −𝑡 2 )
2𝐵 cos 𝜃(16𝑟𝑚

(𝑙𝑝 − 𝜇ℎ𝑐 )] + 𝐻 (𝑥𝑓 (𝑦)) ∙

2𝜇𝐸𝐼𝐺𝑃 ∆ℎ
𝜇𝑋𝑃

)+

∙

2
𝜎 𝐵𝑡𝜃
√3 0
𝜋
𝑛

(𝐷𝑠𝑠 +ℎ𝑐 ) sin( )
2𝐷𝑠𝑠 +𝑙𝑏

+ 𝐺𝑐 𝑡 +
cos 2 𝜃 cos

𝜃

(5.55)

2

This was the key expression implemented in the following Section, validation was completed with
a comparison to the original model given in Equation (5.1) in Sections 5.5.1 through 5.5.3. The
kinetic coefficient of friction between common magnesium alloys and steel was previously
confirmed by the Institute for Vehicle Concepts [29] to be approximately 0.4.

5.4.8 Analytical modelling of the complete force-displacement response
The modelling procedure developed by Magliaro and Altenhof [37] (Chapter 4) to predict
the complete force-displacement response for extrusions subjected to axial cutting was utilized.
Equations (4.9) through (4.17) from Section 4.3.2 was utilized to model the transient portion of the
force response. The steady-state cutting force, F, was taken as defined in Equation (5.55) which
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described the remainder of the steady-state response (i.e. 𝑥 ≥ 𝑙𝑏 ) for seamless, unmodified
extrusions.

The if/else check included as a Heaviside function accounted for the quasi-

instantaneous secondary ramp in the cutting force due to the petalled sidewall clamping. The
transient effects were neglected due to their short presence in the displacement domain.

5.5 Validation of steady-state cutting model
5.5.1 Complete force-displacement response for quasi-static cutting
The force response under quasi-static loading was observed to obey the general trend with
good correlation for both the original and revised models from Equations (5.1) and (5.55),
respectively. The original model was observed to overpredict the steady-state cutting force for the
remaining scenarios. This was attributed to an overdependence on the flow stress and lack of
consideration for fracture. The experimental and theoretical force-displacement responses are
summarized in Figure 5.24 with the corresponding average validation metrics and cumulative errors
in Table 5.10. The average validation metric across all cutting-based deformation modes was
determined to be approximately 0.942 and 0.823 for the revised and original models, respectively.
It is important to note that the overprediction of the cutting force by the original model artificially
improved the error for the 10-bladed cutting scenario. The disparity between results would increase
further if the clamping force term was included.
Table 5.10: Average validation metrics and cumulative errors for AM30 extrusions subjected to
quasi-static axial cutting.
Number of
blades, n
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Revised model, Equation (5.55)

Original model, Equation (5.1)

VM

CM

VM

CM

4

0.926

0.075

0.960

0.030

6

0.944

0.057

0.821

0.133

8

0.934

0.067

0.808

0.144

10

0.965

0.035

0.845

0.114

C6-QS-Experiment
C6-QS-Model (Revised), Eq. (5.55)
C6-QS-Model (Original), Eq. (5.1)
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Figure 5.24: Average experimental force responses overlaid with corresponding analytical
predictions for quasi-static (a) 4-bladed, (b) 6-bladed, (c) 8-bladed and (d) 10-bladed cutting.

5.5.2 Complete force-displacement response for dynamic cutting
The full force-displacement response modelling was limited to the distal force response for
the dynamic testing. The individual test with the largest displacement (or highest impact velocity)
was selected for validation of the dynamic results. Rate effects were considered with the CowperSymonds constitutive model provided in Equation (2.56) and the extrapolated AM30 magnesium
parameters from Section 5.2.1. A bulk approximation of the average strain rate was obtained by
normalizing the impact velocity with respect to the total cutting distance (i.e. maximum
deformation), consistent with previous studies [36, 43]. Average strain rates of approximately
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159.7 s-1, 198.3 s-1 and 228.8 s-1 were computed for extrusions subjected to 6-bladed, 8-bladed and
10-bladed cutting, respectively. Representative experimental and theoretical force responses are
plotted in Figure 5.25.
C6-Dyn-Experiment
C6-Dyn-Model (Revised), Eq. (5.55)
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Figure 5.25: Analytical predictions for AM30 extrusions subjected to (a) 6-bladed, (b) 8-bladed
and (c) 10-bladed cutting at 12.2 m/s, 14.4 m/s and 17.9 m/s impact velocities, respectively.
The corresponding validation metrics and cumulative errors summarized in Table 5.11.
The average cumulative error was approximately 0.044 for the revised model, compared to 0.153
for the original model. Consistent with the quasi-static results, the relative error associated with
the original, semi-empirical model subjected to 10-bladed cutting was artificially underpredicted
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for displacements above 25 mm. The secondary increase in the cutting force observed under 8 and
10-bladed cutting was nearly identical between loading rates.
Table 5.11: Validation metrics, VM, and cumulative errors, CM, for AM30 extrusions subjected to
dynamic axial cutting.
Number of
blades, n

Revised model, Equation (5.55)

Original model, Equation (5.1)

Validation
metric, VM

Cumulative
error, CM

Validation
metric, VM

Cumulative
error, CM

6

0.945

0.056

0.859

0.144

8

0.965

0.037

0.826

0.178

10

0.962

0.040

0.867

0.136

5.5.3 Performance parameters for AM30 magnesium extrusions
The relative errors for the mean cutting force, Pm, and cutting force efficiency, CFE, were
compared in this Section for both the original and revised models. For brevity, the relative errors
for the TEA and SEA were not stated since these parameters are proportionate to the mean force and
hence will possess the same degree of error. The average relative errors for the quasi-static data
are summarized for both models in Table 5.12. Average mean cutting force errors of 3.8% and
13.6 % were obtained for the revised and original model, respectively, indicating an improvement
in the predictive capabilities by a factor of approximately 3. It is also important to note that the
model with improved accuracy was established with fully analytical techniques and a more
appropriate theoretical basis than the original, semi-empirical model.
Table 5.12: Average relative errors for AM30 extrusions subjected to quasi-static axial cutting.
𝑅𝑃𝑚 [%],
Eq. (5.55)

RCFE [%],
Eq. (5.55)

𝑅𝑃𝑚 [%],
Eq. (5.1)

RCFE [%],
Eq. (5.1)

C4-QS

5.03

7.22

2.12

7.38

C6-QS

4.18

4.57

17.97

4.28

C8-QS

4.40

2.02

19.36

3.98

C10-QS

1.42

6.99

15.15

10.33

Specimen ID

The complementary dynamic results are summarized in Table 5.13, average relative errors
of approximately 2.46 % and 14.67 % for the mean cutting forces predicted by the revised and
original models, respectively.

As expected, the difference between errors intensified under

dynamic loading and generally worsened with increased impact velocities.

The cause was

attributed to the original model’s over-reliance on the flow stress to predict the extruded material’s
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response. Application of Cowper-Symonds, or any alternative constitutive relationship, will
exacerbate this effect. The revised cutting model replaced selected deformation modes with an
alternative term which was related to the J-integral. This a more relevant, alternative parameter in
comparison to the flow stress to quantify forces at the brittle membrane and hence was not sensitive
to overpredictions.
Table 5.13: Average relative errors for AM30 extrusions subjected to dynamic axial cutting.
Specimen ID

𝑅𝑃𝑚 [%],
Eq. (5.55)

RCFE [%],
Eq. (5.55)

𝑅𝑃𝑚 [%],
Eq. (5.1)

RCFE [%],
Eq. (5.1)

C6-Dyn-AVG (12.2 m/s)

1.67

13.43

13.13

13.30

C8-Dyn-AVG (12.6 m/s)

3.62

6.92

15.42

7.33

C8-Dyn-AVG (14.4 m/s)

0.68

7.98

17.78

8.27

C10-Dyn-AVG (12.6 m/s)

4.11

0.18

12.79

6.26

C10-Dyn-AVG (17.9 m/s)

2.20

5.70

14.21

8.52

5.5.4 Expanded parameter scope for petal clamping
To further test the validity of the newly derived petal clamping term, a series of previously
published experiments [43] (Chapter 3) involving 6061 aluminum extrusions in both T4 and T6
temper conditions were reconsidered. A secondary force increase was observed in the force
responses which was consistent between both temper conditions, indicating that the phenomenon
was dominated by geometry rather than extruded material composition. The revised analytical
model from the study of Magliaro et al. [43] was augmented with the clamping force terms to
generate the following model for ductile extrusions subjected to cutting, Fhcc:
𝜃
𝐹ℎ𝑐𝑐 = 𝑛 (1 + 𝜇 cos 𝜃 cos )
2
𝜎0 𝑡 2
1
1
1
2
(𝐵 + 𝑅𝑟 ) ∙ (
+
−
)+
𝜎0 𝐵𝑡𝜃
𝑅
cos
𝜃
𝑟
+
𝑟
𝑟
+
𝑟
2√3
𝑟
0
𝑚
𝑚
𝑖
√3
∙
𝐸𝐼𝐺𝑃 ∆ℎ
2
𝜋 𝜎0 𝑡 2 𝑟𝑚
+
𝜎0 𝑇𝑡 + 𝐾𝜃 𝜎0 𝑡𝑅𝑟 +
+ 𝐻 (𝑥𝑓 (𝑦)) ∙
(𝑙 − 𝜇ℎ𝑐 )
𝜇𝑋𝑃 𝑅𝑎 𝑝
[ √3
]
√3 𝑛𝑅𝑎
𝜋
2𝜇𝐸𝐼𝐺𝑃 ∆ℎ (𝐷𝑠𝑠 + ℎ𝑐 ) sin (𝑛)
𝜃
+ 𝐻 (𝑥𝑓 (𝑦)) ∙
∙
cos 2 𝜃 cos
𝜇𝑋𝑃
2𝐷𝑠𝑠 + 𝑙𝑏
2

(5.56)

The material properties were previously summarized in Section 5.2. A summary of the
experimentally determined clamping forces from [43] with comparisons to analytical predictions
from Equation (5.56) is given in Table 5.14. The average relative error across the entire parameter
scope was approximately 10.5 %. It is important to note that errors were generally higher for
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specimens in a T4 temper condition since this material was more sensitive to a transition to
progressive folding and resultant loss of the clamping force. When the specimens that were
sensitive to this transition were omitted, the average relative error dropped to 9.0 %. Even with
these disparities in the mechanical response, the results demonstrated that the proposed clamping
force must be dependent upon the elastic properties of the extrusion since the axial clamping force
was relatively consistent between temper conditions despite their contrasted plastic regimes [48].
Table 5.14: Experimental and theoretical estimates of clamping forces for 6061 aluminum
extrusions, test data taken from [43].
Specimen ID
OD-t-Temper
50.8-2.0-T6
50.8-2.0-T4
63.5-1.5-T6
63.5-1.5-T4

Deformation mode

Fcm [kN], from
experiment

Fcm [kN], from
Equation (5.56)

Relative
error, R [%]

8-bladed cutting

5.48

5.09

7.7

10-bladed cutting

11.03

9.76

13.0

8-bladed cutting

4.74

5.03

6.8

10-bladed cutting*

10.69

9.65

10.8

8-bladed cutting

6.35

6.83

7.0

10-bladed cutting

9.96

10.36

3.9

8-bladed cutting*

5.83

6.75

13.5

10-bladed cutting*

8.63

10.24

15.7

Note: Deformation modes marked with * indicate a sensitivity to progressive folding transition.
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5.6 Conclusions
The impetus of this investigation was to assess the mechanical performance of thin-walled,
circular magnesium extrusions subjected to axial cutting and crushing. The key findings are listed
as follows:
1. AM30 extrusions with a 55 mm diameter and 2 mm wall thickness subjected to progressive
crushing exhibited average mean crushing forces of 31.33 kN and 32.98 kN when loaded
quasi-statically and impacted at 18 m/s, respectively. Constraining the ends of these
extrusions resulted in average mean forces of 16.60 kN and 20.41 kN when loaded
quasi-statically and impacted at approximately 14 m/s, respectively.
2. Similar extrusions subjected to 10-bladed axial cutting exhibited average mean cutting
forces of approximately 11.04 kN and 15.84 kN under quasi-static loading and 14 m/s
impacts, respectively. The average CFE was calculated as 86.1 % with minimal variation
between individual tests compared to a corridor between 37.1 % and 20.1 % for the
specimens subjected to crushing.
3. Although the energy absorption was generally higher in comparison to axial cutting,
specimens subjected to progressive crushing were prone to brittle fracture and uncontrolled
deformation modes, as quantified by their poor CFE’s. The phenomenon was more severe
for specimens with constrained ends, indicated by a maximum crush distance of 70 mm
compared to 105 mm for the free specimens.
4. The extrusions subjected to axial cutting with radial clamping were capable of meeting the
energy absorbing capabilities of the extrusions subjected to crushing with two constrained
ends. Average comparison ratios of 0.78 and 0.99 were calculated for 8 and 10-bladed
cutting, respectively. These ratios reduced to 0.48 and 0.61, respectively, when the free
axial crushing mode was considered.
5.

The AM30 magnesium extrusions subjected to dynamic (i.e. V > 10 m/s) axial cutting
exhibited an increased cutting force with increasing impact velocities, which is
contradictory to the tendency for the cutting force to reduce as observed in more traditional
structural materials.
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Evolution of energy dissipation mechanisms over a
comprehensive range of cutting modes and enhanced
capabilities via hybrid cutting/clamping in AA6061
extrusions
6.1 Introduction
Several novel deformation modes were proposed and investigated in recent years to
improve the efficacy of safety system, including: splitting, tearing, piercing and cutting [1]. Axial
splitting was demonstrated by Stronge et al. [2] and Reddy and Reid [3] as a promising deformation
mode which could exhibit a near-constant force response for metallic extrusions, and more recently
by Paul et al. [4] and Ataabadi et al. [5] for composites and by Sun et al. [6] and Zhang et al. [7]
metallic-composite hybrids. The splitting process was shown by Atkins [8] to be highly sensitive
to the extrusion/die geometry pairing, with a diminishing normalized force per crack as the number
of cracks was increased. Full-scale experimental testing was conducted by Chen et al. [9] for prenotched flat plates subjected to splitting for railway vehicle arrest, by Guan et al. [10] for arrays of
axially loaded extrusions capable of up to 1 MJ of energy absorption under a splitting mode and
for automotive barriers by Noh and Lee [11].
Cutting was originally considered for flat plates by Jones et al. [12] and Paik [13], among
others, and later augmented for axially loaded extrusions by Cheng et al. [14] utilizing a modified
cutting tool with multiple, blunted blades with equal angular spacing. A near-constant cutting force
response was demonstrated by Jin et al. [15] to be the characteristic response for AA6061
extrusions with multiple geometries and temper conditions subjected to 3 to 5-bladed cutting.
These phenomena were later confirmed by Mahdavi et al. [16] and Wang et al. [17]. The
deformation mode was scaled to consider cutting of a large honeycomb array by Li et al. [18].
Hussein et al. [19] utilized cutting as a trigger to initiate failure in square composite tubes subjected
to compression. A similar tearing mode was tested experimentally tested by Feser et al. [20].
Magliaro and Altenhof considered 8 and 10-bladed cutting for aluminum extrusions with
diameter-to-thickness ratios from 12 to 23 and demonstrated an average increase in total energy
absorption in comparison to a progressive folding mode by 15.8 % [21] (Chapter 3). The increased
energy absorption was attributed to radial constriction of the petals, referred to as sidewall clamping
[22] (Chapter 5). Similar attempts to augment multiple deformation mechanisms into a hybrid
mode were previously considered by Moreno et al. [23, 24] and Pratiknyo et al. [25]. Investigations
by Luo et al. [26] and Guan et al. [27] concluded that maximizing contact forces at the extrusion/die
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interface was crucial to maximizing the energy absorption. This was analogous to findings from
theoretical investigations of the cutting response by Simonsen and Wierzbicki [28] and Jin and
Altenhof [29], which revealed that contact forces accounted for half of the total energy absorption.
Although the number of studies considering axial cutting has increased in the past decade, their
scopes were limited to either low or high-bladed cutting (n ≤ 5 or n ≥ 8, respectively).
The impetus of this investigation was to characterize the critical aspects and evolution of
the force-displacement response as the number of blades was monotonically increased. The
consequences of this exercise were significant, and a series of critical observations were rigidly
defined for the first time as a result. Fundamentally, a trend of force attenuation with increasing
blades (diminishing returns) was identified. Additionally, the onset and progression of a localized
peak force, noted for higher-bladed cutting [21] but absent in the lower-bladed cases [15], was
quantified. The hybrid cutting/clamping mode was identified as an effective means of high capacity
energy dissipation for both standard and annealed extrusions which mitigated the losses caused by
force attenuation. Enhanced theoretical explanations were derived to advance the understanding
of the deformation mode and serve as practical design tools for future studies.

6.2 Methodology
6.2.1 Mechanical properties of extruded AA6061 tubing
The extruded AA6061 tubing utilized in this investigation was consistent (and obtained
from the same source) to the material outlined in Section 3.3.2. Representative engineering stressstrain responses were correspondingly summarized in Figure 3.3 for extrusions in T6 (as-received)
and T4 (annealed) temper conditions. For convenience, the mechanical properties which were
relevant to modelling exercises contained within this Chapter are summarized below in Table 6.1.
Table 6.1: Relevant mechanical properties of AA6061 in the extruded direction.
AA6061-T6
(as-received)

AA6061-T4
(annealed)

Elastic modulus, E [GPa]

68.9

65.3

Bulk modulus, K [GPa]

67.5

64.0

Shear modulus, G [GPa]

25.9

24.5

Yield strength, σY [MPa]

277.5

146.2

Ultimate strength, σU [MPa]

320.2

258.3

Flow stress, σo [MPa]

298.7

187.3

Structural density, ρ [kg/m ]

2760

2760

Material property

3
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6.2.2 Summary of apparatus
Quasi-static experimental testing was conducted utilizing the hydraulically driven, 600 kN
capacity MTS testing apparatus. Experimental testing in this Chapter exclusively considered axial
cutting and hybrid cutting clamping. The former deformation mode was achieved with 4 and 6bladed cutting tools while the latter occurred for the 8 and 10-bladed cutting tools. 4 to 10-bladed
cutting modes to assess in detail the evolution of various phenomena as the number of blades within
the system was increased. The cutting tools were geometrically identical to the cutters previously
showcased in Figure 5.2, including blade profile ‘G’ which is restated in Table 6.2 for convenience,
since these dimensions were necessary for the analytical modelling efforts. The cutting tools were
paired with a 127 mm radius, conical deflector to prevent material buildup.
Table 6.2: Critical blade dimensions for the 4, 6,8 and 10-bladed cutting tools utilized in the
current investigation, illustrated in Figure 6.1(a).
Blade
geometry ID
G

Blade
width, 2B
[mm]

Wedge
height,
lb [mm]

Blade tip
width, T
[mm]

Wedge
angle, θ
[rad]

Cutter
height, hc
[mm]

Outer ring
radius, rc
[mm]

3.000

6.000

1.200

0.149

20.000

43.800

(a)
(b)
Figure 6.1: Schematics of the (a) cutting tools, and (b) conical deflector utilized in the parametric
study of axial cutting and hybrid cutting/clamping; numerical dimensions given in ‘mm’.
The experimental forces were measured utilizing a strain gauge-based load cell, PCB
model 1204-13A (222 kN capacity). The extrusions were compressed for 125 mm of displacement
at a constant rate of 50 mm/min. A minimum of 3 tests were completed per test group for
repeatability. Displacement-time readings were collected with the previously mentioned Acuity
AR700-12, non-contact laser displacement transducer at a rate of 2 kHz. Data acquisition was
achieved, at a rate of 2 kHz, with the previously mentioned cDAQ-9178 apparatus. A NI 9215 16bit voltage input module and a NI 9237 24-bit bridge module to acquire data from the laser
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displacement gauge and load cell, respectively. The general schematic of the cutting apparatus
presented in Figure 6.2.

Figure 6.2: Schematic of the quasi-static testing apparatus utilized in the parametric study of
axial cutting and hybrid cutting/clamping of AA6061 extrusions.

6.2.3 Specimen grouping and performance metrics
Test specimens were identified with the naming convention TC-G-DM-#, where TC
indicated the temper condition of the alloy, G was the extrusion geometry, CM the cutting mode or
tool (e.g. ‘C4’ for 4-bladed cutting) and # the specimen number. The 50.8 mm OD and 63.5 mm
OD extrusions with 3.175 mm and 1.588 mm wall thicknesses were categorized as geometries G1
through G4. The considered parametric scope is summarized in Table 6.3. Each geometric pairing
was identified by its extrusion ratio,

𝐷𝑜
,
2𝑡

for convenience. The extrusion ratio is a useful parameter

when developing an experimental scope, note that a structure can be approximated as thin-walled
for engineering analysis if

𝐷𝑜
2𝑡

≤ 10. Therefore, from the specifications in Table 6.3, the specimens

with 3.175 mm wall thicknesses (G1 and G2) were referred to as the thick-walled specimens while
the 1.588 mm thick extrusions (G3 and G4) were referred to as thin-walled.
Table 6.3: Parametric scope and test configurations for AA6061 extrusions subjected to axial
cutting, newly tested for the presented study.
Outer diameter,
Do [mm]

Thickness,
t [mm]

Extrusion
𝑫
ratio, 𝟐𝒕𝒐

Geometry

Temper
condition

Cutting modes

50.8

3.175

8

G1

T6, T4

n = {4, 6, 8, 10}

63.5

3.175

10

G2

T6, T4

n = {4, 6, 8, 10}

50.8

1.588

16

G3

T6, T4

n = {4, 6, 8, 10}

63.5

1.588

20

G4

T6, T4

n = {4, 6, 8, 10}
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Supplementary data was obtained from previous investigations for the analyses presented
in Section 6.4, and for the subsequent validation in Section 6.5. A study by experimental work by
Magliaro et al. [21] for extrusions subjected to higher-bladed cutting modes (Chapter 3) and by Jin
et al. [15] which characterized 6061-T6 extrusions subjected to lower-bladed cutting were
considered.

The parametric scopes from each study are summarized in Table 6.4, each

supplemental geometry was referred to as S1 through S10. Recall that this data was previously
examined and identified with a consistent naming convention in Chapter 3. The mechanical
performance of the extrusions was analyzed utilizing the parameters that were previously outlined
in Section 2.3.1. This included: the total energy absorption, TEA, mean reaction force, Fm,
cutting/crushing force efficiency, CFE. The relative error, R, was utilized to assess the analytical
modelling procedure’s ability to predict these performance parameters. The validation metric, VM,
and cumulative error, CM, quantified the correlation between the complete force responses.
Table 6.4: Parametric scope from previous experimental work considering AA6061 extrusions
lower-bladed cutting, presented in [15] and higher-bladed cutting, from [21].
Outer diameter,
Do [mm]

Thickness,
t [mm]

Extrusion
𝑫
ratio, 𝒐

Geometry

Material
temper

Cutting modes

44.45

1.00

20

S1, [15]

T6

n = {3, 4, 5}

44.45

1.25

16

S2, [15]

T6

n = {3, 4, 5}

44.45

1.50

14

S3, [15]

T6

n = {3, 4, 5}

50.8

1.00

23

S4, [15, 21]

T6, T4

n = {3, 4, 5, 8, 10}

50.8

1.25

19

S5, [15]

T6

n = {3, 4, 5}

50.8

1.50

16

S6, [15]

T6

n = {3, 4, 5}

63.5

1.00

30

S7, [15]

T6

n = {3, 4, 5}

63.5

1.25

24

S8, [15]

T6

n = {3, 4, 5}

63.5

1.50

20

S9, [15, 21]

T6, T4

n = {3, 4, 5, 8, 10}

50.8

2.00

12

S10, [21]

T6, T4

n = {8, 10}

𝟐𝒕

6.3 Results and discussions
6.3.1 Experimental findings
Representative force responses for selected test cases are summarized in Figure 6.3 and
Figure 6.4 for extrusions with 3.175 mm (thick-walled) and 1.588 (thin-walled) sections,
respectively. In all cases the transient loading was characterized by an elastic indentation of the
blades, followed by a quasi-parabolic increase in the cutting force within the initial 6 mm of
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displacement. Next, the slope of the force responses for extrusions subjected to 4-bladed cutting
drastically reduced with a gradual increase until achieving a steady-state value at approximately
12 mm of displacement. In contrast, the extrusions subjected to 6, 8 and 10-bladed cutting
exhibited localized peak forces followed by gradual decreases and converging to steady-state
cutting at approximately 12 mm of displacement. These nominal increments were expected since
previous studies [13, 29, 30] demonstrated that a steady force is achieved for penetration depths 1
to 2 times the wedge height.
T4-G1-C4-1
T4-G1-C6-2
T4-G1-C8-3
T4-G1-C10-2

120

120

100

100

Cutting force [kN]
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(c)
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(d)

Figure 6.3: Representative force-displacement responses for test groups (a) T6-G1, (b) T4-G1,
(c) T6-G2 and (d) T4-G2 subjected to 4 to 10-bladed cutting.
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The extrusions subjected to 4-bladed cutting experienced a mild force perturbation at
approximately 40 mm of displacement due to extrusion/deflector contact. Extrusion/petal contact
never occurred for the remaining cases. Complementary representative images of specimen
Geometries G1 and G2 (i.e. thick-walled extrusions with 50.8 mm and 63.5 mm outer diameters,
respectively) are provided in Figure 6.5(a) and Figure 6.5(b), respectively. Moderate variations
between individual petal profiles were observed under higher-bladed cutting modes in some
instances due to misalignments and lateral drift between the cutter and extrusion. The petal
contours were visually consistent between similar extrusions, suggesting that petal shape is
primarily sensitive to extrusion/cutter geometry.
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Figure 6.4: Representative force-displacement responses for test groups (a) T6-G3, (b) T4-G3,
(c) T6-G4 and (d) T4-G4 subjected to 4 to 10-bladed cutting.
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The noted increase in radial flaring was also responsible for a secondary increase in the
steady-state cutting force for the extrusions subjected to 8 and 10-bladed cutting due to contact
between the petals and outer ring. The onset of clamping occurred at approximately 30 mm and
25 mm of displacement for the extrusions with geometries G1 and G3 subjected to 8 and 10-bladed
cutting, respectively. The extrusions with geometries G2 and G4 experienced similar transitions
earlier, at nominal displacements of 25 mm and 20 mm, respectively, since their outer walls were
closer to the outer ring.

(a)

(b)
Figure 6.5: Radial flaring for extrusion geometries (a) G1 (50.8 mm OD, 3.175 mm wall), and
(b) G2 (63.5 mm OD, 3.175 mm wall) subjected to 4 to 10-bladed cutting, shown at 125 mm of
displacement.
A comparison between the steady-state cutting forces as the number of blades was
increased revealed that these parameters were not directly proportionate. For example, the cutting
forces for configuration T6-G1, subjected to 4 and 8-bladed cutting, were approximately 42.9 kN
and 62.9 kN, respectively.

The corresponding average ratio between these forces was

approximately 1.47. This trend was observed universally with an average ratio for all test cases
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was approximately 1.50, notably lower than the anticipated value of 2 (i.e. it was expected that
doubling the number of blades would double the cutting force). This newly identified mechanical
behaviour was referred to as force attenuation; conceptually this represents a trend of diminishing
returns. The previously outlined results were relevant to all groups except T6-G3 which underwent
rampant, brittle fracture within the cutting membrane and throughout the petals for extrusions
subjected to 6, 8 and 10-bladed cutting. The force response under 6-bladed exhibited a wedge
penetration force of approximately 37.5 kN, followed by a sharp, failure-induced decrease to a local
minimum of 12.7 kN caused by a transition from stable, ductile cutting to a more brittle cutting
mode. Representative images of specimen Geometries G3 and G4 are provided in Figure 6.6(a)
and Figure 6.6(b), respectively, illustrating the difference in behaviour between temper conditions.

(a)

(b)
Figure 6.6: Radial flaring for extrusion geometries (a) G3 (50.8 mm OD, 1.588 mm wall), and
(b) G4 (63.5 mm OD, 1.588 mm wall) subjected to 4 to 10-bladed cutting, shown at 125 mm of
displacement.
The severity of the instability for group T6-G3 was attributed to a combination of chipping
within the cutting membrane and extensive failure of the petals under anticlastic bending, illustrated
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in Figure 6.7(a). Extrusions subjected to 8 and 10-bladed cutting exhibited less severe degradation
since failure was contained to the regions near the blade tips, and the brittle cutting mode initiated
more readily compared to 6-bladed cutting. Representative force responses from this outlier group
were provided in Figure 6.4 (a). The lack of failure in the complementary T4-G3 group was
attributed to the increased strain-to-failure.
The possibility of defective material was effectively ruled out since the material utilized in
this study was obtained from a different source than [31], with qualitatively consistent findings (i.e.
this geometry was previously shown to be unstable when more than 4 blades were implemented).
Additionally, no anomalies were encountered after the material was annealed to the T4 temper
condition, which suggests that the metallurgy was true to the ASTM standards. Alternatively, it
was postulated that a combination of the extrusion geometry (before and during the cutting
process), reduced ductility of the 6061-T6 alloy and the cutting tool geometry were contributors to
the unsteady deformation. It is generally accepted that the steady-state cutting force is inherently
more prone to variation for thin-walled structures [32, 33], obtaining the precise relationship is a
complex problem. Instead, this study quantified the difference between the performance of cutting
modes dominated by ductile and brittle deformation, outlined in Section 6.4.3.2.

(a)
(b)
Figure 6.7: Brittle failure in group T6-G3 (50.8 mm OD, 1.588 mm wall) extrusions, exhibiting
(a) localized membrane fracture, and (b) rampant petal cracking.

6.3.2 Overview of newly observed results and phenomena
The enhanced analyses presented in this study emphasized characteristic regions
represented by instantaneous points of a force-displacement response. These key forces, listed in
the order in which they physically occurred, were the elastic indentation force, FE, wedge
penetration force, FW, steady-state cutting force, Fssc, and the hybrid cutting/clamping force, Fhcc.
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Visualizations of arbitrary force-displacement responses with these points identified are presented
in Figure 6.8.

Figure 6.8: Conceptual force-displacement (δ, F) responses for an arbitrary extrusion subjected
to axial cutting and hybrid cutting/clamping.
The average key performance metrics and instantaneous forces of interest outlined in
Section 2.3.1 are summarized in Table 6.5 through Table 6.8 for extrusion geometries G1 through
G4, respectively. The data is complementary to the force responses previously illustrated in Figure
6.3 and Figure 6.4, respectively. This data was utilized for the analysis presented further in this
Section, which guided the theoretical investigation in Section 6.4.
Table 6.5: Experimental performance parameters for extrusions with geometry G1 (50.8 mm
OD, 3.175 mm wall) subjected to axial cutting and hybrid cutting/clamping.
Alloy temper condition
Number of blades, n

6061-T6 (as-received)

6061-T4 (annealed)

4

6

8

10

4

6

8

10

Elastic penetration force,
FE [kN]

9.12

14.84

19.56

24.91

7.01

9.56

15.38

19.16

Wedge force, FW [kN]

41.56

55.32

74.59

90.73

28.57

42.87

53.44

64.02

Steady-state cutting
force, Fssc [kN]

42.91

51.79

62.86

74.39

29.49

40.07

47.35

56.19

Hybrid cutting/clamping
force, Fhcc [kN]

N/A

N/A

67.71

90.17

N/A

N/A

52.16

74.68

TEA [kJ]

4.61

6.09

7.96

10.62

3.22

4.76

6.06

8.49

SEA [kJ/kg]

17.63

24.51

31.19

41.30

12.23

34.68

23.62

33.18

CFE [%]

84.58

91.79

88.91

84.18

88.21

92.72

92.9

90.14
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Table 6.6: Experimental performance parameters for extrusions with geometry G2 (63.5 mm
OD, 3.175 mm wall) subjected to axial cutting and hybrid cutting/clamping.
Alloy temper condition
Number of blades, n

6061-T6 (as-received)

6061-T4 (annealed)

4

6

8

10

4

6

8

10

Elastic penetration force,
FE [kN]

9.20

12.98

18.30

25.56

7.60

9.34

15.75

19.31

Wedge force, FW [kN]

44.60

59.98

73.73

90.17

36.60

49.00

60.82

72.69

Steady-state cutting force,
Fssc [kN]

45.86

57.80

65.62

77.53

37.55

47.85

55.93

64.91

Hybrid cutting/clamping
force, Fhcc [kN]

N/A

N/A

72.12

95.79

N/A

N/A

62.98

84.79

TEA [kJ]

5.48

6.77

8.33

10.94

4.41

5.66

7.31

9.66

SEA [kJ/kg]

16.49

20.13

24.64

32.91

13.27

17.15

22.01

30.05

CFE [%]

78.65

94.07

94.18

91.87

87.11

96.2

93.23

93.18

Table 6.7: Experimental performance parameters for extrusions with geometry G3 (50.8 mm
OD, 1.588 mm wall) subjected to axial cutting and hybrid cutting/clamping.
Alloy temper condition
Number of blades, n

6061-T6 (as-received)

6061-T4 (annealed)

4

6

8

10

4

6

8

10

Elastic penetration force,
FE [kN]

3.90

5.84

7.94

10.81

2.74

3.50

6.20

7.74

Wedge force, FW [kN]

19.42

27.47

32.68

40.35

14.06

21.06

26.19

31.20

Steady-state cutting force,
Fssc [kN]

19.38

18.32

23.92

25.81

14.70

19.42

23.42

27.20

Hybrid cutting/clamping
force, Fhcc [kN]

N/A

N/A

N/A

31.16

N/A

N/A

N/A

31.52

TEA [kJ]

2.19

2.17

3.03

3.60

1.60

2.29

2.79

3.44

SEA [kJ/kg]

16.01

16.82

22.45

26.82

11.68

16.68

20.91

25.66

CFE [%]

85.67

67.49

77.36

74.30

87.29

90.98

88.98

90.89
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Table 6.8: Experimental performance parameters for extrusions with geometry G4 (63.5 mm
OD, 1.588 mm wall) subjected to axial cutting and hybrid cutting/clamping.
Alloy temper condition
Number of blades, n

6061-T6 (as-received)

6061-T4 (annealed)

4

6

8

10

4

6

8

10

Elastic penetration force,
FE [kN]

4.14

5.50

7.94

9.78

3.32

4.48

6.23

7.84

Wedge force, FW [kN]

21.98

31.20

36.76

46.13

16.15

25.25

28.85

34.87

Steady-state cutting
force, Fssc [kN]

23.93

30.32

33.86

40.58

17.08

23.89

26.07

32.08

Hybrid cutting/clamping
force, Fhcc [kN]

N/A

N/A

37.93

47.90

N/A

N/A

29.79

38.59

TEA [kJ]

2.55

3.58

4.32

5.46

2.01

2.85

3.33

4.31

SEA [kJ/kg]

14.39

20.14

24.31

30.71

11.29

15.77

18.17

23.90

CFE [%]

85.48

93.63

94.68

91.4

86.5

93.94

93.14

91.85

Inevitably, when a large parametric scope is considered, experimental results will cover a
broad range and it can be difficult to determine the significance of various aspects of the system.
Lu and Yu [1] summarized attempts to normalize experimental results to a common domain,
assessing the influence of multiple input parameters and mitigating experimental scatter via
dimensional analysis. This technique was utilized by Lu and Calladine [32] to identify critical
parameters for flat plates subjected to cutting. Dimensionless parameters, K, were generally
identified with Buckingham theorem:
𝑚

𝐾 = ∏(𝜋𝑖 )𝑘𝑖

(6.1)

𝑖=1

where the equations of the system can be obtained from the following general expression:
𝑓(𝜋1 , 𝜋2 , … , 𝜋𝑚 ) = 0

(6.2)

The scope of variables related to the steady-state cutting force was limited to the extruded material’s
flow stress, σo, and critical dimensions (t, Ro, n). The general system is given in Equation (6.3)
with the exponent relationships in Equation (6.4).
(𝐹𝑠𝑠𝑐 )𝑘1 (𝜎𝑜 )𝑘2 (𝑡)𝑘3 (𝑅𝑜 )𝑘4 (𝑛)𝑘5 = 𝐾

(6.3)

𝑘1 + 𝑘2 = 0
{
2𝑘2 − 𝑘3 − 𝑘4 = 0

(6.4)
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The dimensionless steady-state cutting force per blade, fssc, which exhibited the highest degree of
consistency was (for k1 = 1, k3 = -1):
𝑓𝑠𝑠𝑐 =

𝐹𝑠𝑠𝑐
𝑛𝜎𝑜 𝑅𝑜 𝑡

(6.5)

Force attenuation was investigated by plotting the dimensionless cutting force with respect to the
number of blades. A summary of the dimensionless force plots with respect to the number of blades
for the newly performed tests and data from the literature are provided in Figure 6.9(a) and Figure

Dimensionless force per blade, fssc

6.9(b), respectively.
0.5
T6-G1
T4-G1
T6-G2
T4-G2
T6-G3
T4-G3
T6-G4
T4-G4

0.4
0.3
0.2
0.1
0.0
3

4

5

6

7

8

9

10

Number of blades, n

Dimensionless force per blade, fssc

(a)
0.5

0.4

0.3

0.2

0.1
3

4

5

6

7

8

9

10

T6-S1
T6-S2
T6-S3
T6-S4
T4-S4
T6-S5
T6-S6
T6-S7
T6-S8
T6-S9
T4-S9
T6-S10
T4-S10

Number of blades, n

(b)
Figure 6.9: Dimensionless steady-state cutting forces for (a) the recent experimental scope, and
(b) supplemental data collected from the literature [15, 21].
The mild degree of scatter was to be expected since the dimensionless force was a
simplified bulk parameter. Group T6-G3 did not follow the general trend of the other test groups
due to rampant material failure in the specimens. However, the dimensionless force per blade
adequately consolidated the broad parametric scopes and illustrated an undeniable, nontrivial trend
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of force attenuation associated with increasing blades. A 30 % reduction in the cutting force per
blade was observed from 3 to 10-bladed cutting.
The latest testing also provided a substantial increase in experimental data for the hybrid
cutting/clamping deformation mode. The contribution towards energy dissipation from the petal
clamping was quantified by the difference between the hybrid cutting/clamping force, Fhcc, and the
steady-state force, Fssc. A summary of the measured increases in the cutting force is provided in
Table 6.9. The average variation between the clamping force for a given extrusion in T6 and T4
temper conditions was approximately 8.3 %, significantly less than the difference between flow
stresses. Furthermore, there were instances where the clamping force was higher for a given test
configuration for the T4 temper condition than the equivalent T6 temper condition.
Table 6.9: Increase in the steady-state force at transition to hybrid cutting/clamping (Fhcc – Fssc).
Extruded material
Number of blades, n

6061-T6 (as-received)

6061-T4 (annealed)

8

10

8

10

G1 [kN]

4.85

15.78

4.81

18.49

G2 [kN]

6.50

18.26

7.05

19.88

G3 [kN]

N/A

5.35

N/A

5.18

G4 [kN]

4.07

7.32

3.72

6.51

S9 [kN], from [21]

6.35

9.96

5.83

8.63

S10 [kN], from [21]

5.48

11.03

4.74

10.69

6.4 Theoretical modelling of the force response
6.4.1 Numerical modelling of axial cutting
Finite element modes utilizing an established [33-35] Eulerian approach were generated to
accurately quantify the kinematic behaviour of extrusions. The simulations were completed
utilizing the explicit finite element code LS-DYNA®, solver version R8.1.0. The schematic for a
representative finite element mesh is provided in Figure 6.10. Only the most crucial details on the
implemented numerical model are presented for brevity, a thorough discussion of the numerical
model, its rationale and finer details on the inputs can be found in [36]. The details of the presented
numerical model are also consistent to the modelling efforts showcased in Appendix B.
The extrusion was modelled utilizing an Eulerian, material-and-void element formulation
with an initially empty control volume, referred to as the airmesh; the extruded material was
allowed to flow into the airmesh as the deformation progressed. Both entities were fixed in space
along with the blade. A platen was positioned at the opposite end of the extrusion and restricted to
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translation parallel to the extrusion’s axis.

The extruded AA6061 material behaviour was

approximated utilizing an elastoplastic hydrodynamic material model. The required material inputs
for extruded AA6061 were obtained from the material data summarized in Section 6.2.1. The
platen and cutter were modelled as rigid entities composed of 4140 steel, with the elastic modulus,
Poisson’s ratio and density assumed as 207 GPa, 0.30 and 7.68×10-3 g/mm3, respectively. Contact
between the Eulerian extrusion/airmesh and the solid, Lagrangian blade and platen was managed
by a fluid-structure interaction with a coefficient of friction of 0.15.

Figure 6.10: Representative schematic of the finite element model, shown for G4-C6.
A characteristic element length of 0.4 mm was implemented for the airmesh to ensure a
minimum of 4 elements through the thickness of each extrusion. Symmetry conditions were
implemented by restricting out-of-plane displacements on the planar boundaries of the extrusion.
The platen was displaced at a constant rate of 10 mm/ms to 50 mm of displacement. Cutting tools
were modelled with and without the outer ring to allow for measurements of unconstrained petal
profiles which could not be achieved experimentally, where applicable (see Appendix B for further
details on the reduced input deck).

6.4.2 Geometric parameters for petals
A series of geometric parameters were derived by Jin and Altenhof [29] to characterize the
shape of the petals, namely, the deformed shoulder length, Dss, the radial increment, Δr, and the
axial bend radius, Ra. The original definitions [31] are given in Equations (6.6) through (6.8),
respectively. Although these expressions were previously validated for n < 6, discrepancies were
observed for the current scope, particularly for higher-bladed cutting which warranted the expanded
experiments and theoretical work.
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1
𝑇 + 𝑅𝑟
𝐷𝑠𝑠 = 2
+ 𝑙𝑏
tan 𝜃

Δ𝑟 =

𝑛𝐵
𝜋

𝑅𝑎 =

2
𝐷𝑠𝑠
Δ𝑟
+
Δ𝑟
2

(6.6)

(6.7)

(6.8)

The assumption of petal shape consistency between temper conditions outlined in Section
6.3.1 was confirmed by numerical modelling, as illustrated by Figure 6.11(a). The 4-bladed cutting
mode exhibited negligible flaring when a deflector was omitted [15, 31] and hence the numerical
study emphasized 6 to 10-bladed cutting. Selected comparisons between experimentally and
numerically obtained transient petal contours are summarized in Figure 6.11(b).

(a)
(b)
Figure 6.11: Petal profile consistency for (a) geometry G2 subjected to cutting, shown at 50 mm
of displacement, and (b) selected cases of petal contour comparisons.
A revised schematic of the petals within the vicinity of the blade was formulated, as shown
in Figure 6.12. The petal was assumed to follow a quasi-circular arc within the vicinity of the
blade, with curvature utilized to obtain the axial bend radius. The deformed shoulder was
reinterpreted as the distance between the blade and point where radial flaring initiates.
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Figure 6.12: Kinematic model of axial cutting, shown for a single blade, with consideration for
petalled sidewall bending.
The instantaneous profile of an unconstrained (free) petal can be quantified as:
2
𝑅𝑎2 = (𝑦 − ℎ̅) + (𝑥 − 𝑣̅ )2

(6.9)

̅ 𝑣̅ ), was taken from Figure 6.12 as (𝑅𝑎 , 𝐷𝑠𝑠 ). To obtain an
where the origin of the petal’s arc, (ℎ,
explicit formula for the axial bend radius, the recognizable point at which the extrusion clears the
wedge (Δ𝑟, −𝑙𝑏 ) was substituted into Equation (6.9):
𝑅𝑎 =

(𝐷𝑠𝑠 + 𝑙𝑏 )2 + Δ𝑟 2
2Δ𝑟

(6.10)

A revised description of the dimensions within the cutting membrane was also derived:
tan 𝜃 =

𝑅𝑟 cos 𝜃
(𝐷𝑠𝑠 + 𝑙𝑏 )

(6.11)

Rearranging, the deformed shoulder length can be obtained as:
𝐷𝑠𝑠 = 𝑅𝑟 (csc 𝜃 − sin 𝜃) − 𝑙𝑏

(6.12)

The original derivation for the radial increment [29] diverged for many instances of the
expanded parametric scope, particularly for thick-walled extrusions. Lack of consideration for the
presence of the blade tips, T, and wall thickness were the primary sources of error. The extended
radial increment was obtained as:
Δ𝑟 =

𝑛(2𝐵 − 𝑇) 𝑡
+
2𝜋
2

For thin-walled extrusions where

(6.13)
𝐷𝑜
2𝑡

≫ 10, which represents the overwhelming majority

of published data[33], the values of Equations (6.13) and (5.16) tend to converge for lower-bladed
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cutting. A summary of the predicted axial bend radii is provided in Table 6.10. Additionally, group
T6-G3 was omitted due to the observed brittle failure, which cannot be modelled utilizing Eulerian
mechanics. Average errors of 135.0 % and 10.2 % were calculated for the original and revised
models from Equations (6.8) and (6.10), respectively. The disparity in predictive capabilities was
attributed to a revised definition of the axial bend radius. While the original definition considered
a large-field view of the cutting process, the current study limited consideration of this parameter
to within the cutting membrane. This resulted in lower estimates to the curvature which are more
intuitive since the magnitudes are comparable to critical dimensions of the cutting tool, namely, the
cutter height, hc.
Table 6.10: Axial bend radius, Ra, predictions for cases of ductile, higher-bladed cutting (i.e. for
n > 4) of AA6061 extrusions.
Error for
Error for
Ra [mm],
Ra [mm],
Number of
Ra [mm],
Eq. (6.8), Eq. (6.10),
Geometry
from
from
blades, n
numerical
Eq. (6.8)
Eq. (6.10)
R [%]
R [%]
G1 (T6 and
T4)

G2 (T6 and
T4)

G4 (T6 and
T4)

6

46.21

114.48

42.62

147.74

1.86

8

34.15

86.69

36.83

153.85

14.74

10

28.75

70.21

32.62

144.21

20.62

6

48.06

120.27

45.88

150.25

1.63

8

36.31

91.04

39.61

150.73

16.12

10

31.27

73.69

35.04

135.66

19.19

6

43.74

90.73

37.52

107.40

9.67

8

31.51

68.88

30.97

118.60

3.76

10

27.05

55.96

26.61

106.88

3.89

6.4.3 Steady-state axial cutting force
6.4.3.1 Relative cutting force attenuation
Theoretical investigations of the cutting process for thin-walled structures attribute the
energy dissipation rate, 𝐸̇ , to the following mechanisms: plastic deformation of the membrane, 𝐸̇𝑚 ,
plastic far-field bending, 𝐸̇𝑏 , material fracture, 𝐸̇𝑐 , and frictional/contact interactions, 𝐸𝑓̇ . The
membrane and bending terms are often coupled and more simply referred to as the plastic
deformation rate, 𝐸̇𝑝 = 𝐸̇𝑚 + 𝐸̇𝑏 . The combined effects can be determined utilizing the principle
of virtual power, for a cutting process propagating at some velocity, V:
𝐸̇ = ∑ 𝐹𝑝 ∙ 𝑉 + ∬ 𝑝𝑤 𝜇𝑉𝑟𝑒𝑙 𝑑𝑆
𝑆
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(6.14)

where the frictional component contains terms for the internal pressure across the wedge, pw, and
the relative sliding velocity, Vrel. Evaluating the surface integral will result in an expression for the
friction force, Ff. The contribution of friction is a complex challenge, it is highly sensitive to an
individual problem’s boundary conditions.

Traditional cutting studies considered flat plates

subjected to cutting by a single, large (i.e. θ ≥ 30°) blade. The relative blade/plate angle which was
𝜃

approximated as ζ ≈ 2 [28] to account for material flow. However, this is an erroneous assumption
for extrusions subjected to cutting [21, 29] since, as more blades are introduced into the system,
adjacent blades are positioned closer together which causes the extruded material to flare more
aggressively and hence the relative angle should be a variable term.
The cutting force, F, is represented by the sum of plastic and frictional effects[33], for an
n-bladed cutter as 𝐹 = 𝑛(𝐹𝑝 + 𝐹𝑓 ). General expressions for the steady-state cutting forces from
[29] and [21] are summarized in Equations (6.15) and (6.16), respectively. The former utilized a
constant (𝐾𝑃 ≈ 4) to relate friction to the plastic forces without consideration for the underlying
phenomena while the latter attempted to simplify the problem by neglecting this effect. A free
body diagram is illustrated in Figure 6.13 with visualizations of the related increase in the relative
petal angle.
𝜃

𝐹 = (𝑛 + 4𝜇 cot 𝜃 cos ) ∙ 𝐹𝑝 , from [29]
2

(6.15)

𝜃

𝐹 = 𝑛 (1 + 𝜇 cot 𝜃 cos ) ∙ 𝐹𝑝 , from [21]
2

(6.16)

Figure 6.13: Free body diagram of a blade with evolving schema for the relative petal angle, ζ.
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An updated estimate to the relative angle was taken as the arctangent of the petal’s
instantaneous slope at the onset of steady-state cutting. The tangential slope, sf, was estimated as
the inverse of the first derivative of the petal profile, 𝑥𝑓′ , defined in Equation (6.17).
𝑠𝑓 =

1
−(𝑅𝑎 − 𝑦)
′ =
𝑥𝑓 √𝑦(2𝑅𝑎 − 𝑦)

(6.17)

Substituting into Equation (6.17) and taking the arctangent yields an expression for the
instantaneous relative angle, 𝜁 = 𝑓(𝑦). Steady-state deformation requires material to clear the
wedge (i.e. 𝑦 = ∆𝑟) and hence the steady-state relative angle is:
𝜁 = tan−1 (

√∆𝑟(2𝑅𝑎 − ∆𝑟)
)
(𝑅𝑎 − ∆𝑟)

(6.18)

A summary comparing the relative angles from the selected cases in Section 6.4.2 to the analytical
predictions is given in Table 6.11.
Table 6.11: Relative angle, ζ, predictions for cases of ductile, higher-bladed cutting (i.e n > 4).
Geometry
G1 (T6 and T4)
G2 (T6 and T4)
G4 (T6 and T4)
Number of
6
8
10
6
8
10
6
8
10
blades, n
ζ [rad],
0.45
numerical

0.57

0.65

0.42

0.56

0.63

0.32

0.50

0.54

ζ [rad], from
0.48
Eq. (6.18)

0.54

0.61

0.46

0.53

0.59

0.37

0.47

0.58

Relative error,
4.82
Rζ [%]

4.23

7.04

8.71

6.29

6.62

11.72

4.31

7.20

The relationship between the plastic deformation force and wedge normal force, FN, was
identified from examination of the free body diagram as [29]:
𝐹𝑁 =

𝐹𝑃
2 sin 𝜃

(6.19)

Originally, it was also posited that there was an inverse relationship between the friction force and
total number of blades in the system caused by the influence of multiple blades and petal flaring:
𝐹𝑓 ∝

𝐾𝑃
∙ (2𝜇𝐹𝑁 sin 𝜃 cos 𝜁)
𝑛

(6.20)

where KP was previously highlighted in Equation (6.15) as an experimentally calibrated constant.
The scope of [29] was limited to lower-bladed cutting and hence the intensity of this effect was
overestimated, resulting in generally underpredicted cutting forces. In contrast, omitting this term
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in [21] led to overestimated cutting forces. It was proposed that rather than a ratio between an
empirical constant and the number of blades,

𝐾𝑃
,
𝑛

the phenomenon of force attenuation should arise

naturally in the model, and alternatively, the reciprocal effect should be included by taking the ratio
between the tangential, Vrel, and axial, V, motion of the deformable body. The relative cutting
velocity can be taken as the tangential component along the petal, 𝑉𝑟𝑒𝑙 = 𝑉 cos 𝜁. Substituting into
Equation (6.14) yields a refined definition of the steady-state cutting force:
𝐹 = 𝑛 [1 + 𝜇 cot 𝜃 cos 2 (tan−1 (

√∆𝑟 (2𝑅𝑎 − ∆𝑟)
))] ∙ 𝐹𝑝
(𝑅𝑎 − ∆𝑟)

(6.21)

6.4.3.2 Remarks on ductile versus brittle cutting
Most studies have separated their analyses based upon ductile and brittle deformation, as
discussed previously in Section 2.4.3, although the latter is uncommon. Brittle energy absorption
occurs due to crack propagation ahead of the blade tip, related to the strain energy release rate, Gc.
This deformation mechanism is promoted by compressive forces on each side of the blade’s wedge
which cause material separation and the formation of new surfaces.
Crack propagation and the release of strain energy is inherently present in any cutting
process, regardless of the material, due to the formation of new surfaces. Simonsen and Wierzbicki
[28] proposed that the contribution towards TEA should be neglected when no macroscale cracking
occurs since the remaining deformation modes generally dominate the response, and the J-integral
is difficult to accurately estimate. However, when material separation due to compressive forces
at the blade wedge becomes extensive, the bending and membrane-based modes deteriorate. This
causes crack propagation term to become more significant, hence the necessity to distinguish
between cutting forces dominated by ductile, Fp,d, and brittle, Fp,b, characteristics. The plastic force
for ductile and brittle cutting are summarized in Equations (6.22) and (6.23), respectively.
𝐹𝑝,𝑑 =

𝐹𝑝,𝑏 =

2𝜎𝑜 𝑡 𝑡(𝐵 + 𝑅𝑟 )
1
1
1
𝐾𝜃 𝑅𝑟 𝜋𝑡𝑟𝑚
[
∙(
+
−
) + 𝐵𝜃 + 𝑇 +
+
]
𝑅𝑟 cos 𝜃 𝑟0 + 𝑟𝑚 𝑟𝑚 + 𝑟𝑖
2
2𝑛𝑅𝑎
4√3
√3

(𝜋 − 2)(16𝑟𝑚2 − 𝑡 2 ) − 8𝐵𝑡 cos 𝜃
𝐾𝜃 𝐵
𝜋𝑡𝑟𝑚
∙(
) + 𝐵𝜃 +
+
] + 𝐺𝑐 𝑡
2 − 𝑡 2)
(16𝑟
(𝜋
2𝐵
cos
𝜃
−
2)
2𝑛𝑅
√3 8√3(𝜋 − 2)
𝑚
𝑎

2𝜎𝑜 𝑡

[

(6.22)

𝜋𝐵𝑡

(6.23)

The membrane stretching coefficient, Kθ, was common to both models [22]:
𝐾𝜃 = 0.366(1 + 0.55𝜃 2 ) ∙ cos 2 𝜃
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(6.24)

The ductile model relies upon the axial bend radius, Ra, deformed shoulder length, Dss, and
radial increment, Δr, presented in Equations (6.10), (6.12) and (6.13), respectively. The rolling
radius, Rr, for the ductile model in Equation (6.22) was determined as[21]:
2

2

𝑇2

𝑇2

𝐵𝑡
𝑇
𝐵𝑡
𝐵𝑡
𝑅𝑟 = [ (
− ) + √( −
) +
(
+ 𝜋𝑡𝑟𝑚 tan2 𝜃) ]
2 4√3𝐾𝜃 cos 𝜃
𝐾𝜃 2√3 cos 𝜃
4√3𝐾𝜃 cos 𝜃 2

1⁄
2

(6.25)

Examinations of brittle cutting interfaces [22] revealed a serrated cutting membrane with no visibly
continuous rolling radius, hence an alternative from [28] was employed for Equation (6.23):
𝐵
𝑅𝑟,𝑏 ≈ 𝜋
( ⁄2 − 1)

(6.26)

Substitution of Equation (5.10) into Equation (6.12) generates the brittle definition of the deformed
shoulder length, Dss,b:
𝐷𝑠𝑠,𝑏 =

2𝐵(csc 𝜃 − sin 𝜃)
− 𝑙𝑏
(𝜋 − 2)

(6.27)

The brittle axial bend radius, Ra,b, is obtained by substituting Equation (6.27) into (6.10). The brittle
deformed shoulder is significantly (~40 %) greater, which results in an increased bend radius and
reduced flaring. This phenomenon accounts for both the decreased clamping effects and increased
resistance to force attenuation observed experimentally for magnesium alloys [22].
𝑅𝑎,𝑏 =

4𝐵2 cot 2 𝜃 ∆𝑟
+
∆𝑟(𝜋 − 2)2
2

(6.28)

6.4.4 Revised petalled sidewall clamping
The contribution towards energy absorption by clamping in the hybrid cutting/clamping
deformation mode was previously hypothesized [22] to be dominated by the elastic properties of
the extruded material, and the deformation experienced by the petal contour due to interference
from the outer ring. This deformation mode was aesthetically similar to an augmented splitting
mode considered by Reddy and Reid [3] which utilized a stopper plate to constrain the petalled
sidewalls and increase total energy absorption. However, the implemented stopper plate was
significantly closer to the outer diameter of the extrusions in comparison to the cutting tools
considered in the current investigation, and hence the contribution of the former component was
originally attributed to plasticity.

The expanded scope of clamping forces summarized in

Table 6.9, and consistent petal contours between temper conditions highlighted in Section 6.3.1
reinforced these fundamental assumptions with confidence.
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The analytical modeling efforts from [22] (Chapter 5) considered a more limited
experimental scope with calibration of the petal profiles based upon the now obsolete geometric
parameters from Equations (6.6) through (6.8) and a series of semi-empirically obtained
parameters. Accurate predictions of the petal profiles are crucial to both predictions of the forces
associated with clamping and to determine whether or not clamping will occur for a given scenario
(and if so, at what axial displacement). Therefore, the topic of energy dissipation by petal clamping
was revisited in this Chapter to enhance the predictive capabilities of the original model.
6.4.4.1 Petal kinematics
The contour of an unconstrained (free) petal, xf, can be expressed in terms of the geometric
parameters as:
𝑥𝑓 = 𝐷𝑠𝑠 − √𝑦(2𝑅𝑎 − 𝑦)

(6.29)

Petal/ring contact typically occurs before the contour can fully develop and hence a constrained
profile, xc, must also be predicted. The expanded experimental scope provided significantly more
data on the hybrid cutting/clamping mode and revealed that the constrained profile generally
follows the trend of the steady profile to a divergence point, (Rd, hd). Beyond this point the petal
continues with a quasi-linear profile parallel to the tangent of the circular profile, 𝑥𝑓′ (𝑅𝑑 ). The
revised contour is summarized in Equation (6.30), a labelled schematic is given in Figure 6.14.
𝐷𝑠𝑠 − √𝑦(2𝑅𝑎 − 𝑦), 0 ≤ 𝑦 < 𝑅𝑑
𝑥𝑐 = {

𝑅𝑑 − 𝑅𝑎
√𝑅𝑑 (2𝑅𝑎 − 𝑅𝑑 )

(𝑦 − 𝑅𝑑 ) + ℎ𝑑 , 𝑦 ≥ 𝑅𝑑

(6.30)

Determining the precise location of Rd is a challenging problem since it progressively shifts
radially outwards as the cutting process evolves, and is also sensitive to virtually every aspect of
the cutter (i.e. 𝑅𝑑 = 𝑓(𝑙𝑏 , 𝐵, 𝑇, 𝜃, 𝑛, 𝑙𝑟 , ℎ𝑐 , 𝑅𝑜 , 𝑡, 𝑅𝑟 , 𝐷𝑠𝑠 , ∆𝑟, 𝑅𝑎 , 𝛿)). For 50.8 mm OD extrusions,
the radial divergence was nominally observed to occur at a distance of twice the radial increment
from the outer surface of the petal while for 63.5 mm OD extrusions the divergence occurred at the
radial increment. Therefore, the previous universal estimate from [22] was repealed and the
updated radial divergence point was approximated as:
𝑙𝑟
𝑅𝑑 = ∆𝑟 ( − 1)
𝑙𝑏

(6.31)

The magnitude of Rd was observed to be larger for the extrusions with smaller diameters since the
distance between the extrusion and outer ring, lr, was also larger. The axial divergence, hd, was
subsequently determined by substituting into Equation (6.29):
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ℎ𝑑 = 𝐷𝑠𝑠 − √𝑅𝑑 (2𝑅𝑎 − 𝑅𝑑 )

(6.32)

Figure 6.14: Schematic of an arbitrary petal, in a constrained a free configuration, subjected to
radial clamping.
A simple inequality check between the vertical position of a steady-state (free) petal profile
at the boundary of the outer ring, 𝑥𝑓 (𝑙𝑟 ), versus the height of the cutter, hc, can determine whether
a petal will clear the boundary without interference (i.e. without clamping).
ℎ𝑐 ≤ 𝐷𝑠𝑠 − √𝑙𝑟 (2𝑅𝑎 − 𝑙𝑟 )

(6.33)

If the inequality holds, it is assumed that radial clamping will initiate at some onset displacement,
LP, estimated as the arc length of a constrained profile:
𝑙𝑟
𝑑𝑥𝐶 2
𝐿𝑃 = ∫ √1 + (
) 𝑑𝑦
𝑑𝑦
𝑙𝑇

(6.34)

The lower limit of integration represents the offset at the blade tip and was originally approximated
𝑡

as 𝑙 𝑇 ≈ 2. An alternative estimate was obtained by substitution of the radial, axial blade tip
coordinates (lT, 0) into Equation (6.29).
2
𝑙 𝑇 = 𝑅𝑎 − √𝑅𝑎2 − 𝐷𝑠𝑠

(6.35)

Evaluation of Equation (5.30) yields the following expression for the onset displacement:
2

𝐿𝑃 = 2𝑅𝑎 [sin−1 (√

194

𝑅𝑑
𝑙𝑇
𝑅𝑑 − 𝑅𝑎
) − sin−1 (√
)] + √1 + (
) ∙ (𝑙𝑟 − 𝑅𝑑 )
2𝑅𝑎
2𝑅𝑎
√𝑅𝑑 (2𝑅𝑎 − 𝑅𝑑 )

(6.36)

6.4.4.2 Energy dissipation from sustained clamping
The contribution towards energy absorption can be calculated by considering the energy
required for the petal to maintain its constrained position with respect to the natural (free) position
[3, 22]. Figure 6.14 highlights the difference between these orientations. The petal midspan
experiences point contact with the outer ring during clamping due to the convex profile. A free
body diagram which contains the clamping moment, MK, is illustrated in Figure 5.23. This localized
loading and the slenderness petal replicate the conditions of an Euler-Bernoulli beam theory
problem, expressed for a general petal in Equation (6.37). Note that the elastic modulus, E, was
replaced with

𝐸
(1−𝜈2 )

where ν represents Poisson’s ratio (~0.33) to account for the marginally

increased stiffness of the wide flanged ‘beam’ (petal), as proposed by Timoshenko [37].
𝑀𝐾 =

−𝐸𝐼𝐺𝑃 𝑑 2 ∆𝑣
∙
(1 − 𝜈 2 ) 𝑑𝑦 2

(6.37)

Figure 6.15: Free body diagram of a petal, at the midspan cross-section, subjected to radial
clamping at its tail.
The second moment of area for a petal, 𝐼𝐺𝑃 , can be approximated as a circular sector:
1
𝜋
𝜋
𝜋
4𝑛(𝑟𝑜3 − 𝑟𝑖3 )2 2 𝜋
𝐼𝐺 𝑃 = (𝑟𝑜4 − 𝑟𝑖4 ) [cos ( ) sin ( ) + ] −
sin ( )
4
𝑛
𝑛
𝑛
𝑛
9𝜋(𝑟𝑜2 − 𝑟𝑖2 )

(6.38)

This method was implemented to neglect the influence of shear, which is common practice to
simplify theoretical analyses[28, 32, 33]. Therefore, the radial force exerted by the outer ring, Fr,
was approximated utilizing Castigliano’s theorem:
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∆𝑣 = ∫ 𝑀𝐾
𝑥𝑓

𝜕𝑀𝐾 (1 − 𝜈 2 )𝑑𝑦
∙
𝜕𝐹𝑥
𝐸𝐼𝐺𝑃

(6.39)

where the vertical deflection from the free to constrained state is represented by ∆𝑣 . From
equilibrium, the moment acting on a petal is taken with respect to the force in the global
x-direction in Equation (6.40).

The x-force is the sliding component of the y-force

1

(i.e. 𝐹𝑦 = 𝜇 𝐹𝑥 ).
1
𝑀𝐾 = 𝑥𝑃 𝐹𝑦 − 𝑦𝑃 𝐹𝑥 = [√𝑙𝑓 (2𝑅𝑎 − 𝑙𝑓 ) − √𝑦(2𝑅𝑎 − 𝑦)] ∙ 𝐹𝑥 − (𝑙𝑓 − 𝑦)𝐹𝑥
𝜇

(6.40)

The radial position of the free petal, lf, was previously indeterminate[22], although the
newly derived geometric parameters allow for an exact solution by assuming a consistent arc length
between the free and constrained petals. Substituting Equation (6.29) into (5.30), and taking the
limits of integration as the radial boundaries from lT to lf, yields:
𝑙𝑓

𝐿𝑃 = ∫ √1 +
𝑙𝑇

(𝑅𝑎 − 𝑦)2
𝑑𝑦
𝑦(2𝑅𝑎 − 𝑦)

(6.41)

Recall the arc length at the onset of clamping, LP, was outlined in Equation (6.36). Rearranging,
the radial position of the free petal is:
𝑙𝑓 = 2𝑅𝑎 sin2 (

𝐿𝑃
1
1
2 )))
√𝑅𝑎2 − 𝐷𝑠𝑠
+ sin−1 (√ (1 −
2𝑅𝑎
2
𝑅𝑎

(6.42)

The axial position of the free petal, hf, was obtained by substituting Equation (6.42) into (6.29),
such that ℎ𝑓 = 𝑥𝑓 (𝑙𝑓 ). The revised expression from Equation (6.39) is therefore:
2

∆𝑣 =

𝜇𝐹𝑟 𝑙𝑓
1
∫ [(𝑦 − 𝑙𝑓 ) + (√𝑙𝑓 (2𝑅𝑎 − 𝑙𝑓 ) − √𝑦(2𝑅𝑎 − 𝑦))] 𝑑𝑦
𝐸𝐼𝐺𝑃 𝑙𝑇
𝜇

(6.43)

Therefore, the radial interface force can be expressed in an abbreviated form as:
𝐹𝑟 =

𝐸𝐼𝐺𝑃 ∆𝑣
𝜇(1 − 𝜈 2 )𝑋𝑃

(6.44)

The vertical petal deflection, ∆𝑣 , and integrated moment arm, XP, are summarized in
Equations (6.45) and (6.46), respectively.
∆𝑣 = 𝑥𝑓 (𝑙𝑓 ) − 𝑥𝑐 (𝑙𝑟 )
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(6.45)

(𝜇2 − 1)
2𝜇
3
3
((ℎ𝑓 + 𝐷𝑠𝑠 ) − 𝐷𝑠𝑠
)+
∙ (𝑙𝑓3 − 𝑙 3𝑇 )
3
3
+ℎ𝑓 (𝑙𝑓 (𝜇(𝑙𝑓 − 𝑅𝑎 ) − ℎ𝑓 − 𝐷𝑠𝑠 ) + 𝜇𝑅𝑎 (𝑅𝑎 − 𝑙𝑓 ) + 𝑅𝑎 (ℎ𝑓 + 𝐷𝑠𝑠 ))

𝑋𝑃 =

1
+ (𝑅𝑎 − 𝜇2 𝑙𝑓 + 𝜇(ℎ𝑓 + 𝐷𝑠𝑠 )) ∙ (𝑙𝑓2 − 𝑙 2𝑇 ) − 𝐷𝑠𝑠 ((𝑙𝑓 − 𝑙 𝑇 )(𝜇(𝑙𝑓 − 𝑅𝑎 ) − ℎ𝑓 − 𝐷𝑠𝑠 ))
𝜇2
+(𝜇2 𝑙𝑓2 − 2𝜇𝑙𝑓 (ℎ𝑓 + 𝐷𝑠𝑠 ) + 2𝑙𝑓 𝑅𝑎 − 𝑙𝑓2 ) ∙ (𝑙𝑓 − 𝑙 𝑇 )
𝑅𝑎 − 𝑙𝑓
𝑅𝑎 − 𝑙 𝑇
+𝑅𝑎2 (𝜇(𝑅𝑎 − 𝑙𝑓 ) + (ℎ𝑓 + 𝐷𝑠𝑠 )) ∙ (sin−1 (
) − sin−1 (
))
[
]
𝑅𝑎
𝑅𝑎

(6.46)

Accurately estimating the virtual deflection fully analytically can be impractical since it is
highly sensitive to the precise petal shape, and even minute deviations can notably impact the
predictions.

The expressions related to petal clamping emanate from the derivations of

fundamental geometric parameters in Section 6.4.2. These parameters were generally predicted
with less than 10 % error, which yields a nominal tolerance between 0.5 mm and 1 mm of the values
observed experimentally and numerically. The virtual displacements measured from relevant
numerical models are summarized in Figure 6.16. It is evident that even the noted, relatively small
tolerance can drastically affect predictions.
Since hybrid cutting/clamping was only observed under 8 and 10-bladed cutting, the
numerical model from Section 6.4.2 was augmented to consider the hypothetical case of a 30° petal
(12-bladed cutting). This approach was taken to introduce a third measurement which could reveal
whether the evolution of the virtual deflection with respect to the number of blades was nonlinear.
Representative contours are plotted in Figure 6.16(a). Average estimates to the virtual deflection
are summarized in Figure 6.16(b); the relatively small error bars suggest that n is the critical
parameter. The average virtual deflection was noted to approximately double with each incremental
evolution of the cutter, indicative of an exponential relationship:
∆𝑣,𝑛𝑢𝑚 = −𝛽1 𝑒 𝛽2𝑛

(6.47)

where the constants of proportionality, β1 and β2, were obtained from the measurements as
0.0127 mm and 0.418, respectively.
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(a)
(b)
Figure 6.16: Numerically obtained (a) representative petal contours, and (b) average virtual
deflections with respect to the number of blades.
The contribution towards the total energy dissipation was obtained from the general
expression given in Equation (2.58) [33]. Substituting the radial clamping force from Equation
(6.44), recall 𝐹𝑥 = 𝜇𝐹𝑟 , into the known expression for the sustained bending moment from Equation
(6.40) and taking the curvature as

1
𝑅𝑎

[3, 22, 29] yields the following energy dissipation force

associated with radial clamping, Fcm:
𝐹𝑐𝑚 =

𝐸𝐼𝐺𝑃 ∆𝑣 (ℎ𝑓 − 𝜇𝑙𝑓 )
𝜇(1 − 𝜈 2 )𝑅𝑎 𝑋𝑃

(6.48)

The hybrid cutting/clamping force can be obtained by including Equation (6.48) in either Equation
(6.22) or (6.23) as an extension.

6.4.5 Localized peak wedge force
The peak force, FW, was nominally observed to occur at 6 mm of displacement for all test
cases presented in Section 6.3.2, which is consistent to the wedge height, lb. A progressive increase
in the cutting force to this point was logical since the deformation modes require extruded material
to be present at the wedge shoulder to contribute to steady-state energy absorption[28, 31],
highlighted by Figure 6.17. A fully analytical description of the mechanical response within the
transient regime would therefore require continuous expressions of the strain fields. An in-depth
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consideration for the precise onset of these phenomena is typically of little interest for a large
deformation energy absorber[1, 33, 38].

Figure 6.17: Schematic of strain field parameters which are transient before the material clears
the wedge shoulder.
The localized peak force was attributed to the evolution of the contact forces at the
extrusion/cutter interface. As discussed in Section 6.4.3.1, progressive flaring of the petals results
in force attenuation since the friction force in the axial direction is correspondingly reduced and
the reciprocal effect intensifies. The magnitude of petal flaring is relatively low within the first
6 mm (~lb) of displacement. The radial increment at this position was confirmed from observations
to be nominally equal to lT, defined in Equation (6.35). The peak wedge force, FW, can therefore
be expressed as an augmented form of Equation (6.21):
𝐹𝑊 = 𝑛 [1 + 𝜇 cot 𝜃 cos 2 (tan−1 (

√𝑙 𝑇 (2𝑅𝑎 − 𝑙 𝑇 )
))] ∙ 𝐹𝑝
(𝑅𝑎 − 𝑙 𝑇 )

(6.49)

The difference between lT and Δr increases significantly with an increasing number of blades since
only the latter is highly sensitive to n.

6.4.6 Analytical modelling of the force-displacement response
6.4.6.1 Transient loading
Theoretical analysis of the elastic indentation force, Fe, emanated from the pioneering work
of Akita et al. [39] by considering the pressure within the extrusion/cutter interface [30]:
𝑁

𝑁

𝑖=1

𝑖=1

𝑛𝐸
𝐹𝑒 = 𝑛 ∑ 𝜎𝑖 ∙ 𝐴𝑐𝑖 =
𝑥 ∙ ∑ 𝐴𝑐𝑖
𝐿
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(6.50)

The bulk loading conditions were dominated by elasticity to some yield depth, δY, illustrated by
Figure 6.18(a). For extrusions which are not excessively long this value was approximated as [30]:
𝛿𝑌 = 𝐿 ∙

𝜎𝑜
𝐸

(6.51)

The original contact areas, 𝐴𝑐𝑖 , were determined from a visual examination of sample extrusions
and the deformation outlined by Figure 6.17. Accounting for the onset of wedge penetration by
including the transient rolling radius, 𝑅𝑟,𝑡 ≈ 𝑅𝑟 cos 𝜃 [29] yields the following:
{

𝐴𝑐 𝑡𝑖𝑝 = 𝑇(2𝑅𝑟 cos 𝜃 + 𝑡)
𝐴𝑐 𝑐𝑖𝑟𝑐 = 2(2𝑅𝑟 cos 𝜃 + 𝑡) ∙ 𝑥, 0 ≤ 𝑥 ≤ 𝛿𝑌

(6.52)

Substituting Equation (6.52) into (6.50) and multiplying the circumferential area by sin 𝜃 to
normalize the forces in the global-x (cutting) direction yields:
𝐹𝑒 (𝑥) =

𝑛𝐸(2𝑅𝑟 cos 𝜃 + 𝑡)
∙ (2𝑥 tan 𝜃 + 𝑇)𝑥, 0 ≤ 𝑥 ≤ 𝛿𝑌
𝐿

(6.53)

The revised peak elastic penetration force (onset of bulk yielding), FE, can be obtained by
substituting Equation (6.51) into Equation (6.53):
𝐹𝐸 = 𝑛𝜎𝑜 (2𝑅𝑟 cos 𝜃 + 𝑡)(2𝐿 tan 𝜃 + 𝑇)

(6.54)
Note that Equation (6.53) contains a minor nonlinear term, which was expected to account for the
settling of contact. A truncated portion of selected force responses are compared in Figure 6.20(b).

(a)
(b)
Figure 6.18: Elastic loading of an extrusion subjected to cutting, (a) represented schematically,
and (b) comparative force-displacement responses.
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From [30], the transient domain from 𝛿𝑌 ≤ 𝑥 ≤ 𝑙𝑏 , which represents the progressively increasing
wedge penetration force, 𝐹𝑤 (𝑥), can be approximated by a second order fit for a reasonable estimate
to this domain of the force response:
𝐹𝑤 (𝑥) =

𝐹𝐸 − 𝐹𝑊
∙ [𝑥 2 − 2𝑙𝑏 𝑥 + 𝑙𝑏2 ] + 𝐹𝑊 , 𝛿𝑌 ≤ 𝑥 ≤ 𝑙𝑏
(𝛿𝑌 − 𝑙𝑏 )2

(6.55)

6.4.6.2 Steady-state cutting and hybrid cutting/clamping
As outlined in Section 6.3.1, previous studies have found that steady-state cutting typically
initiates once the displacement exceeds twice the wedge height; this was confirmed from an
examination of the petals in Sections 6.4.2 and 6.4.4. Additionally, the radial increment varied
quasi-linearly from the peak wedge value, lT, to the steady-state value, Δr, for 𝑙𝑏 ≤ 𝑥 ≤ 2𝑙𝑏 . The
radial increment can therefore be written as a transient expression, Δrt:
𝛥𝑟𝑡 = {

𝛥𝑟 − 𝑙 𝑇
(
) 𝑥 + 2𝑙 𝑇 − 𝛥𝑟, 𝑙𝑏 ≤ 𝑥 ≤ 2𝑙𝑏
𝛥𝑟
𝛥𝑟, 𝑥 > 2𝑙𝑏

(6.56)

where the upper boundary indicates the onset of steady-state cutting. The transient cutting force
following wedge penetration, 𝐹𝑠𝑠𝑐 (𝑥), is taken as:
𝐹𝑠𝑠𝑐 (𝑥) = 𝑛 [1 + 𝜇 cot 𝜃 cos 2 (

√𝛥𝑟𝑡 (2𝑅𝑎 − 𝛥𝑟𝑡 )
)] ∙ 𝐹𝑝
(𝑅𝑎 − 𝛥𝑟𝑡 )

(6.57)

This expression can be expanded to account for the hybrid cutting/clamping mode, 𝐹ℎ𝑐𝑐 (𝑥),
observed further in the force response:
𝐹ℎ𝑐𝑐 (𝑥) = 𝑛 [1 + 𝜇 cot 𝜃 cos 2 (

𝐸𝐼𝐺𝑃 ∆𝑣 (ℎ𝑓 − 𝜇𝑙𝑓 )
√𝛥𝑟𝑡 (2𝑅𝑎 − 𝛥𝑟𝑡 )
)] ∙ (𝐹𝑝 + 𝐻(𝑥) ∙
)
(𝑅𝑎 − 𝛥𝑟𝑡 )
(1 − 𝜈 2 )𝑋𝑃

(6.58)

where the Heaviside function, 𝐻(𝑥), served as a binary operator for the onset of the clamping
deformation mode[22], such that:
0 𝑖𝑓 𝑥 < 𝐿𝑃
𝐻(𝑥) = {
1 𝑖𝑓 𝑥 ≥ 𝐿𝑃

(6.59)

Reductions in the cutting force caused by cutter/deflector interaction for extrusions subjected to
4-bladed cutting can be modelled by replacing the natural axial bend radius with the deflector
radius[29], RD, as shown in Figure 6.19(a).
𝑅 𝑖𝑓 𝑥 < 𝛿𝐷
𝑅𝑎 = { 𝑎
𝑅𝐷 𝑖𝑓 𝑥 ≥ 𝛿𝐷

(6.60)

where the onset displacement, δD, occurs when the petal intersects with the deflector. A schematic
is presented in Figure 6.19(b).
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(a)
(b)
Figure 6.19: Visual representations of (a) extrusion/deflector interaction [29] and (b) the relevant
critical dimensions to approximate the onset of this effect.
The magnitude of δD was approximated as the distance between the outer edge of the
extrusion and the point directly below this location on the deflector. The minimal influence of petal
flaring was neglected to allow for a practical estimate of the intersection point. The displacement
at which petal/deflector contact initiates is:
𝛿𝐷 = ℎ𝑐 + 𝐶𝑥 − √𝑅𝐷2 − (𝐶𝑦 − 𝑦)

2

(6.61)

where the coordinates of the center of the deflector’s contour (Cx, Cy) can be obtained from the
known deflector geometry.

6.5 Validation
6.5.1 Predictions of the steady-state cutting force
The following subsection compares the analytical models encountered in the literature to
the proposed revision with regards to their ability to predict the steady-state cutting force. It was
important to consider the earlier attempts [15, 21] since, in both studies, there was no distinction
between the steady-state regime and other aspects of the force response which may have influenced
the relative error. The dimensionless cutting forces per blade from Section 6.3.2 were summarized
as average values in Figure 6.20(a). This corridor of data was further consolidated to an average
series of data points and compared to predictions from the modelling approaches in Figure 6.20(b).
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The revised analytical model tended to slightly underpredict forces for 3-bladed cutting,
although the remaining test configurations were captured with high accuracy. This mode was
highly prone to lateral shifting, global rotation and instability, particularly under impact [15, 31].
Therefore, the experimentally observed deformation mechanisms differ from the theoretical
explanations provided in Section 6.4 of the current study and previous investigations [21, 29]; the
latter are based upon stable cutting without consideration for global shifting of the apparatus. All
models consequently tend to deviate at varying degrees of intensity from the experimental
observations. Since 3-bladed cutting is prone to structural instability and exhibits low energy
absorbing potential in comparison to the higher-bladed alternatives, it is unfavorable for practical

G1 to G4, current study
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S4, S9 and S10, from [27]
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implementation and hence accurate predictions of the remaining cases (i.e. n ≥ 4) are more critical.
Experimental mean
Magliaro et al. [27], Eq. (3.18)
Jin et al. [35], Eq. (2.76)
Current study, Eq. (6.58)
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Figure 6.20: Average dimensionless cutting forces per blade (a) separated by their respective
investigations, and (b) combined for comparison to analytical predictions.
The initial attempt by Jin and Altenhof [15, 29] displayed the greatest variation from the
comprehensive scope with underpredicted cutting forces for instances of higher-bladed cutting, as
expected since it relied on an empirical constant calibrated for n < 6. The alternative model [21]
exhibited an incremental improvement by preserving an even distribution of deformation terms
over all blades, however, the neglected force attenuation effect led to overpredicted cutting forces
for instances of higher-bladed cutting. Average errors of approximately 13.9 % and 12.7 % were
calculated for the models contained in Equations (6.15) and (6.16), respectively, with several
instances of errors greater than 30 %. In contrast, the model obtained in the current study,
summarized in Equation (6.21), yielded an average error of approximately 5.2 % with the most
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severe errors on the order of ~12 % to 14 %. A summary of the relative errors with regards to the
current study is provided in Table 6.12. It is evident from examination of Figure 6.20 that the
earlier attempts at analytical modelling were inconsistent over the range of considered deformation
modes. Therefore, the following subsection only considered the revised analytical model and the
most recent, previous attempts to model axial cutting and hybrid cutting/clamping summarized in
[21] and[22], respectively.
Table 6.12: Relative error for steady-state cutting force, RF [%], predicted utilizing the current
model (Equation (6.21)).
Number of blades, n
Geometry and temper
condition
4
6
8
10
T6-G1

1.45

4.41

7.68

6.84

T4-G1

4.18

7.12

13.46

12.25

T6-G2

2.21

3.07

5.41

6.54

T4-G2

7.79

7.07

0.37
*

15.76

1.00
*

4.64*

T6-G3

2.64

13.16

T4-G3

3.52

3.86

1.04

2.21

T6-G4

8.59

2.91

8.19

6.71

T4-G4

8.67

11.09

1.97

0.90

Note: Cases indicated by * experienced brittle failure during testing and hence the forces were
calculated utilizing Equation (6.23).

6.5.2 Force responses for cutting and hybrid cutting/clamping
The complete force-displacement responses were predicted utilizing the approach
summarized in Section 6.4.6 to replicate the parametric scope of the experiments from the current
study and [30]. These studies contained a series of experimental cases with hybrid cutting/clamping
and hence validating the results allowed for simultaneous validation of the revised deformation
modes, peak wedge force predictions, force attenuation phenomenon and force response modelling.
Selected cases of 8 and 10-bladed hybrid cutting/clamping are plotted in Figure 6.21 to illustrate
the disparities between the most recently proposed analytical model, when attempting to model the
complete force response, in comparison to the experiments. Average validation metrics and
cumulative errors of 0.832 and 0.171 were calculated over the complete parametric scope,
respectively, indicating only a moderate correlation.
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Figure 6.21: Experimental force-displacement responses in comparison to analytical predictions
for the steady-state cutting model from [33] (Chapter 4) and the hybrid cutting/clamping model
from [22] (Chapter 5).
The compete force-displacement responses for representative specimens from group T6G4 are compared to the analytical predictions in Figure 6.22(a). Similar comparisons are also given
for supplemental geometry S10 in Figure 6.22(b). The analytical model captured all of the
previously listed critical aspects of the force response with a high degree of accuracy. The most
significant disparity was observed for configuration T4-S10-C10. The reduced reaction force was
attributed to a tendency for this test case to experience transitions to progressive folding [30].
The average validation metric and cumulative error across the considered parametric scope
were calculated as 0.934 and 0.066, respectively. Average values for each group are summarized
in Table 6.13 and Table 6.14, respectively. The most significant outliers were observed for T6- G3
which experienced brittle failure and correspondingly erratic force-displacement responses.
However, even in these uncommon, severe cases the validation metric was roughly 0.800 or higher
which is sufficient for engineering design. Furthermore, since the derivations were supported by
enhanced theoretical explanations, the findings of this study provide a detailed theoretical basis for
future studies of superior, high capacity energy absorbing devices.
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Figure 6.22: Experimental force-displacement responses in comparison to analytical predictions
from the current study for (a) geometry T6-G4, and (b) T6/T4-S10 from the literature [21].
Table 6.13: Average validation metrics, VM, for complete force-displacement response
modelling.
Alloy temper
6061-T6 (as-received)
6061-T4 (annealed)
condition
4
6
8
10
4
6
8
10
Number of blades, n
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G1 0.952

0.951

0.934

0.970

0.967

0.988

0.937

0.969

G2 0.907

0.970

0.918

0.938

0.866

0.923

0.990

0.962

G3 0.940

0.811

0.803

0.948

0.956

0.960

0.983

0.911

G4 0.921

0.952

0.940

0.960

0.853

0.864

0.940

0.963

S9, from [21]

N/A

N/A

0.977

0.956

N/A

N/A

0.909

0.849

S10, from [21]

N/A

N/A

0.963

0.965

N/A

N/A

0.973

0.913

Table 6.14: Average cumulative errors, CM, for complete force-displacement response modelling.
Alloy temper
6061-T6 (as-received)
6061-T4 (annealed)
condition
4
6
8
10
4
6
8
10
Number of blades, n
G1 0.049

0.049

0.066

0.030

0.033

0.012

0.064

0.031

G2 0.094

0.030

0.082

0.062

0.136

0.077

0.010

0.038

G3 0.060

0.193

0.200

0.053

0.044

0.040

0.017

0.090

G4 0.080

0.049

0.060

0.040

0.149

0.137

0.060

0.037

S9, from [21]

N/A

N/A

0.023

0.044

N/A

N/A

0.076

0.153

S10, from [21]

N/A

N/A

0.037

0.036

N/A

N/A

0.027

0.087

6.6 Conclusions
The objective of this investigation was to study the mechanical response of AA6061 extrusions
subjected to axial cutting and hybrid cutting/clamping over a broad parametric scope to deepen the
theoretical understanding of this energy absorbing mode. The key findings are listed as follows:
1) A comprehensive parametric study was conducted for AA6061 extrusions in T6 and T4
temper conditions with multiple geometric configurations subjected to 4, to 10-bladed
cutting to assess evolutions in the energy absorption mechanisms.

The data was

supplemented with investigations from the literature which were limited to low-bladed
[15] and high-bladed [21] cutting modes to support the validation.
2) Directly observing the evolution in the mechanical response for extrusions subjected to
cutting with increasing blades highlighted significant, newly identified phenomena,
particularly the tendency for the cutting force to attenuate. The average force per blade
was observed to decrease by approximately 36 % from 4 to 10-bladed cutting for a given
geometry; this is a crucial consideration in the practical design of effective energy
absorbing systems which exploit axial cutting.
3) The force attenuation phenomenon was attributed to reduced friction forces in the axial
(cutting) direction, caused by the reciprocal effect and excessive radial flaring of the petals
as the total number of blades was increased and their angular spacing decreased. This
interaction also contributed to the onset and development of localized peak forces as the
extrusion initially cleared the wedge.
4) Revised definitions of fundamental geometric parameters including the axial bend radius,
deformed shoulder length and radial increment allowed for more precise predictions of
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petal contours, both within the wedge of the blade and in the far field. More intuitive
estimates to the relative petal angle, ζ, were utilized to enhance existing analytical models
of the steady-state cutting force.
5) This model was capable of predicting the average cutting force to within approximately
5 % of the experimental values in many instances over a broad scope encompassing several
extrusion geometries subjected to 3 to 10-bladed axial cutting. Reduced energy absorbing
capacity due to brittle fracture was accurately modelled (i.e. ~10 % average error) for
limited cases which experienced crack propagation by considering an alternative model
based upon a brittle membrane and the strain energy release rate (J-integral).
6) The hybrid cutting/clamping deformation mode was demonstrated as a highly effective
energy dissipation mode when exploited under 10-bladed cutting, increasing the steadystate cutting force, on average, by 20 % and 33 % for extrusions in T6 and T4 temper
conditions, respectively. The relative gain was greater for the latter since the clamping
mode was dominated by elasticity.

7) The enhanced analytical modelling procedure considered the transient loading, steady-state
force attenuation, evolving peak wedge force and hybrid cutting/clamping; all
contributions were guided by findings for the newly considered parametric scope. The
average validation metrics and cumulative errors were 0.934 and 0.66, respectively.
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Energy dissipation characteristics for AA6061 extrusions
subjected to novel cutting/clamping modes at impact
velocities up to 32 m/s
7.1 Introduction
Mitigating the devastating effects of traffic collisions can be achieved by a myriad of
techniques, including: the utilization of collapsible, thin-walled extrusions (crash boxes), airbags,
seatbelts and adaptive cruise control. The crash boxes are the first line of defense in a head-on
collision and their response is directly related to the nature of the outcome. The current state-ofthe-art consists of arrays of thin-walled extrusions which progressively fold/collapse along their
axes to dissipate kinetic energy [1, 2], often with geometric discontinuities [3], material tempering
[4] or auxiliary materials such as metallic foams [5, 6] to promote stability. Further enhancements
include the development of more complex, hierarchical geometries by Xu et al. [7] and Xing et al.
[8], honeycomb structures by Hu et al. [9] and Andrew et al. [10], and origami crash boxes by Song
et al. [11] and Ma et al. [12], which promote more repeatable collapse [13]. Although safety
systems which utilize progressive folding are relatively inexpensive and easy to implement, their
efficacy is hindered by characteristic fluctuations in the force-displacement response.
The tendency for extrusions to experience a phenomenon of dynamic plastic buckling
under elevated impact velocities, studied by Karagiozova and Jones [14], is an important
consideration in the design of safety systems. Unlike progressive buckling, this is an unstable
mechanism characterized by simultaneous wrinkling of an extrusion over its entire length due to
excessive kinetic energy and insufficient lateral inertia [15, 16]. The inclusion of a controllable,
pressurized chamber by Hu et al. [17] and Kuleyin and Gümrük [18] partially mitigated this effect.
However, since maintaining internal pressure is critical (i.e. cracking cannot occur) only low to
mild strength alloys can be utilized.

Traditional lightweight materials such as 6000-series

aluminum tend to crack under crushing deformation modes, as characterized by Haley and
Kyriakides [19] and Qvale et al. [20] for circular and rectangular extrusions, respectively.
Novel, alternative deformation modes were studied in recent decades, including axial
inversion [21], expansion [22] and bimodal compression [23], among others. Axial splitting,
characterized for metallics by Reddy and Reid [24] and Lu et al. [25], is an established example of
an axially loaded energy absorber which exhibits a near-constant force response. This ideal
behaviour was adequately maintained under oblique loading conditions, as shown by Dai et al. [26,
27] and Moreno et al. [28]. Dynamic plastic buckling was noted to occur for this deformation mode
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by Stronge et al. [29], although the effect was contained to the impacted (proximal) end of the
extrusion. The introduction of notches prior to deformation by Rouzegar and Karimi for metallics
[30] and for composites by Hussein et al. [31] improved the stability of this deformation mode.
More recent investigations by Noh and Lee [32] and Guan et al. [33] demonstrated the efficacy of
this deformation mode under full scale dynamic testing for rail applications.
Axial cutting, augmented for extrusions by Jin et al. [34] from the work of Jones et al. [35],
Paik [36], Lu and Calladine [37] and Simonsen and Wierzbicki [38], is a similar deformation mode
which is also characterized by a near-constant, steady-state force response [39]. This mechanical
behaviour was observed for both quasi-static and low velocity (V < 10 m/s) impact tests by Jin et
al. [34] for 6061 aluminum extrusions, and further confirmed by Mahdavi et al. [40], Guan et al.
[41] and Wang et al. [42]. Blast testing (V > 60 m/s) was conducted by Yuen et al. [43] utilizing a
similar apparatus with plastic explosive utilized as the propellant. The capability for an extrusion
subjected to cutting to meet or exceed the quasi-static energy absorbing capacity of progressive
folding was demonstrated by Magliaro et al. [44], and attributed to a combination of extrusion
cutting and clamping of the petalled sidewalls in a cutting/clamping mode [45]. Hybrid energy
absorbers are emerging alternatives which utilize multiple deformation modes to maximize energy
absorption while maintaining favorable characteristics.

A near-constant force response was

preserved while the resistance force increased by a factor of 2 by combining radial expansion with
axial splitting by Moreno et al. [28] and Pratiknyo et al. [46]. Most studies were conducted by drop
hammer testing [39], and hence impact velocities were limited to 10 m/s or less.
The primary objective of this study was to assess the performance of novel hybrid
cutting/clamping deformation modes under previously untested, elevated impact loading conditions
between 14 m/s and 32 m/s. Complementary axial crushing experiments were conducted to provide
a direct comparison of these energy absorption modes under impact, which is absent from the
literature. A tendency for the cutting force to reduce at increased velocities was observed for the
first time for the axial cutting mode and attributed to previously theorized reductions in the contact
forces [37].

The corresponding analysis provided new insights regarding the underlying

phenomena, including the identification of a degrading coefficient of friction with an
experimentally obtained analytical relationship to the cutting velocity and qualitative
considerations for adiabatic shear band formation as a potential mechanism. This relationship was
implemented in both analytical and numerical models of the cutting process and validated utilizing
the data contained in the current study and for blast conditions, with data from [43].
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7.2 Methodology
7.2.1 Mechanical properties of extruded AA6061
The extruded AA6061 tubing utilized in this investigation was consistent (and obtained
from the same source) to the material outlined in Sections 3.3.2 and 6.2.1. Representative
engineering stress-strain responses were correspondingly summarized in Figure 3.3 for extrusions
in T6 (as-received) and T4 (annealed) temper conditions. For convenience, the mechanical
properties which were relevant to any modelling exercises contained within this Chapter are
summarized in Table 7.1.
Table 7.1: Relevant mechanical properties of AA6061 in the extruded direction.
AA6061-T6
AA6061-T4
Material property
(as-received)
(annealed)
Elastic modulus, E [GPa]

68.9

65.3

Bulk modulus, K [GPa]

67.5

64.0

Shear modulus, G [GPa]

25.9

24.5

Poisson’s ratio, ν

0.33

0.33

Yield strength, σY [MPa]

277.5

146.2

Ultimate strength, σU [MPa]

320.2

258.3

Flow stress, σo [MPa]

298.7

187.3

Structural density, ρ [kg/m ]

2760

2760

Specific heat capacity, cP [kJ/kg∙K]

0.896

0.896

3

Rate effects were accounted for in the analytical modelling with a Cowper-Symonds
constitutive relationship, stated in Equation (2.56). As previously outlined in Section 4.2.5.2, Jones
and Airaldi [47, 48] recommend that D and q be taken as 1288000 s-1 and 4, respectively, for 6061T6. Additionally, D and q values of 6500 s-1 and 4, respectively, were recommended for annealed
AA6061 (including the T4 temper condition).

7.2.2 Summary of testing procedures
7.2.2.1 Cutting tool preparation
The presented study considered axial crushing and 8 and 10-bladed hybrid
cutting/clamping deformation modes, with the cutting tools coupled to a conical deflector. These
fixtures were previously shown in Figure 6.1(a) and Figure 6.1(b), respectively, and visible in .
The blades possessed the dimensions of profile ‘G’, reproduced in for convenience.

214

Table 7.2: Critical blade dimensions for the 8 and 10-bladed cutting tools utilized in the current
investigation, illustrated in Figure 6.1(a).
Blade
geometry ID
G

Blade
width, 2B
[mm]

Wedge
height,
lb [mm]

Blade tip
width, T
[mm]

Wedge
angle, θ
[rad]

Cutter
height, hc
[mm]

Outer ring
radius, rc
[mm]

3.000

6.000

1.200

0.149

20.000

43.800

7.2.2.2 Hydraulically driven, quasi-static testing apparatus
Quasi-static testing was conducted utilizing the 600 kN capacity, hydraulic MTS testing
machine. The apparatus and sensors are showcased in Figure 7.1. The extrusions were compressed
for 125 mm of displacement at a constant rate of 50 mm/min. The strain gauge-based load cell was
a PCB, model 1204-02A (222 kN capacity). Displacement-time readings were collected with the
previously mentioned Acuity AR700-12, non-contact laser displacement transducer.

The

apparatus, which was highly consistent to those which were implemented in previous Chapters, is
shown schematically in Figure 7.1 for convenience. Measurements were collected at 2 kHz
utilizing a NI CompactDAQ system (cDAQ-9178), equipped with NI 9215 16-bit voltage input and
NI 9237 24-bit bridge modules to acquire data from the laser and load cell, respectively.

Figure 7.1: Hydraulically powered quasi-static testing apparatus for axially loaded extrusions
subjected to crushing and cutting/clamping.
7.2.2.3 Pneumatically accelerated impact testing apparatus
Dynamic testing was performed utilizing the pneumatically accelerated impact system with
the apparatus shown schematically and as-tested in Figure 7.2(a) and Figure 7.2(b), respectively.
An annular support was also fabricated from a 4140-tool steel for the specimens subjected to
crushing with a depth of 6 mm (shallow enough to support the extrusion without influencing the
deformation mode) referred to as the ‘chuck’. The extrusions subjected to cutting were deformed
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onto the cutting tools to a nominal depth of 6 mm pre-test for the cases of impact loading to
maintain horizontal positioning.

(a)
(b)
Figure 7.2: Pneumatically powered impact testing apparatus shown (a) schematically, and (b) astested (physical apparatus shown for cutting/clamping only).
Forces were only measured at the distal location since the impacts were between 14 m/s to
32 m/s; this high rate of loading was detrimental to the 10-32 connection on the PCB, 200C-series
load cells. Additionally, the proximal force response for extrusions subjected to cutting (previously
studied for aluminum by Jin et al. [34]) was not of significant interest given the scope of this
investigation since the distal reaction force was more representative of a support structure. The
dynamic crushing and cutting forces were acquired at rate of 100 kHz by Dytran, 1210V7 454 kN
and 267 kN 1210V5 IEPE force sensors, respectively, attached to NI9223 modules on the cDAQ9178. Displacement-time histories were obtained by tracking the crosshead of the 11.5 kg impactor
with a Photron SA4 camera recording at 125000 fps (frames per second). Large-scale videos were
captured with an identical camera recording at 30000 fps. The cameras were connected to NI9401
transistor-transistor logic (TTL) modules for synchronization. A high frequency micro epsilon
optoNCDT 2300 laser with a 300 mm range was connected to a N19205 module and positioned to
track the bullet’s horizontal position to trigger the data acquisition process.

7.2.3 Specimen selection
All extrusions considered in this study possessed a common outer diameter of 50.8 mm,
with wall thicknesses of both 3.175 mm and 1.588 mm (referred to as thick and thin-walled,
respectively, and consistent with geometries G1 and G3 from Chapter 6). These geometries were
sized (selected) to promote original observations within both the quasi-static and dynamic testing.
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It is known from Abramowicz and Jones [49] that when an extrusion is subjected to progressive
folding the critical length necessary for a transition to global bending decreases when the extrusion
ratio,

𝐷𝑜
,
2𝑡

is reduced. Relations for the quasi-static, Lcr,QS, and dynamic, Lcr,Dyn, transition lengths are

summarized in Equations (7.1) and (7.2), respectively [49]. Specimens were given a common
length of 200 mm, which was ~10 mm less than the quasi-static transition length for the 3.175 mm
thick geometry, to observe whether the high capacity cutting/clamping modes were also sensitive
to deformation mode transitions.
𝑅𝑚
𝐿𝑐𝑟,𝑄𝑆
(
) = 2.996 ∙ 𝑒 20𝑡
2𝑅𝑚

(7.1)

0.124𝑅𝑚
𝐿𝑐𝑟,𝐷𝑦𝑛
(
) = 2.543 ∙ 𝑒 𝑡
2𝑅𝑚

(7.2)

Previous testing from [45] (Chapter 6) revealed that the 1.588 mm thick specimens in a T6
temper condition were susceptible to semi-brittle cutting. A transition from semi-brittle to ductile
failure was observed for AM30 magnesium extrusions subjected to cutting [50] (Chapter 5). It was
of interest to determine whether a similar transition would occur for AA6061. The specimens in a
T4 temper were expected to deform in more conventional modes due to the improved ductility.

7.2.4 Specimen grouping and performance parameters
Samples were identified with the naming convention TC-t-DM-LR-#, where TC indicated
the temper condition of the alloy, t the wall thickness, DM the deformation mode (‘PC’ for
progressive crushing, ‘C8’ and ‘C10’ for 8 and 10-bladed cutting/clamping), LR the loading rate
(‘QS’ for quasi-static and ‘Dyn’ for dynamic tests) and # was the test number. The parametric
scope is summarized in Table 7.3. A minimum of 3 quasi-static tests and 2 tests per impact velocity
(3 distinct velocities for each thickness) were conducted per group to ensure sufficient repeatability.
Table 7.3: Parametric scope for AA6061 extrusions subjected to crushing and cutting/clamping.
Diameter, Do
[mm]

Thickness,
t [mm]

Temper
condition

Deformation
modes

Loading rates

50.8

3.175

T6, T4

PF, C8, C10

50 mm/min (QS)
VS = {16, 24, 32} m/s (Dyn)

50.8

1.588

T6, T4

PF, C8, C10

50 mm/min (QS)
VS = {14, 18, 22} m/s (Dyn)

The mechanical performance of the extrusions was analyzed utilizing the parameters that
were previously outlined in Section 2.3.1, including the total energy absorption, TEA, mean reaction
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force, Fm, cutting/crushing force efficiency, CFE. The relative error, R, was utilized to assess the
analytical and numerical modelling procedures’ ability to predict performance metrics. The
validation metric, VM, and cumulative error, CM, were utilized to assess the correlation between the
force-displacement responses. The energy absorbing effectiveness factor (EAEF), ψ, was proposed
more recently by Hsu and Jones [51] as the (dimensionless) ratio of TEA normalized with respect
to the energy absorbed by the same volume of sacrificial material, 𝑉̅𝑒𝑥𝑡 , up to failure in tension.
𝛿

𝜓=

𝑇
∫0 𝐹(𝑥)𝑑𝑥

𝜀
𝑉̅𝑒𝑥𝑡 ∫0 𝑓 𝜎(𝜀)𝑑𝜀

(7.3)

This metric can be restated for a circular extrusion subjected to an arbitrary deformation mode as:
𝜓=

𝐹𝑚 𝛿𝑇
𝜋𝜎𝑜 𝜀𝑓 (𝑟𝑜2 − 𝑟𝑖2 )𝐿

(7.4)

where the extrusion length, L, can be expressed for axial crushing as 0.75𝐿 ≈ 𝛿𝑇 [52] and for
cutting as 0.95𝐿 ≈ 𝛿𝑇 , since most of the extrusion is available for energy absorption [39]; further
rationale on the latter assumption is given in Section 7.3.4. This newly considered performance
metric also allowed for enhanced comparisons between the cutting/clamping and crushing
deformation modes.

7.3 Results and discussion
7.3.1 Quasi-static testing results
The following data was obtained to outline and quantify a baseline for the performance of
the selected deformation modes. Representative force-displacement responses for the thick-walled
specimens subjected to quasi-static loading are summarized in Figure 7.3, with the complementary
average performance metrics for each test group summarized in Table 7.4. A transition to
progressive folding was observed in approximately half (3 out of 7) of the thick-walled specimens
in a T6 temper condition subjected to progressive crushing, denoted as ‘GB’ and visualized in
Figure 7.3(a). This resulted in a 66 % reduction in energy absorbing capacity, quantified by the
difference in EAEF values. The extrusions which experienced crushing still exhibited erratic force
responses due to fracture of the deformed lobes; the specimens in a T4 temper condition formed
lobes which remained intact. A near-constant force response was observed for both the axial cutting
and cutting/clamping modes. No transitions or instabilities occurred under the 8 and 10-bladed
cutting/clamping modes due the stress concentration at the blade tips which initiated failure in a
repeatable manner.
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(a)
(b)
Figure 7.3: Representative force-displacement responses for 3.175 mm (thick-walled) extrusions
subjected to axial crushing and 8 and 10-bladed cutting in (a) T6, and (b) T4 temper conditions.
Table 7.4: Average performance metrics for 3.175 mm (thick-walled) AA6061 extrusions
subjected to quasi-static axial crushing, 8-bladed cutting and 10-bladed cutting.
Alloy temper condition
Deformation mode

6061-T6 (as-received)

6061-T4 (annealed)

PC/GB

C8

C10

PC

C8

C10

77.28/87.50

67.71

90.17

81.95

52.16

74.68

9.50/3.79

7.96

10.62

10.10

6.06

8.49

37.00/14.77

31.19

41.30

39.03

23.62

33.18

EAEF, ψ

2.43/0.80

2.65

3.58

2.96

2.33

3.23

CFE [%]

46.93/53.06

66.35

84.18

71.55

92.90

90.14

Fm,crush (Fss,cut) [kN]
TEA [kJ]
SEA [kJ/kg]

A similar trend of erratic mechanical behaviour due to brittle failure for specimens in a T6
temper condition, with more stable responses for the T4 tempered counterparts, was observed for
the thin-walled specimens as characterized in Figure 7.4(a) and Figure 7.4(b), respectively.
Rampant crack propagation lead to near-zero load bearing capacity in the specimens subjected to
crushing. The TEA was approximately 10 % lower for the specimens in a T6 temper condition
compared to the specimens in a T4 temper condition, despite the reduced flow stress, as
summarized by the performance metrics in Table 7.5. The specimens in a T6 temper condition
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subjected to cutting experienced semi-brittle failure, associated with moderate chipping of the
cutting membrane [45].
T4-1.588-PC-QS-2
T4-1.588-C8-QS-3
T4-1.588-C10-QS-3
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Figure 7.4: Representative force-displacement responses for 1.588 mm (thin-walled) extrusions
subjected to axial crushing and 8 and 10-bladed cutting in (a) T6, and (b) T4 temper conditions.
Table 7.5: Average performance metrics for 1.588 mm (thin-walled) AA6061 extrusions
subjected to quasi-static axial crushing, 8-bladed cutting and 10-bladed cutting.
Alloy temper condition

6061-T6 (as-received)

6061-T4 (annealed)

Deformation mode

PC

C8

C10

PC

C8

C10

Fm,crush (Fss,cut) [kN]

25.79

23.92

31.16

27.79

23.42

31.52

TEA [kJ]

3.19

3.03

3.60

3.52

2.79

3.44

SEA [kJ/kg]

23.85

22.45

26.82

26.99

20.91

25.66

EAEF, ψ

1.53

1.86

2.27

1.98

1.94

2.49

CFE [%]

33.78

77.36

74.30

62.40

88.98

90.89

Representative specimens are shown post-test in Figure 7.5(a) which illustrate the
differences in stability. The force responses for the extrusions in a T4 temper condition subjected
to axial crushing exhibited well defined peaks and valleys, associated with the formation of the
deformed lobes shown in Figure 7.5(b). The petalled sidewall contours were more erratic for the
thin-walled specimens in comparison to their thick-walled counterparts due to the increased
slenderness and reduced moment of area of the profile. Even with the noted instances of semibrittle cutting, it is evident from an examination of Figure 7.5 that the 8 and 10-bladed
cutting/clamping modes resulted in deformed structures which did not exhibit the rampant fracture
observed for the extrusions subjected to progressive crushing. The steady-state cutting forces also
tended to pass through and eclipse the secondary peaks in the complementary force responses
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associated with axial crushing, which resulted in enhancements to both TEA and CFE, summarized
in Table 7.4 and Table 7.5 for the thick and thin-walled extrusions, respectively.

(a)
(b)
Figure 7.5: Deformed specimens shown post-test, at 125 mm of displacement, for (a) the
3.175 mm (thick-walled), and (b) 1.588 mm (thin-walled) specimens.

7.3.2 Elevated impact testing results
The following data was obtained utilizing the apparatus visualized in Section 7.2.2.3 at
nominal impact velocities between 14 m/s and 32 m/s, with a tolerance of ±1 m/s, or less. All data
was filtered utilizing a low pass, 2-way SAE filter with a channel frequency class (CFC) of 1000,
per the rationale summarized in [50]. Representative force-displacement responses for the thickwalled extrusions in a T6 temper condition at each nominal velocity identified in Table 7.3 are
presented in Figure 7.6. The complementary force responses for extrusions in a T4 temper
condition are provided in Figure 7.7. The force responses for the extrusion subjected to crushing
were characteristically similar to the quasi-statically obtained data, exhibiting moderately
increasing peak forces with increased impact velocities due to minor rate sensitivity of the alloy.
Fluctuations between the peaks and valleys for specimens in a T6 temper condition were severe
due to brittle failure of the deformed lobes, visualized in Figure 7.8(a). The specimens in a T4
temper condition remained intact (Figure 7.8(b)), however, minor dynamic plastic buckling was
observed for the specimens subjected to 32 m/s impacts. The 8 and 10-bladed cutting modes
prevented dynamic plastic buckling for extrusions due to the inherent stress concentration of the
blade tips. The performance metrics are summarized in Table 7.6 for the thick-walled extrusions
which underwent 32 m/s impacts.
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Figure 7.6: Force-displacement responses for 6061-T6, thick-walled extrusions subjected to axial
crushing and cutting at (nominal) impact velocities of (a) 16 m/s, (b) 24 m/s and (c) 32 m/s.
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Figure 7.7: Force-displacement responses for 6061-T4, thick-walled extrusions subjected to axial
crushing and cutting at (nominal) impact velocities of (a) 16 m/s, (b) 24 m/s and (c) 32 m/s.
The cutting forces measured under impact were notably reduced. For example, the steadystate forces were approximately 90 kN and 62 kN for the thick-walled extrusions in a T6 temper
condition subjected to quasi-static and dynamic 10-bladed cutting, respectively. The cutting force
was observed to recover within the final 15 mm of displacement, with the force prior to unloading
representing the global peak for each individual test. A meta study by Lu and Calladine [37]
identified reduced contact forces at the cutting interface as the mechanism for reduced load bearing
capacity. The deformed specimens showcased in Figure 7.8 were macroscopically similar to the
specimens which were loaded quasi-statically which suggests that the fundamental deformation
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modes are consistent and hence reinforces this theory. However, potential underlying causes were
not explicitly identified in the literature.
Table 7.6: Average performance metrics for 3.175 mm (thick-walled) AA6061 extrusions
subjected to axial crushing and cutting at nominal impact velocities of 32 m/s.
Alloy temper condition

6061-T6 (as-received)

6061-T4 (annealed)

Deformation mode

PC

C8

C10

PC

C8

C10

Fm,crush (Fss,cut) [kN]

111.62

43.21

61.74

114.18

39.36

50.81

TEA [kJ]

6.15

6.25

6.05

6.24

5.89

5.78

SEA [kJ/kg]

23.88

24.08

23.29

24.39

23.02

22.05

EAEF, ψ

3.15

1.65

2.05

3.66

1.63

2.08

CFE [%]

51.73

76.08

69.97

69.00

68.92

66.49

(a)

(b)

Figure 7.8: Thick-walled (50.8 mm OD, 3.175 mm wall) extrusions in (a) T6, and (b) T4 temper
conditions subjected to axial crushing and cutting at 32 m/s impact velocities.
Representative force-displacement responses for the thin-walled extrusions in a T6 temper
condition at each nominal impact velocity identified in Table 7.3 are presented in Figure 7.9. Brittle
failure persisted in the specimens subjected to crushing, shown in Figure 7.11(a), while the
specimens subjected to cutting experienced ductile failure. The ductile cut surface and a wide scale
image of a specimen with continuous petals are presented in Figure 7.9(a) and Figure 7.9(c),
respectively, in contrast to the chipped cutting interface previously observed quasi-statically Figure
7.4(a). A transition from semi-brittle to ductile cutting was confirmed by the performance metrics
in Table 7.7, and the difference of approximately 20 % between cutting/clamping forces for
extrusions in each temper condition. The corresponding force responses for the extrusions in a T4
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temper condition are presented in Figure 7.10. The moderate rate sensitivity of this temper
condition is highlighted by the 33 % increase in the peak crushing force from the quasi-static to
dynamic testing, compared to the marginal 13 % increase for extrusions in a T6 temper condition.
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Figure 7.9: Force-displacement responses for 6061-T6, thin-walled extrusions subjected to axial
crushing and cutting at (nominal) impact velocities of (a) 14 m/s, (b) 18 m/s and (c) 22 m/s.
Recall that under quasi-static loading the forces were near-identical between temper
conditions due to brittle failure in the T6 temper condition, refer to Table 7.5. Additionally, the
difference in cutting/clamping forces between temper conditions, for both geometries, was
expected to be marginal in comparison to the difference in flow stresses since the clamping
phenomenon was dominated by the common elastic properties of the extrusions [45, 50].
Consistent to [50], it was postulated that elevated temperatures at the cutting interface, due to the
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extreme relative motion, promoted increased ductility in the alloy and mitigated premature failure
in the cutting membrane. Reductions in load bearing capacity were also observed for the thinwalled extrusions subjected to cutting with respect to the corresponding quasi-static data, by
approximately 23 %. The deformation modes showcased in Figure 7.9 and Figure 7.11 were
consistent to the principal mechanisms identified in theoretical studies [38, 39, 45], which further
suggested that reductions in the cutting force were caused by reduced contact forces at the blades.
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Figure 7.10: Force-displacement responses for 6061-T4, thin-walled extrusions subjected to
axial crushing and cutting at (nominal) impact velocities of (a) 14 m/s, (b) 18 m/s and (c) 22 m/s.
The dynamically obtained cutting/clamping forces for extrusions subjected to 10-bladed
cutting experienced steady-state forces which generally coincided with the local minimums in the
force responses for the complementary extrusions subjected to crushing in both cases. This was
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indicative of increased energy absorbing capacity, discussed further in Section 7.3.4. Dynamic
plastic buckling was observed in the progressive crushing tests, shown in Figure 7.11. The effect
was more severe compared to the complementary thick-walled specimens due to the reduced lateral
inertia of the thin-walled extrusions. Regardless, there was no evidence of dynamic plastic
buckling in the specimens subjected to axial cutting which further demonstrates the benefit of
introducing stress concentrators (i.e. blade tips).
Table 7.7: Average performance metrics for 1.588 mm (thin-walled) AA6061 extrusions
subjected to axial crushing and cutting at nominal impact velocities of 22 m/s.
Alloy temper condition

6061-T6 (as-received)

6061-T4 (annealed)

Deformation mode

PC

C8

C10

PC

C8

C10

Fm,crush (Fss,cut) [kN]

34.57

22.95

30.03

34.29

19.73

25.57

TEA [kJ]

2.82

2.73

2.75

2.78

2.78

2.76

SEA [kJ/kg]

20.81

19.62

19.65

19.72

19.94

20.70

EAEF, ψ

2.09

1.43

1.86

2.02

1.55

2.05

CFE [%]

45.41

62.56

71.54

56.40

70.80

71.73

(a)

(b)

Figure 7.11: Thin-walled (50.8 mm OD, 1.588 mm wall) extrusions in (a) T6, and (b) T4 temper
conditions subjected to axial crushing and cutting at impact 22 m/s velocities.
The extrusions subjected to axial crushing were observed to deform at both their impacted and
supported ends, and to a lesser extent along their entire length, due to the dynamic plastic buckling
phenomenon. This effect was more pronounced for the extrusions subjected to the highest impact
velocities in each test group, previously shown in Figure 7.8 and Figure 7.11 for the thick and thinwalled extrusions, respectively. This was expected since the onset of dynamic plastic buckling is
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highly sensitive to the impact velocity and occurs when the duration of the impact event is not
significantly longer than the elastic wave transit time of the structure [14]. The buckling effect was
more severe the thin-walled extrusions subjected to crushing in comparison to their thick-walled
counterparts, as expected, due to the reduced lateral inertia (or moment of area) of the former
compared to the latter [15, 16]. The cutting tools prevented wrinkling along the extrusion length
for specimens subjected to cutting/clamping under impact since the blade tips effectively served as
stress concentrators, both reducing the peak forces required to initiate deformation and prolonging
the time duration of the impact event.

Combined with previous observations for AA6061

extrusions subjected to cutting under blast loading conditions (VS > 60 m/s) by Yuen et al. [43], it
is evident that cutting deformation modes are significantly more resistant to the onset of this
dynamic effect compared to the axial crushing mode. This is a favorable trait since dynamic plastic
buckling is an unstable phenomenon which hinders the efficacy and repeatability of a given
deformation mode.

7.3.3 Comparison between crushing and cutting/clamping
The mechanical performance of the cutting/clamping deformation mode was assessed in
comparison to axial crushing since the latter is the current state-of-the-art, and no such comparison
exists in the literature for these deformation modes at elevated impact velocities. An equivalence
ratio, 𝜂𝐹𝑚 , between the mean forces for each mode was utilized in previous studies [44, 50]:
𝜂𝐹𝑚 =

𝐹𝑠𝑠,𝑐𝑢𝑡
𝐹𝑚,𝑐𝑟𝑢𝑠ℎ

(7.5)

If the metric exceeds unity, this indicates superior load bearing capacity in the steady-state
regime for a given cutting deformation mode with respect to progressive folding, for identical
geometries. However, this metric does not consider the maximum energy absorbing potential of
each deformation mode. Recall that approximately 25 % of an extrusion’s height cannot be utilized
for progressive folding modes [1, 52]. Therefore, the ratio between EAEF’s was also considered:
𝜂𝜓 =

𝜓𝑐𝑢𝑡
𝜓𝑐𝑟𝑢𝑠ℎ

(7.6)

The previously outlined assumption regarding maximum effective cutting length
(0.95𝐿 ≈ 𝛿𝑇 ) from Section 7.2.4 was postulated from a survey of the literature [39] in which
numerous sources showcased extensive material exploitation for a plethora of structures. The
assumption was tested by subjecting a thin-walled extrusion to 8-bladed cutting at a nominal
velocity of 26 m/s, such that the extrusion could not fully dissipate the kinetic energy of the
impactor. This was limited to the single, indicated test case due to safety considerations and to
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prevent damage to the apparatus. A steady-state force response was observed to the final 5 mm of
displacement. The total displacement was slightly less than 200 mm due to the pre-test procedure
of specimen installation. Although the specimen remained intact for the entire cutting process, the
EAEF length assumption was limited to a more conservative estimate of 𝛿𝑇 ≈ 0.95𝐿 for practicality.

Figure 7.12: Full extrusion length utilization for a thin-walled (1.588 mm wall) extrusion in a T6
temper condition subjected to 8-bladed cutting at a 25.9 m/s impact velocity.
All performance metrics listed in Section 2.3.1 were utilized for comparison analyses, for
all deformation modes, with consideration for only the mass and dimensions of the sacrificial
extrusions (i.e. all auxiliary components were omitted). A summary of the comparison ratios with
respect to the mean reaction forces and the considered loading rates is provided in Figure 7.13(a).
Note that the near-zero values correspond with the quasi-static tests which were performed at a
constant rate of 50 mm/min (8.3×10-3 m/s). Average comparison ratios of approximately 0.91 and
0.74 were calculated between extrusions subjected to 8-bladed cutting and axial crushing in the T6
and T4 temper conditions, respectively. The former exhibited superior performance due to the
previously noted tendency for brittle failure to occur under crushing. Complementary average
values of 1.19 and 0.89 were observed between extrusions subjected to quasi-static, 10-bladed
cutting and axial crushing, respectively.
Several of the dynamically obtained comparison ratios were between 0.35 and 0.85, with
improved performance noted for the 10-bladed cutting mode; the ratios tended to decrease with
increasing impact velocities. These values indicated greater instantaneous load bearing capacity
for the axial crushing deformation mode. However, peak forces for the extrusions subjected to
cutting were approximately half the magnitude (or less) than the corresponding peak forces under
axial crushing, visualized by the force responses in Section 7.3.2, which is desirable for applications
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with load limiting requirements. It is evident, particularly for extrusions in a T6 temper condition,
from the prevention of a deformation mode transition in Section 7.3.1 and the stability of the
deformation modes showcased in Sections 7.3.1 and 0 that axial cutting is highly versatile, and can
be safely implemented for extrusions which cannot undergo stable crushing. Additionally, the CFE
of the extrusions subjected to cutting/clamping exceeded the CFE under crushing by a factor of 2,
on average, which is desirable to mitigate death and injury. Energy absorbing capacity was
compared utilizing the EAEF ratio, summarized for all considered loading rates in Figure 7.13(b).
This metric was observed to exceed unity in more instances than the force ratio since extrusions
subjected to cutting are capable of greater stroke efficiencies than extrusions subjected to crushing.

(a)

(b)
Figure 7.13: Comparison ratios with respect to (a) mean (steady) forces, 𝜂𝐹𝑚 , and (b) EAEF, 𝜂𝜓 ,
for AA6061 extrusions subjected to quasi-static (~8.3×10-3 m/s) and dynamic loading.
Most cutter/extrusion pairs were capable of superior total energy absorption in comparison
to crushing, with up to 50 % greater capacity for the thin-walled extrusions subjected to quasistatic, 10-bladed cutting. The thin-walled extrusions subjected to 10-bladed cutting exhibited
energy absorption ratios greater than unity for impact velocities up to 22 m/s, despite the noted
reduction in load bearing capacity under dynamic cutting. However, there were many instances
where the ratio was less than unity; the effect was particularly severe for the thick-walled specimens
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subjected to 8-bladed cutting where 𝜂𝜓 was generally below 0.60. The thick-walled extrusions in
a T4 temper condition displayed the most significant disparity in performance since this geometry
benefited from ductile strain hardening (and hence more consistent, high energy lobe formation)
under progressive folding. Although experimental scatter is present due to the presence of dynamic
effects, inherent variations between individual tests [1, 39] and the onset of brittle fracture for some
groups, as discussed in Section 7.3.2.

7.3.4 High-speed cutting phenomena
Reduced forces with increased cutting velocities were discussed in a meta-analysis by Lu
and Calladine [37] of experimental results for the wedge-based cutting of flat metallic plates. A
similar phenomenon was also observed for orthogonal cutting [53]. The former postulated that this
tendency was associated with reduced contact forces at the cutting interface under impact, since
inertial and rate effects were identified to positively contribute towards the cutting force. The
theory was qualitatively supported by the generally accepted phenomenon of extreme wear
combined with highly localized thermal softening at the relative cutting interface [54]. However,
investigations into this phenomenon are limited in the existing literature for energy dissipation.
Petalled sidewalls were recovered post-test for specimens subjected to quasi-static and dynamic
cutting, showcased in Figure 7.14, to identify potential causes for the reduced cutting forces.
Adiabatic shear band formation is a well-studied thermomechanical phenomenon which
regularly occurs during chip formation under orthogonal cutting [55-57]. Miguélez et al. [58],
Chen et al. [59] and Xu et al. [60] identified a trend of decreased spacing between adjacent adiabatic
shear bands (and decreased cutting forces) with increased cutting velocities. The correlation is
logical since their formation causes localized material softening, reducing the load bearing
capacity. The axial cutting deformation mode possesses a more complex, multiplanar contact
interface which results in shear strains in multiple directions. From an examination of Figure 7.8
and Figure 7.11, it is evident that specific chips ahead of the cutter cannot be identified post-test.
Therefore, the cut surfaces of the petalled sidewalls were examined, as showcased in Figure 7.14.
Extensive scarring perpendicular to the cutting direction was observed on the specimens
subjected to dynamic loading, associated with extreme, adiabatic shear deformation from the blade
shoulder and attributed to dynamic effects since comparable surfaces from quasi-statically loaded
specimens did not exhibit these features. Furthermore, the spacing between adjacent scars was
observed to be velocity dependent (i.e. decreased spacing at increased speeds), which is analogous
to the previously discussed trend for adiabatic shear band formation. These newly observed shear
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scars under high speed axial cutting support previous assumptions that reduced cutting forces are
associated with contact phenomena [37], and provide visualization of the velocity dependence.

Figure 7.14: Post-test examination of the petal/blade contact interface for extrusions from group
T6-3.175-C8, illustrating velocity dependent shear scarring on the surface of the specimen.
The influence of cutting velocity was investigated by examining the cutting force with
respect to the instantaneous velocity, Vi, of the impactor, which represents the cutting velocity at
some arbitrary point, i, during the impact event. Neglecting losses due to acoustic energy and
similar environmental effects, the energy associated with the unidirectional impact event can be
stated as:
𝑁

𝑁

1
1
𝑈1 + (∑ 𝑚𝑗 𝑥̇𝑗2 ) + 𝑊1−2 = 𝑈2 + (∑ 𝑚𝑗 𝑥̇𝑗2 )
2
2
𝑗=1

𝑗=1

1

(7.7)
2

where the direction was taken as x, the index j represented the entities involved in the impact
(e.g. extrusion, projectile) and 𝑊1−2 any external work (e.g. from a hydraulic press). The potential
energy, U, was irrelevant for the apparatus utilized in this study, but could be included within
Equation (7.7) as needed. Assuming a that perfectly inelastic collision occurs between the impactor
and extrusion (i.e. 𝑉𝑠 ≈
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𝑚𝑠 𝑉𝑠
𝑚𝑠 +𝑚𝑒𝑥𝑡

immediately after impact), Vi was isolated as:

𝑉𝑖 = √

𝛿𝑖
𝑚𝑠2
2
2−
∙
𝑉
∫
𝐹(𝑥, 𝑥̇ ) 𝑑𝑥
𝑠
(𝑚𝑠 + 𝑚𝑒𝑥𝑡 )2
𝑚𝑠 + 𝑚𝑒𝑥𝑡 0

(7.8)

where x represents the impact (and cutting) direction. The leftmost term originates from the initial
kinetic energy of the impactor and the rightmost term represents the work done, between the initial
and final states, by the cutting force.
The expression from Equation (6.53) was utilized to obtain force responses with respect to
the cutting velocity; representative force-velocity responses for selected configurations are
provided in Figure 7.15. The force-velocity response was characterized by two distinct regions: (i)
a plateau in the force response where the cutting force was relatively independent of the velocity,
and (ii) a recovery zone where the force increased with decreasing velocity. The transition was
observed at approximately 20 m/s and was independent of the geometry, material and cutting
deformation mode.

A tendency for the cutting force to plateau is consistent to qualitative

observations from Figure 7.14, where adjacent shear scar merging was observed within the regions
of the petals subjected to high speed (i.e. > 20 m/s) cutting.

Figure 7.15: Representative force-velocity responses, for each nominal impact velocity, from
specimens in groups T6-3.175-C8 and T4-1.588-C10.
To verify the strong dependence on the cutting velocity, the dimensionless cutting force,
fcd, (from [45]) was obtained utilizing the experimental force-velocity responses, 𝐹𝑒𝑥𝑝 (𝑉𝑖 ):
𝑓𝑐𝑑 (𝑉𝑖 ) =

𝐹𝑒𝑥𝑝 (𝑉𝑖 )
𝑛𝜎𝑜 𝑟𝑜 𝑡

(7.9)

The dimensionless force was plotted with respect to the cutting velocity for the complete parametric
scope in Figure 7.16; these plots represented the average values at each nominal cutting velocity.
A strong correlation between the normalized cutting force and velocity was identified via Figure
7.16 with a visually consistent, critical plateau velocity observed for each group. While previous
studies have identified this tendency for force loss under high velocity cutting modes for energy
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dissipation [37, 39], the newly observed, continuous force-velocity trend has identified previously
overlooked details (e.g. the plateau region) which are crucial to the design of superior energy
dissipation systems. Further details on the implementation of these findings within newly enhanced
engineering analyses are provided in Section 7.4.3.

Figure 7.16: Dimensionless force-velocity responses (transient regimes removed) for the
complete parametric scope, indicating strong correlation between the cutting force and relative
velocity.

7.4 Modelling of the hybrid cutting/clamping mode
7.4.1 Analytical modelling of the force response
The analytical procedure for predictions of the complete force-displacement response of
aluminum extrusions subjected to axial cutting and hybrid cutting/clamping, developed and
validated in [45] (Chapter 6), was revisited in this investigation for the considered impact loading
scenarios. Although enhancements to the model were implemented (see Section 7.4.3) to account
for newly observed dynamic phenomena, the fundamental aspects of the model (e.g. transient
regime, deformation modes/terms, etc.) remained unchanged for this exercise. A full discussion
and presentation of the necessary Equations for analytical modelling of the force-displacement
response can be obtained from Section 6.4. For brevity, these expressions/derivations were not
replicated in this Chapter.

7.4.2 Finite element modelling
7.4.2.1 Mesh properties
The hybrid cutting/clamping mode was numerically modelled utilizing an Eulerian,
material-and-void element formulation for the extruded material and an adjacent airmesh and
Lagrangian solid elements for the remaining entities (cutter, supports, etc.). The Eulerian approach
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utilizes a Lagrangian step to calculate the deformed state of the material and mesh. Since they are
decoupled, the process is followed by an advection step where the deformed mesh is transported to
its original configuration while the material occupies remains in place and occupies the surrounding
airmesh. This approach is advantageous for the modelling of extreme deformations since the
material is free to transport or ‘flow’ through the mesh, around constraints to approximate the
formation of new surfaces without requiring a failure algorithm [39, 61, 62]. Quarter and halfsymmetry conditions were employed for the 8 and 10-bladed cutting apparatuses, respectively, to
reduce computational requirements. A minimum of four elements were prescribed through the
thickness of the extrusions to allow for a sufficiently discrete airmesh, based upon previous
experience [39]. The extrusion elements were elongated beginning at a distance 20 mm away from
the blade tips since the mesh was static and hence a fine mesh was not required in this region. A
representative mesh which visualizes the levels of discretization in critical regions is shown in
Figure 7.17; the apparatus from Section 7.2.2.3 was replicated.
The individual components of the impactor were modelled to negate the need for mass
scaling. The 1210V5 load cell was modelled with the critical dimensions provided by the
manufacturer, with the 10-32 connection removed for simplicity. All fasteners were omitted except
for the connection between the platen, load cell and deflector and replaced with kinematic
constraints for simplicity, as discussed further in Section 7.4.2.3.

Figure 7.17: Illustrative mesh discretization for the 10-bladed cutting apparatus with a 50.8 mm
OD, 3.175 mm thick extrusion, cutting apparatus and impactor.
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7.4.2.2 Material modelling
A simplified Johnson-Cook material model was utilized for the extrusion and airmesh, with
the airmesh initially prescribed as void; the extruded material free to pass into this volume. The
constitutive model is provided in Equation (7.10) for convenience. Note that thermal effects were
neglected, per the reasoning in Sections 7.3.4 and 7.4.3, which mitigated computational
requirements.
𝑛

𝜎𝑌 = (𝐴 + 𝐵𝜀̅𝑝 )(1 + 𝑐 ln 𝜀̇)

(7.10)

A summary of the most significant material parameters is provided in Table 7.8; the remaining
variables are defined in the Nomenclature. The bulk modulus, K, was implemented as the linear
coefficient in a polynomial equation-of-state, all remaining terms were set to zero. The selected
model allowed for consideration of the elastic-plastic behaviour and rate effects.
Table 7.8: Physical properties and Johnson-Cook model parameters of AA6061-T6 [63] and
AA6061-T4 [64].
ASTM
Material

A
[MPa]

B
[MPa]

c

n

E
[GPa]

K
[GPa]

G
[GPa]

ν

ρ [kg/m3]

6061-T6

320

110

0.002

0.43

68.9

67.5

25.9

0.33

2760

6061-T4

114

256

0.015

0.34

65.3

64.0

24.5

0.33

2760

The platen, fastener, load cell, deflector and cutter were composed of steel and treated as
elastic with the density, Poisson’s ratio and elastic modulus taken as 7830 kg/m3, 0.30 and 207 GPa,
respectively. The 1210V5 load cell was modelled with consistent properties, except for the elastic
modulus which was modified to 376 GPa to account for the presence of piezoelectric material, per
the manufacturer’s data on the structural stiffness of the entity. The platen, cutter and contact plate
on the impactor were composed of steel, all remaining entities on the impactor were composed of
AA6061-T6, and all treated as rigid, with the elastic properties summarized in Table 7.8.
7.4.2.3 Boundary conditions
The finite element software package LS-DYNA® was utilized with a double precision
SMP solver, version R10.1. Data was acquired at a rate of 100 kHz to replicate the experimental
apparatus.

Symmetry conditions were invoked in models of the cutting/clamping mode to

minimize computational requirements, with nodes on the xz-plane constrained to planar motion.
The impactor was constrained against all motion except z-axis translation. The desired impact
velocities for selected cases (see Section 7.4.3) were invoked as initial velocities on the impactor.
Since the impactor was treated as rigid, the individual components were constrained with respect
to each other and translated as a single entity. Opposing pre-loads of 27.8 kN per quarter model
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(from SAE requirements) were invoked between the load cell fastener and deflector, and allowed
to reach equilibrium, prior to the impact event to replicate clamping of the 1210V5 load cell.
Segment-based contact definitions were employed for contact between the entities within
the cutting apparatus. The static and kinetic coefficients of friction were taken as 0.55 and 0.50,
respectively, for the steel-on-steel contact. A static to kinetic decay coefficient of 105 was applied.
Contact between the cutting tool, impactor and extrusion was managed utilizing a fluid-structure
interaction approach with Lagrangian/Eulerian coupling. The coefficient of friction between the
steel contact plate and aluminum extrusion was taken as 0.25 [65]. Penalty coupling was invoked,
which implemented virtual nodes located at the Gauss points of the non-void elements. This
method relies on a single coefficient of friction, taken as the kinetic value.

7.4.3 Cutting force reduction and recovery
7.4.3.1 Interpretation of experimental results
Although thermal effects are an important aspect of general metal cutting, the underlying
phenomena (temperature-time transformations, highly localized phase changes and softening, etc.)
typically are not captured by numerical techniques for energy dissipation problems [39]. Since the
consequence of these complex, multidisciplinary effects is ultimately a degradation in contact
forces, the accepted approach is to neglect thermal effects (softening, phase changes, etc.) and
reduce the friction coefficient at the cutting interface [33, 37, 40, 42, 62]. This assumption was
also validated for extremely high rate cutting of extrusions (VS > 60 m/s) under blast loading[62].
Furthermore, note that even with consideration for thermal effects by [42] a reduced friction
coefficient was necessary.

The required numerical friction coefficient is often determined

iteratively, with limited details on how the value corresponds to experimental findings. A previous
investigation by Paik [36] yielded a semi-empirical expression for the cutting force, FPaik:
𝐹𝑃𝑎𝑖𝑘 = 1.5𝐶𝑓 ∙ (1.112 − 1.156𝜃 + 3.760𝜃 2 )𝑡1.5 𝛿 0.5

(7.11)

where Cf was an experimentally calibrated constant which accounted for the reductions in the
cutting force under dynamic loading:
𝐶𝑓 = 1.0 − 0.042𝑉𝑠 + 0.001𝑉𝑠2

(7.12)

While this constant captures the bulk trend of reduced cutting forces with increased cutting
speeds, it is solely dependent on the initial striking (impact) velocity (i.e. evolution of the dynamic
phenomenon is neglected). Additionally, the global minimum occurs at 21 m/s. While this value
consistent with the onset of the force-velocity response plateau from Figure 7.15, the dynamic
coefficient, Cf, will inherently experience an increase beyond the critical point which is inconsistent
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with the presented experimental findings.

The procedure outlined in this subsection is an

experimentally supported approach to determine the relationship between the bulk coefficient of
friction at the cutting interface and the relative cutting velocity. The previously validated model
from [45] (Chapter 6), outlined in Section 6.4, was rearranged with the cutting force known with
respect to the relative velocity, 𝐹𝑒𝑥𝑝 (𝑉𝑖 ), to isolate for the friction coefficient required for
convergence, 𝜇∗ :
𝐹𝑒𝑥𝑝 (𝑉𝑖 ) ∙ 𝑋𝑃 (1 − 𝜈 2 )
√𝛥𝑟𝑡 (2𝑅𝑎 − 𝛥𝑟𝑡 )
𝜇 ∗ = 𝑓(𝑉𝑖 ) = [
− 1] ∙ tan 𝜃 sec 2 (
)
(𝑅𝑎 − 𝛥𝑟𝑡 )
𝐹𝑝 𝑋𝑃 (1 − 𝜈 2 ) + 𝐻(𝑥) ∙ 𝐸𝐼𝐺𝑃 ∆𝑣 (ℎ𝑓 − 𝜇𝑙𝑓 )

(7.13)

The 95 % confidence interval was also determined to quantify the observed experimental scatter:
𝐶𝐼95,𝜇 ∗ (𝑉𝑖 ) = 𝜇̅𝑖∗ ± 𝑧95 ∙

𝑠𝜇𝑖∗
√𝑁

, 𝑧95 = 1.96

(7.14)

where 𝜇̅ 𝑖∗ and 𝑠𝜇𝑖∗ represent the mean friction coefficient and standard deviation, respectively, for a
given cutting velocity. The average μ*-Vi response is plotted in Figure 7.18 with the corresponding
95 % confidence interval. The quasi-static (𝑉𝑖 ≈ 0 m/s) coefficient of friction was approximately
0.25, as expected [65] and 𝜇∗ was noted to plateau at a nominal value of 0.09 for 𝑉𝑖 ≥ 20 m/s.

Figure 7.18: Estimated bulk coefficient of friction at the extrusion (AA6061)/blade (4140 steel)
interface, with the shaded corridor representing the 95 % confidence interval.
The asymptotic limit was generally consistent to the friction coefficients implemented in
previous investigations [33, 42, 62], which were obtained by independent sources and via
alternative means. Additionally, the plateau is qualitatively consistent to the contact surface
phenomena illustrated in Figure 7.14, where adjacent shear scars from the wedge merged together
(demonstrating a tendency for the surface damage to ‘level off’) at elevated speeds. Future
investigations of these surfaces and the detailed, underlying material phenomena will further
contribute to an enhanced understanding. Consideration for the role of metallurgy will also be
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necessary since the force loss phenomenon observed for ductile materials in this study and
previously mentioned in [37] did not occur for AM30 magnesium extrusions subjected to high
velocity (and high temperature) cutting [50]. Therefore, it was more appropriate to consider
augmented friction forces. The approach presented in this investigation is supported by stronger
experimental and theoretical bases than previous efforts and is widely applicable to cutting
deformation modes dominated by ductile failure.
7.4.3.2 Practical implementation for modelling
An examination of the trend in Figure 7.18, shows that the transient coefficient of friction
degrades, μc, from an initial, 𝜇𝑜 , (quasi-static) value to a final, 𝜇𝑓 , (dynamic) value exponentially:
𝜇𝑐 = 𝜇𝑓 + (𝜇𝑜 − 𝜇𝑓 )𝑒 −𝑘𝑑 ∙|𝑉𝑖|

(7.15)

The decay coefficient, kd, and relevant friction coefficients were obtained utilizing
least-squares regression, presented in Equations (7.16) and (7.17), respectively.
𝑘𝑑 =

𝑁
𝑁
∑𝑁
𝑖=1 𝑉𝑖 ∙ ∑𝑖=1 ln(𝜇𝑐,𝑖 − 𝜇𝑓,𝑖 ) − 𝑁 ∑𝑖=1 ln(𝜇𝑐,𝑖 − 𝜇𝑓,𝑖 )
𝑁
2
𝑁
𝑁 ∑𝑖=1 𝑉𝑖 − (∑𝑖=1 𝑉𝑖 )2

𝜇𝑜 − 𝜇𝑓 = 𝑒 𝐾1 , 𝐾1 =

2
𝑁
𝑁
𝑁
∑𝑁
𝑖=1 𝑉𝑖 ∙ ∑𝑖=1 ln(𝜇𝑐,𝑖 − 𝜇𝑓,𝑖 ) − ∑𝑖=1 𝑉𝑖 ∙ ∑𝑖=1 ln(𝜇𝑐,𝑖 − 𝜇𝑓,𝑖 )
𝑁
2
𝑁
2
𝑁 ∑𝑖=1 𝑉𝑖 − (∑𝑖=1 𝑉𝑖 )

(7.16)

(7.17)

where μo, μf and kd were determined as 0.260, 0.090 and 0.145, respectively, with a R2 value of
approximately 0.97 achieved when these values were substituted into Equation (7.15). This
approach can be applied to the analytical procedure outlined in Section 7.4.1 with ease by replacing
the constant μ from Equation (6.58) with Equation (7.15); the instantaneous velocity can be
obtained from Equation (7.8). FEM approaches which allow for a transition between friction
coefficients typically rely upon a constitutive relationship consistent to Equation (7.15), although
μo and μf represent the static and kinetic coefficients of friction, respectively, and the decay
coefficient is often 105 or greater. When a given approach allows for segment-based contact, these
inputs could be modified to replicate the behaviour at the cutting interface. However, since the
Eulerian approach with fluid-structure interaction is limited to a single coefficient of friction, μc
was selected by substituting the impact velocity, Vs, into Equation (7.15).
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7.5 Validation
7.5.1 Analytical force-displacement responses
The modelling procedure outlined in Section 7.4.1 was previously validated for parametric
scope which considered quasi-static loading [45].

The transient contact force effect was

implemented in an extended model of the cutting force, per the procedure outlined in Section
7.4.3.2, and complete force-displacement response predictions were generated. Selected analytical
force-displacement responses are compared to their respective experiments in Figure 7.19(a).
Additional data collected by Jin et al. [34] considering 50.8 mm OD aluminum extrusions subjected
to low velocity (< 10 m/s), 4 and 5-bladed axial cutting was also considered, as shown in Figure
7.19(b). Regarding the latter, the recovery phenomenon was not previously identified in [34].
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Figure 7.19: Representative force-displacement response predictions for experiments taken from
(a) the current study, and (b) a previous investigation of low velocity impacts by Jin et al. [34].
The validation metrics and cumulative errors from the presented study and the cases from
[34] considering 50.8 mm OD extrusions are provided in Table 7.9 and Table 7.10, respectively.
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An average validation metric and cumulative error of approximately 0.917 and 0.086, respectively,
were calculated for the complete parametric scope. These values indicated a high degree of
correlation, with less than 10 % variation between the experimental and theoretical hybrid
cutting/clamping forces in all cases. Reduced accuracy was noted for the experiments from[34],
which emphasized the cutting of thin-walled extrusions, with average validation metrics and
cumulative errors of 0.856 and 0.177, respectively. The slightly decreased accuracy was expected
since thin-walled extrusions are inherently prone to more varied force responses[44, 45]. The
proposed contact force modification was capable of accurately replicating findings from the current
study and more subtle, previously overlooked recovery effect under low velocity impacts [34].
Table 7.9: Average, analytically obtained validation metrics, VM, and cumulative errors, CM, from
the dynamic tests outlined in Section 7.3.2.
Geometry
Material

50.8 mm OD, 3.175 mm wall

50.8 mm OD, 1.588 mm wall

AA6061-T6

AA6061-T4

AA6061-T6

AA6061-T4

Def. mode

C8

C10

C8

C10

C8

C10

C8

C10

Validation
metric, VM

0.889

0.902

0.934

0.916

0.889

0.908

0.950

0.948

Cumulative
error, CM

0.126

0.101

0.068

0.085

0.112

0.093

0.050

0.053

Table 7.10: Validation metrics, VM, and cumulative errors, CM, for experiments from [34].
Geometry
Material

50.8 mm OD,
1.0 mm wall

50.8 mm OD,
1.25 mm wall

50.8 mm OD,
1.5 mm wall

AA6061-T6

AA6061-T6

AA6061-T6

Def. mode

C4

C5

C4

C5

C4

C5

Validation
metric, VM

0.770

0.780

0.827

0.922

0.906

0.933

Cumulative
error, CM

0.256

0.230

0.235

0.090

0.153

0.098

7.5.2 Steady-state force predictions from BISRU work
While the asymptotic behaviour of the friction coefficient with respect to cutting velocity
was reasonable, the experimental evidence provided in Section 7.3.4 is limited to approximately
30 m/s. A previous study by Yuen et al. [43] considered 50.8 mm OD extrusions subjected to
4-bladed cutting by detonating PE4 charges to accelerate the extrusion, achieving an average
impact velocity of 133 m/s. Analytical predictions of the steady-state cutting force were compared
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to the mean experimental forces since experimental force-displacement responses could not be
obtained. A summary of mean forces, Fm, critical descriptors from [43] and analytical predictions
is given in Table 7.11. The average relative error was approximately 8.4 %. This high level of
consistency reinforces confidence in the findings and procedure outlined in Section 7.4.3 (i.e. the
cutting force appears to plateau at relative velocities exceeding ~21 m/s).
Table 7.11: Analytical predictions of cutting forces for AA6061, 50.8 mm OD extrusions
subjected to 4-bladed cutting under blast loading conditions [43].
Specimen
ID

Material

Thickness, t
[mm]

Impact vel., Vs
[m/s]

Fm [kN],
from exp.

Fth [kN],
analytical

Error,
𝑅𝐹𝑐𝑢𝑡 [%]

T04_T4

6061-T4

1.588

125.3

8.42

9.18

8.28

T06_T6

6061-T6

1.588

130.1

12.08

11.34

6.53

T07_T6

6061-T6

1.588

162.7

12.8

11.12

15.11

T08_T6

6061-T6

1.588

202.7

13.00

11.14

16.70

D02_T4

6061-T4

3.175

97.6

19.21

20.22

5.00

D03_T4

6061-T4

3.175

120.1

18.11

20.02

9.54

D05_T4

6061-T4

3.175

114.7

20.47

20.06

2.04

D06_T4

6061-T4

3.175

163.9

19.41

20.09

3.38

D06_T6

6061-T6

3.175

82.6

24.34

25.98

6.31

D08_T6

6061-T6

3.175

112.8

23.75

25.31

6.16

D09_T6

6061-T6

3.175

117.1

23.98

25.61

6.36

D10_T6

6061-T6

3.175

147.2

21.40

25.18

15.01

7.5.3 Numerical modelling for elevated impact scenarios
The highest velocity impact tests (i.e. 32 m/s and 22 m/s for the thick and thin-walled
extrusions, respectively) were replicated utilizing the FEM approach outlined in Section 7.4.2.
Force readings were obtained from the virtual 1210V5 load cell and a consistent low pass, 2-way
SAE filter was applied to the data. A coefficient of friction of 0.095 was applied in the contact
algorithm, since this value was predicted by Equation (7.15) for 𝑉𝑖 = 𝑉𝑠 , and per the requirements
specified in Section 7.4.2.3. Numerically obtained force responses are provided in Figure 7.20 with
complementary experimental results. The average validation metrics and cumulative errors for the
complete parametric scope were 0.900 and 0.102, respectively. Average values for each test group
are given in Table 7.12. The primary source of error was a lack of consideration for the evolving
contact force. However, this portion of the force response was only responsible for 5 % (or less)
of the total energy absorbed.
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The capability to accurately capture principal deformation modes, for the Eulerian element
formation, was previously demonstrated in numerous studies with a diverse range of scopes (energy
absorption, machining, etc.) summarized in [39], and more recently by Gudisey et al. [66] and
Magliaro et al. [45] for hybrid cutting/clamping. Even so, Figure 7.20 was expanded to contain
sample visualizations of a deformed virtual specimen, illustrating that the extrusion resisted
dynamic plastic buckling and the onset of radial clamping was accurately captured and maintained
even after far-field material (i.e. material which does not actively bear load) exited the airmesh.
This technique of employing a truncated airmesh in the far-field is an established means of
mitigating simulation costs [39]. The hybrid cutting/clamping forces and their onsets were
accurately predicted, which was the most critical outcome since the steady-state reaction force is
the principal engineering design parameter for sacrificial energy dissipation systems [1, 39].

Figure 7.20: Representative numerically predicted force-displacement responses for extrusions
subjected to hybrid cutting/clamping.
Table 7.12: Average, numerically obtained validation metrics, VM, and cumulative errors, CM,
from the high velocity dynamic tests (i.e. 32 m/s and 22 m/s for thick and thin-walled extrusions).
Geometry
Material

50.8 mm OD, 3.175 mm wall

50.8 mm OD, 1.588 mm wall

AA6061-T6

AA6061-T4

AA6061-T6

AA6061-T4

Def. mode

C8

C10

C8

C10

C8

C10

C8

C10

Validation
metric, VM

0.870

0.927

0.932

0.909

0.861

0.902

0.890

0.909

Cumulative
error, CM

0.133

0.075

0.069

0.092

0.142

0.100

0.112

0.093
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7.6 Parametric examination of mechanical performance
7.6.1 Analytical study of key geometric and material parameters
The validated analytical modeling procedure from Section 7.4 was utilized to examine the influence
of crucial parameters on the energy absorbing capabilities of the hybrid cutting/clamping
deformation mode. Given the combination of high accuracy and low computational costs this
model is an invaluable design tool for parametric investigations of potential energy absorbing
structures. Experimental studies of AA6061 extrusions subjected to axial cutting and hybrid
cutting/clamping under quasi-static loading conditions have extensively shown that the crucial
geometric parameters are the wall thickness and number of blades. The influence of the outer
diameter is minor, and the cutting force is independent of the extrusion length. The flow stress is
the key material parameter for axial cutting, and other energy dissipation modes, and the hybrid
cutting/clamping mode is also dependent on the elastic modulus. The newly obtained experimental
data in Section 7.3.2 revealed that the cutting force is also highly sensitive to the cutting velocity.
The influence of the most sensitive parameters (wall thickness, number of blades, extrusion
material and loading rate) on the theoretical steady-state reaction force are assessed in Figure 7.21.
The wall thickness was taken as the independent axis since this is a highly sensitive geometric
parameter. The plots in Figure 7.21(a) and Figure 7.21(b) were limited to consideration for
50.8 mm OD extrusions since the influence of diameter on the cutting force is known to be minor,
and the selected value was consistent to the physically tested extrusions in this study. Consideration
for the number of blades was also constrained to 8 and 10-bladed cutters since the impetus of this
investigation was characterization of the hybrid cutting/clamping deformation mode.
The steady-state reaction force exhibited a broad range for AA6061 extrusions subjected to hybrid
cutting/clamping with average variations, for wall thicknesses ranging from 1.5 mm to 4.0 mm, by
a factor of 5.7 and 6.5 for the T6 and T4 temper conditions, respectively. The greater relative
increase for the latter was expected since the axial cutting forces are dominated by the flow stress,
which varies between temper conditions (refer to Figure 3.3), while the extrusions in both temper
conditions experienced an identical clamping force due to elastic effects. The force reduction for
a given geometry due to dynamic effects, ΔF, was also predicted to be less severe for extrusions in
a T4 temper condition. This was consistent to the observations from Section 7.3.2 and attributed
to the higher rate sensitivity of the former compared to the latter and is visible by comparing the
predictions for dynamic 10-bladed cutting/clamping to quasi-static 8-bladed cutting/clamping. The
extrusions in a T6 temper condition, from Figure 7.21(a), experience comparable reaction forces
for these deformation modes. In contrast, the extrusions in a T4 temper condition, from Figure
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7.21(b), subjected to 10-bladed dynamic cutting/clamping consistently experience 20 % higher
reaction forces compared to quasi-static 8-bladed cutting/clamping. Similar characteristics were
also noted for mild steel and aluminum plates subjected to cutting where the highly rate sensitive
steel plates exhibited greater resistance to this dynamic effect.

Steady-state cutting force, F [kN]

T4-t-C8-QS
T4-t-C8-Dyn (21 m/s)
T4-t-C10-QS
T4-t-C10-Dyn (21 m/s)
125
100
75
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25
0
1.0

1.5

2.0

2.5

3.0

3.5

4.0

Wall thickness, t [mm]

(a)
(b)
Figure 7.21: Influence of the wall thickness, number of blades and loading rate on the theoretical
steady-state force for AA6061 extrusions with a 50.8 mm diameter subjected to 8 and 10-bladed
cutting/clamping in (a) T6, and (b) T4 temper conditions.
The dynamic force reduction, ΔF, represents the maximum reduction in load bearing capacity which
occurs due to diminishing contact forces at the cutting interface, such that:
∆𝐹 = 𝐹𝑄𝑆 − 𝐹𝐷𝑦𝑛 = 𝐹(𝑉𝑖 ≈ 0) − 𝐹(𝑉𝑐𝑟 )

(7.18)

where the critical cutting velocity, Vcr, was previously identified as 21 m/s in Section 7.3.4.
Substituting Equations (6.58) and (7.15) into Equation (7.18) yields the following expression:

∆𝐹 = 𝑛 [1 + (𝜇𝑜 − 𝜇𝑓 ) cot 𝜃 cos2 (

𝐸𝐼𝐺𝑃 ∆𝑣 (ℎ𝑓 − 𝑙𝑓 (𝜇𝑜 − 𝜇𝑓 ))
√∆𝑟(2𝑅𝑎 − ∆𝑟)
)] ∙ (𝐹𝑝 +
)
(𝑅𝑎 − ∆𝑟)
(1 − 𝜈 2 )𝑋𝑃

(7.19)

The dynamic force reduction is plotted with respect to the wall thickness in Figure 7.22, with
additional consideration for the number of blades and material temper condition. A quasi-linearly
decreasing cutting force was observed with increasing wall thicknesses for extrusions subjected to
both 8 and 10-bladed cutting/clamping, with average force reductions of 23.2 % and 18.7 % for
AA6061 extrusions in T6 and T4 temper conditions, respectively. These values highlight the
advantage of the moderate rate sensitivity associated with the T4 temper condition.
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Dynamic force reduction, F [kN]

35
T6-t-C8
T6-t-C10
T4-t-C8
T4-t-C10

30
25
20
15
10
5
0
1.5

2.0

2.5

3.0

3.5

4.0

Wall thickness, t [mm]

Figure 7.22: Dynamic force reduction experienced by AA6061 extrusions, with a 50.8 mm OD,
subjected to 8 and 10-bladed hybrid cutting/clamping.

7.6.2 Numerical study on the influence of cutting velocity
As discussed in Section 7.4.2.3, the fluid structure interaction approach responsible for contact in
the numerical model between the Eulerian extrusion and Lagrangian cutting tool currently only
allows for a single friction coefficient to be defined when utilizing the LS-DYNA® commercial
software package. Therefore, the continuously degrading contact forces cannot be replicated in the
numerical model in a consistent manner to the analytical modeling procedure showcased in Section
7.4. The necessary friction coefficient for a given simulation, μc,num, can be determined from the
desired impact velocity in the model, Vnum. Substituting these variables into Equation (7.15) and
rearranging accordingly yields and expression for the expected cutting velocity associated with a
given friction coefficient:
𝑉𝑛𝑢𝑚 = −

(𝜇𝑐,𝑛𝑢𝑚 − 𝜇𝑓 )
1
∙ ln [
]
𝑘𝑑
(𝜇𝑜 − 𝜇𝑓 )

(7.20)

Comparisons between selected experimental and numerical cutting forces with respect to the
cutting velocity are presented in Figure 7.23(a) and Figure 7.23(b) for AA6061 extrusions in T6
and T4 temper conditions, respectively. This exercise was conducted to demonstrate a potential
method to model the degrading cutting forces associated with the loading rate (cutting velocity)
with an emphasis on replication of the newly obtained experimental results from Section 7.3. The
experimental results were obtained from the approach outlined in Section 7.3.4 while the numerical
predictions were generated by simulating a series of cases where the friction coefficient was
modified within the contact algorithm from the quasi-static, maximum value (𝜇𝑐 ≈ 0.25) to the
dynamic, minimum value (𝜇𝑐 ≈ 0.09).
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The nonlinear trend of reduced cutting forces with increased velocities was predicted with an
average error of 4.8 % for the considered parametric scope, increasing confidence in the assumption
that the degrading cutting forces were associated with contact-based phenomena. Furthermore, this
exercise showcased the precision of the Eulerian modeling approach and demonstrated that
potential future modeling techniques with the ability to dynamically vary 𝜇𝑐 could also replicate
the secondary recovery effect for a comprehensive range of loading conditions. The Johnson-Cook
model also allowed for more realistic friction coefficients within the contact algorithm than the
previously exploited, elastoplastic hydrodynamic material model typically utilized in the literature.

(a)

(b)
Figure 7.23: Comparison between experimentally and numerically determined cutting forces
with respect to cutting velocity, obtained for the simulations by varying the coefficient of friction,
for (a) AA6061-T6, and (b) AA6061-T4 extrusions subjected to 8 and 10-bladed
cutting/clamping.
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7.7 Conclusions
The impetus of this study was to experimentally and theoretically characterize the energy
absorbing capabilities of a novel hybrid cutting/clamping deformation mode at previously untested,
elevated impact velocities. The key findings are listed as follows:
1. The extrusions subjected to cutting/clamping experienced notably more stable deformation
than their counterparts subjected axial crushing. The latter prevented a transition to global
bending, and brittle fracture, for thick-walled extrusions in a T6 temper condition and
prevented the onset of dynamic plastic buckling for the entire parametric scope.
2. Energy absorbing potential was compared between the hybrid cutting/clamping modes and
axial crushing. The thin-walled extrusions subjected to 10-bladed cutting were capable of
approximately 38 % greater energy dissipation than the crushing mode under quasi-static
loading, these deformation modes were equivalent for the 22 m/s impacts (i.e. reduced
effectiveness was observed for increased velocities). The trend of decreased cutting forces
with increased impact velocities was observed for the entire parametric scope.
3. Force-velocity responses were obtained for the cutting/clamping experiments which
demonstrated a high sensitivity to the relative cutting velocity, with an exponential
decrease in the cutting force up to a nominal value of 21 m/s.
4. An examination of the cut surfaces on the petalled sidewalls revealed shear scarring with
velocity dependent shear scarring; this was qualitatively consistent to the characteristics of
adiabatic shear bands formation under orthogonal cutting. These observations reinforced
the hypothesis that reduced cutting forces at increased velocities are associated with
degrading contact forces at the cutting interface.
5. Enhanced predictive capabilities for both analytical and numerical modelling approaches
were demonstrated, with average validation metrics of 0.916 and 0.900, respectively.
Previously collected experimental data on the cutting mode under blast loading conditions
was utilized to confirm that the friction coefficient plateaued at elevated cutting velocities,
with an average error of 7.8 %, this was expected since the shear scars merged together
when Vi > 21 m/s (i.e. surface damage tended to ‘level off’).
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Conceptualization and design of an actively adaptive
energy dissipation device utilizing axial cutting and
hybrid cutting/clamping
8.1 Introduction
8.1.1 Passive adaptivity
Enhancing the performance of fundamental energy dissipating modes is typically achieved
by implementing some form of adaptivity, in either a passive or active form. The former is an
established technique which has been broadly characterized in the existing literature. The earliest
attempts to transform progressive folding into a passively adaptive deformation mode emphasized
the following key objectives: mitigating (or eliminating) the characteristic initial peak force and
introducing a consistent point of failure to the system [1]. Geometric discontinuities in the form of
various holes and cutouts were characterized for metallics by Gupta and Gupta [2, 3], Cheng et al.
[4], Song et al. [5], and Bodlani et al. [6, 7]. The implementation of dents and/or grooves along the
axis of an extrusion to pre-form deformed lobes was considered by Singace and El-Sobky [8],
Hosseinipour and Daneshi [9, 10], Eyvazian et al. [11], and Yao et al. [12]. More recently, these
contributions have evolved into origami structures, which promotes more repeatable collapse [13],
investigated by Song et al. [14], and Zhou et al. [15-17], among others.
Notching the ends of extrusions to act as initiators (or triggers) was tested for metallics by
Krauss and Laananen [18], Tamura et al. [19] and Qureshi et al. [20], and for composites by Hussein
et al. [21, 22]. Manipulation of the material properties, through annealing by Williams et al. [23]
and Emadi et al. [24], and the utilization of materials with significant strain hardening by Reddy
and Zhang [25], is an effective technique to promote stable, high capacity energy absorption while
mitigating crack propagation. Localized material refinement was conceptualized by Liu et al. [26]
as a novel method of tailoring the response of thin-walled structures subjected to compression.
These studies and several others summarized by Baroutaji et al. [27] extensively accomplished the
goal of mitigating, and in some cases eliminating, the peak crushing force. However, fluctuations
in the force response persisted and localized extrema were significant, with the secondary peaks
and valleys deviating by greater than 30 % of their respective mean values.
Similar to progressive folding, notching was shown by Rouzegar and Karimi [28], Li et al. [29] to
mitigate the peak force associated with crack propagation for extrusions subjected to splitting.
Additively manufactured aluminum extrusions with integrated petalled sidewalls were developed
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by Mohamed et al. [30] to decrease the structural rigidity and reduce the corresponding peak
crushing forces. Intermittent strengthening by friction stir welding was demonstrated by Amiri et
al. [31] as a mechanism to introduce high resistance periods into a cutting-based energy absorber’s
response. The response of varied profile extrusions under a cutting mode was investigated by Jin
and Altenhof [32]. The capability to precisely design any desired mechanical response utilizing a
low-cost analytical modeling procedure was later demonstrated by Magliaro and Altenhof [33].
Experimental testing of varied profile extrusions was considered by Paygozar and Saeimi Sadigh
[34] under a radial expansion mode. A cutting tool was developed by Guan et al. [35] and Wang
et al. [36] with spring-loaded blades and the potential for variable depth cutting.
The combination of two or more deformation modes into a single hybrid mode was
identified as a promising method to increase total energy absorption while preserving ideal
mechanical response characteristics. Reddy and Reid [37] initially demonstrated these concepts
for an axial splitting mode by introducing a stopper plate to further constrain the petalled sidewalls.
The combination of two cutters in series by Jin et al. [38] demonstrated a quasi-proportionate
increase in the reaction force, although there was a tendency for progressive folding to occur.
Combined radial expansion and tearing was characterized by Moreno et al. [39, 40], Dong et al.
[41], Dai et al. [42] and Pratiknyo et al. [43], with a mean resistance force comparable to the sum
of each individual mode. Lightweight, composite rails subjected to combined cutting/bending were
designed and tested by Heimbs et al. [44]. A hybrid cutting/clamping deformation mode was shown
by Magliaro et al. [45] to be capable of meeting or exceeding the energy absorbing capacity of
progressive folding for a wide range of extrusion geometries.

8.1.2 Active adaptivity
While passively adaptive systems offer significant enhancements over traditional energy
absorbers their mechanical responses are limited to a single force-displacement profile. Designers
therefore must carefully select and calibrate this mechanical response to accommodate the large
range of impact loading conditions which a device may encounter. Inevitably, poorer outcomes
occur for less common scenarios; for example, the risk of fatality is 50 % greater for the occupants
of the lighter vehicle in traffic collisions where there is a mass difference greater than 450 kg [46].
The development of energy absorbers which can be altered in-field utilizing external stimuli guided
by information collected from their environment comprises the emerging technique of active
adaptivity [47]. This is a newly emerging field and hence the existing literature is sparse.
Dampers which contain magnetorheological fluids (MRF’s) are ‘smart fluids’ which
contain particles of iron which can be precisely distributed by applying a magnetic field to
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manipulate the viscosity, as desired. The efficacy of these devices to enhance the braking and
suspension systems in automobiles was demonstrated by Milecki and Hauke [48], Potter et al. [49],
and Jiang et al. [50], and conceptualized for more specialized applications including seismic energy
absorbers by Wilson and Abdullah [51] and tested for large appliances by Spelta et al. [52]. A
hybrid predictive control algorithm for enhanced performance was developed by Faraj and
Graczykowski [53, 54]. MRF dampers are inherently limited to low velocity impacts (V < 10 m/s)
by the incompressible nature of their working fluid. Copper foams containing MRF for adaptivity
were tested by Zhang et al. [55] and experienced up to 50 % greater energy absorption than their
‘empty’ counterparts, however, the benefits diminished at strain rates above 750 s-1 due to fracture.
The concept for an adaptive energy absorbing frame was outlined by Holnicki-Szulc and
Knap [56, 57]. An automotive frame with components which could detach from the chassis was
simulated by Wågström et al. [58]; the hypothetical assembly was capable of mitigating peak
decelerations by greater than 50 % between two potential configurations. A bumper with adjustable
ribs for oblique impact mitigation was developed and patented by Cheng et al. [59]. A concertinastyle, variably deployable energy absorber which was intended to mimic a typical bumper was
studied by Hu et al. [60]. Multi-chambered bladders capable of real-time internal gas pressure
regulation were investigated by Graczykowski and Holnicki-Szulc [61, 62].
The progressive folding deformation mode was augmented by sealing and pressurizing the
internal compartment by Zhang and Yu [63]. Hu et al. [64] demonstrated that maintaining a
positive pressure consistently promoted an axisymmetric deformation mode. This mode is known
to maximize energy absorption and repeatability for extrusions subjected to progressive folding
[65]. Similar capabilities were demonstrated for impact velocities up to 100 m/s by Hu et al. [66]
and Kuleyin and Gümrük [67]. The axial cutting deformation mode was augmented by Shery [68]
with the development of a quadrotor-driven system, capable of alternating the number of blades in
the system to increase or decrease the reaction force, as desired.
The objective of this study was to externally assess the design summarized in [68], identify
strong features in addition to shortcomings, and develop an enhanced/transformative design which
provides advanced potential for adaptive energy dissipation with superior capabilities utilizing a
cutting deformation mode. A thorough outline of the original design and key objectives to achieve
the indicated goals are provided in the following Section.

Additionally, important design

considerations are provided throughout this Chapter with the intention of providing comprehensive
suggestions and recommendations, applicable to any conceptual design, to the Reader.
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8.2 Objectives and conceptualization
The impetus of any actively adaptive energy dissipation system is to ensure the preferred
outcome in as many different impact scenarios as possible by altering its structural response as
needed. The ubiquitously implemented, passive energy absorbers identified in the literature are
inherently limited in their ability to provide a single force response which must be carefully tuned
to provide a tradeoff between comprehensive load bearing capabilities and optimization for the
most expected scenarios. The actively adaptive cutter (AAC) presented in this study was designed
with the capability to selectively adjust the number of blades, n, in the system to provide a menu
of potential force responses contained within a single device. The key to this functionality is that
the system is alerted by some external stimuli and adapts its geometry before the impact event
occurs. While this concept was previously demonstrated by Shery [68], an external overview of
this device coupled with a survey of newly published literature [69] identified fundamental
improvements which could provide more sophisticated capabilities.

8.2.1 Overview of existing design
The most crucial details on the previous AAC design are summarized for convenience,
along with some comparisons to mechanical performance further in the document. The original
device from [68] is referred to as the QAAC (quadrotor active adaptive cutter) in reference to its
primary driving mechanism. Readers are encouraged to seek out [68] for a thorough discussion of
the inspiration and rationale which resulted in the final QAAC design, along with the corresponding
in-depth analyses and certification of its performance.
The finalized QAAC employed a 4-chamber, quadrotor design, a visualization is presented
in Figure 8.1(a). Each chamber contained a binary set of cutting blades which were spring loaded
and held in place by a linearly actuated solenoid. The device began in a 4-bladed configuration
which represented its lowest resistance mode (i.e. the configuration with the lowest possible cutting
force). In this arrangement a single blade is present in each chamber. The system is conceptually
similar to a mousetrap; the rotors are constrained by a pin on the solenoid and propelled by a torsion
spring when they are released. As desired, the number of blades in the system could be increased
to either 6 or 8 by activating or ‘arming’ the chambers offset in 180° pairs. In the former, the armed
quadrants will increase from a single blade to 2 blades and in the latter the single blade will be
replaced by 3 blades. An illustration of each configuration is provided in Figure 8.1(b) with the
major components highlighted in Figure 8.1(c). Arming of the necessary chambers is accomplished
by triggering the linear solenoid, which releases a Teflon pin responsible for constraining each rotor
(adaptive blade) and causing the torsion spring to rapidly propel the rotor into its newly required
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configuration. A laterally positioned rare-earth Neodymium magnet traps the blade once the rotor
is in position and prevents any rotation or drift during the cutting process.
Although the fundamental concept of active adaptivity was demonstrated for the axial cutting
deformation mode, the capabilities of the QAAC are limited. A crucial shortcoming is the inability
for the rotor subassemblies to retract automatically. This is problematic for three main reasons:
(i)

In the described configuration, where the solenoids are only capable of arming, the
QAAC can only actively adapt from the 4-bladed cutting mode to either a 6 or 8-bladed
cutting mode (and not in the reverse order).

(ii)

The system cannot be reset to its original configuration in the event of a false trigger,
either a manual operator or further development of an auxiliary mechanism is required.

(iii)

The active blades are constrained by rare Earth (neodymium) magnets when armed by
the system. The blades are therefore prone to misalignment or drift, especially if the
electromagnetic force is exceeded by oblique loads during an impact event.

(a)

(b)

(c)
Figure 8.1: Quadrotor active adaptive cutter (QAAC) design from Shery [68] illustrated (a) in an
isometric view, (b) a top view of the various configurations and (c) the major components.
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Point (i) is especially crucial since the adaptive nature of the QAAC is limited to a transition
from a low energy configuration to either of the two higher energy configurations, with no
capabilities for the device to reduce its energy absorbing capacity or automatically ‘correct’ its
response in the event of a false trigger. This limitation is inherently associated with the springloaded nature of the rotor subassembly and the unidirectional functionality of the solenoid
triggering mechanism. Additionally, it is evident from an examination of Figure 8.1(b) that the
QAAC is only capable of adapting from 4-bladed cutting to either 6 or 8-bladed cutting. If some
external sensor is stimulated and prompts the system into the 6-bladed configuration, it cannot
further alter its response to the 8-bladed configuration if a scenario arises where the sensor receives
additional information indicating that a further increased reaction force is needed. While limiting
the reaction force to mitigate occupant injury is an important capability, this above described
scenario is a potential fault which could lead to crashes where the energy absorber unintentionally
responds with less force than required.
It is important to note that the QAAC was developed before any publications considering
experiments with more than 5 cutting blades were available in the open literature [68, 69] and hence
the outlined objectives of 4 to 8-bladed cutting were chosen conceptually. An investigation of
higher-bladed cutting modes by Magliaro et al. [45] concluded that the energy absorbing capacity
for 6000-series aluminum extrusions subjected to axial crushing could be (nominally) matched by
the 8-bladed cutting mode for 1.5 mm thick extrusions, and exceeded for lower wall thicknesses.
Cutters with 10 or more blades are necessary to provide increased energy absorbing capacity for
thicker extrusions and maximize the efficacy of the device. Maximizing the number of blades in
the system is particularly important for high velocity impacts where diminishing contact forces
reduce the total resistance force [70], as demonstrated in Chapter 7.
Finally, the blades in the QAAC are significantly cantilevered due to the length of the
solenoids and no conical deflector is included in the assembly. The latter is a necessary component
to clear away material in low-bladed cutting modes [32] and minimize the device height
requirements, but this entity also provides additional stiffness to the cutting system which has
prolonged the service life of the cutting tools showcased in this dissertation. Furthermore, the
neodymium magnets utilized to constrain the cutter do not provide any resistance to the deflection
caused by the cutting process and leave the cutters prone to lateral drift under oblique loading.
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8.2.2 Outline of goals for the enhanced device
The device from [68] was developed with the intention of demonstrating the concept of
active adaptive energy absorption. Key features, functionalities and design considerations were
identified in a revised series of design objectives for an alternative active adaptive cutter design
with enhanced capabilities in comparison to the QAAC.
8.2.2.1 Active component actuation
Axial cutting is a versatile deformation mode since extensive modifications can be applied
to both the extrusion (see Chapter 4) and the cutting tool (see Chapters 3, 5 and 6) to precisely
engineer the force-displacement response of a near-ideal energy absorbing structure. On the latter
point, the number of blades, n, can be incrementally increased until a desired force is achieved, and
the inclusion of an outer ring can further increase the reaction force as needed. The fundamental
concept of actively modifying the number of blades from Shery’s work on the QAAC [68] was
therefore preserved in this investigation, especially since this is more feasible than actively adapting
an extrusion’s geometry.
The blades can be actuated by either linear translation, rotation, or a combination of the
two.

Before determining an appropriate working mechanism, it is important to clearly

identify/define the possible configurations for a cutting tool. Since the extruded tubing was circular
the angular spacing between adjacent blades (or the spacing for a petalled sidewall), ϕ, can be
considered as the critical factor for an n-bladed cutter. Potential n-bladed cutters and their
corresponding petal spacing are summarized in Table 8.1. Consistent angular spacing is necessary
to prevent dissimilar petal bend radii, which can promote localized kinking and material buildup
(i.e. partial lobe formation) with a transition to progressive folding, particularly for higher-bladed
cutting modes where the radial flaring becomes more excessive, as presented in Chapters 3 and 6.
Table 8.1: Potential configurations for cutting tools with circular blade spacing.
Number of
blades, n
Petal spacing,
ϕ [deg]

3

4

5

6

8

9

10

12

16

20

24

120

90

72

60

45

40

36

30

22.5

18

15

Note: Bolded entries satisfy a common denominator of 15 degrees.
It is evident from an examination of the potential cutters that 15 degrees is the common
denominator which satisfies a comprehensive range of options. This angular spacing was also
identified as the minimum possible spacing. Actuation via the quadrotor method was abandoned
in the revised design due to the previously outlined drawbacks. Furthermore, utilizing this method
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for a revised design with an increased number of configurations would require additional segments
of the spring-loaded blades to be machined onto the same component (e.g. the ‘blue’, 4-bladed
cutters from Figure 8.1(b) would require another configuration with anywhere from 2 to 4
additional blades). Such a device would become too difficult to attach to the linear solenoid due to
the lack of space for mounting and the reduced clearance between adjacent components.
Alternatively, one could consider a mechanism where the blades rotate about an axis
concentric to the axis of an extrusion, analogous to the movement set of a watch or clock, to provide
the necessary configurations for the cutting tool.

However, such a device would require

components at the center of rotation which are (relatively) small to accommodate the extrusion,
capable of rapid and precise angular positioning and able to withstand the forces necessary for
energy dissipation. Feasibility is further reduced by the problem of increasing or decreasing the
total number of active blades in the system. Additional complex machinery would be required to
introduce or remove blades from the active central hub, or to consolidate/detach adjacent blades
through precise, low-profile locking mechanisms, as needed.
Finally, substituting the spring-loaded mechanisms from the QAAC with more precise
solutions for positioning (e.g. stepper motors) was not viable since these devices typically offer
precision at the expense of drastically reduced load bearing capabilities. Linear actuation, with
motion of the blades perpendicular to the cutting direction for improved clearance, was therefore
determined to be the preferred solution for the revised design. A representative schematic of a
linearly actuated, actively adaptive cutting tool is provided in Figure 8.2. The number of potential
device configurations was increased by a factor of 6 from the QAAC device visualized in
Figure 8.1, along with the inclusion of a higher capacity, 12-bladed cutting mode. Note that the 3bladed cutting deformation mode is accessible via this proposed device, for a true total of 20 active
device transitions, but this mode was omitted due to issues with instability observed under
experimental testing by Jin et al. [71].
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(a)

(b)
Figure 8.2: Schematics of (a) potential blade configurations, and (b) representative transitions (2
of the 12 possible cases) between cutting modes for the enhanced design, which utilizes linear
actuation.
A plethora of existing techniques provide linear actuation in machinery. The process of
exclusion to identify the preferred approach was accomplished primarily by a combination of
internal discussions in the CIMD research group, cross-examination of various machine
components and a review of the knowledge obtained in the pilot investigation by Shery [68]. Any
systems which operate by converting from rotary motion to linear translation (e.g. rack and pinion
assemblies, screw-driven actuators, etc.) were immediately excluded due to the previously noted
shortcomings with rotating implements. Linear actuation can also be achieved by fluid-based
approaches (i.e. pneumatic and hydraulic systems) and linear solenoids. However, the latter class
of actuators was ruled out by the relatively low load bearing capacity of compact linear solenoids.
Load bearing capacity was an important consideration for this component since the active
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components were to be positioned on the outside of the extrusion and hence would experience a
resistance force parallel to the axes of the blades and actuators caused by radial flaring of the
petalled sidewalls, particularly under the 8 and 12-bladed hybrid cutting/clamping modes (per the
analytical modelling procedure from Chapter 6).
Fluid power systems were identified as the preferred approach for linear actuation in the
enhanced design. Hydraulically driven cylinders were considered due to: their potential for high
load bearing capacity, the compact nature of these devices (e.g. block cylinders), sophisticated
controls via precise fluid positioning, relatively high actuation speeds and their common
availability. Pneumatic cylinders were not implemented since the commonly utilized gases (dry
air, nitrogen gas, helium, etc.) are compressible and hence the presence of the gas within the
cylinder would not be sufficient to constrain the blades. The incompressible nature of hydraulic
fluid allows for a myriad of high force, precisely controlled mechanisms which are ubiquitous in
modern machinery [72] and hence are well-suited to the task of enhancing the capabilities of the
previously developed QAAC. The proposed design was therefore referred to as the hydraulicallydriven actively adaptive cutter (abbreviated as HAAC).
8.2.2.2 Energy absorbing capacity and capabilities
The actively adaptive energy absorber showcased within this Chapter was designed with
consideration for the following general order of priorities:
1) Prevent the death of occupants and/or pedestrians involved in a collision.
2) Mitigate the extent and severity of any sustained injuries.
3) Minimize damage to the vehicle frame.
Priority (1) corresponds to the objective of maximum energy absorbing capacity (i.e. the peak
impact velocity which can be mitigated), in a broader sense, while priorities (2) and (3) emphasize
maintaining as low of a reaction force as possible. State-of-the-art sacrificial energy absorbers are
limited to a single mechanical response which must be calibrated to a large breadth of potential
crash scenarios. Engineers tend to emphasize the most common crash scenarios (e.g. 50 km/h headon collisions) which inevitably leads to death and serious injuries when a nonconventional collision
occurs [73]. Adaptive techniques are necessary for a more comprehensive response, including the
potential to reduce the resistance force to prioritize occupant or pedestrian safety without sacrificing
the energy absorbing capacity required for high velocity impact events [74].
The HAAQ was designed and engineered for experimental testing of extrusions with outer
diameters from 50.8 mm to 76.2 mm, since a plethora of data is available in the open literature for
extrusions with 50.8 mm and 63.5 mm outer diameters, as discussed in Chapters 2 through 7 of this
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dissertation. The extrusions were also assumed to possess a maximum wall thickness of 3.175 mm,
consistent to these experimental studies. This allowed for relatively direct comparisons to the
existing experimental data in Chapters 6 and 7. The capabilities to test 76.2 mm extrusions were
included to allow for future studies with more broad parametric scopes. The theoretical comparison
ratios between the quasi-static mean forces, 𝜂𝐹𝑚 , for the 4, 6, 8 and 12-bladed cutting modes with
respect to axial crushing are plotted in Figure 8.3 through Figure 8.6, respectively, for AA6061
extrusions in T6 and T4 temper conditions. Recall that the comparison ratio with respect to mean
forces represents the difference between instantaneous load bearing capacity (which conceptually
represents the ‘stopping power’ of an energy absorber), and was defined in previous Chapters as:
𝜂𝐹𝑚 =

𝐹𝑠𝑠,𝑐𝑢𝑡
𝐹𝑚,𝑐𝑟𝑢𝑠ℎ

(8.1)

These plots were obtained utilizing the previously validated analytical modelling approach
presented in Section 6.4 . The unity ratio is provided as a silhouette in each plot to highlight the
relative performance of each cutter/extrusion pair with respect to progressive folding for the same
geometry (recall that a ratio of unity indicates identical load bearing potential between cutting and
crushing). The established analytical model from Equation (3.1) [75] was utilized to estimate the
theoretical mean force for an extrusion subjected to axial crushing. The expanded form of this
ratio, considering the contributions outlined in this dissertation, can therefore be expressed as:
𝑛 [1 + 𝜇 cot 𝜃 cos 2 (
𝜂𝐹𝑚 =

𝐸𝐼𝐺𝑃 ∆𝑣 (ℎ𝑓 − 𝜇𝑙𝑓 )
√𝛥𝑟𝑡 (2𝑅𝑎 − 𝛥𝑟𝑡 )
)] ∙ (𝐹𝑝 + 𝐻(𝑥) ∙
)
(𝑅𝑎 − 𝛥𝑟𝑡 )
(1 − 𝜈 2 )𝑋𝑃
2𝜎𝑜 √(𝜋𝑡)3 𝑟𝑚

(8.2)

√3 (0.86 − 0.37√𝑡⁄𝑟𝑚 )

4

The relevant critical dimensions for the blades and outer ring are summarized in Table 8.2.
The radius of the outer ring, rc, was increased from 43.8 mm (the dimension from the cutters
showcased in previous Chapters) to 49.2 mm to allow for testing of 76.2 mm OD extrusions, which
was not possible with the previously implemented cutting tools. The height of the blades was also
marginally increased to 22.225 mm, from 20 mm, to increase the section modulus for further
resistance to bending. There was also allowance additional 10.319 mm of material directly below
the blades for the necessary supports. This device is shown extensively in Section 8.3, note that
the dimensions are more convenient when converted to the imperial unit system, which is more
convenient for local machine shops and fastener suppliers.
The mean force comparison ratio was examined for the potential blade configurations for
the HAAC shown in Figure 8.2(a) for extrusions with diameters from 50.8 mm to 76.2 mm and
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wall thicknesses from 1.588 mm to 3.175 mm, in all possible combinations. The comparison ratio
contours for AA6061 extrusions subjected to 4 and 6-bladed cutting are summarized in Figure 8.3
and Figure 8.4, respectively. The plots are identical between the T6 and T4 temper conditions,
which was to be expected [45] (Chapter 3) since 𝐻(𝑥) = 0 for the case of pure axial cutting and
hence the flow stress, which is the only remaining material property in Equation (8.2), cancels out.
A limited series of cases were identified for 6061-T6 extrusions subjected to 6-bladed cutting where
semi-brittle cutting occurs experimentally [76] (Chapter 6) and hence the Fp denominator from
Equation (8.2) was substituted with Equation (6.23) for the appropriate cases. The transition is
visually jarring since a precise transition could not be feasibility identified. However, even with
these limited cases exhibiting poor performance, the HAAC is capable of reducing the steady-state
force under a 4 bladed cutting mode to between 39 % and 51 % of the capacity of progressive
folding, between identical extrusion geometries. The complementary range for the 6-bladed cutting
mode (excluding the cases of semi-brille cutting) was 55 % to 72 %.
Table 8.2: Critical blade dimensions for the proposed HAAC design.
Blade
geometry ID
H

Blade
width, 2B
[mm]

Wedge
height,
lb [mm]

Blade tip
width, T
[mm]

Wedge
angle, θ
[rad]

Cutter
height, hc
[mm]

Outer ring
radius, rc
[mm]

3.000

6.350

1.200

0.149

32.544

49.213

Note: The total cutter height, hc, includes a 22.225 mm blade and 10.319 mm (combined) support
plates directly below the blade, which form lower portion of the outer ring.

(a)
(b)
Figure 8.3: Theoretical comparison ratio plots for the HAAQ in a 4-bladed cutting configuration,
under quasi-static loading, for AA6061 extrusions in (a) T6, and (b) T4 temper conditions.
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(a)
(b)
Figure 8.4: Theoretical comparison ratio plots for the HAAQ in a 6-bladed cutting configuration,
under quasi-static loading, for AA6061 extrusions in (a) T6, and (b) T4 temper conditions.
Recall that brittle failure was observed for thin-walled extrusions in a T6 temper condition [76].
These lower-bladed cutting configurations can be utilized to shift the HAAC into low and
medium-energy configurations which can provide a ‘softer’ response capable of mitigating injury
under lower velocity (i.e. < 10 m/s) impacts, particularly when pedestrians are involved [77].
Comparing the performance of the HAAC in various configurations to the complementary
progressive folding deformation mode is crucial since the latter represents the current state-of-theart. An actively adaptive energy dissipator is inherently a complex device and hence the capabilities
both to meet/exceed the performance of progressive folding, and to reduce the performance are
needed to provide a comprehensive menu of mechanical responses for a myriad of scenarios. The
8 and 12-bladed configurations of the HAAC produce the higher capacity hybrid cutting/clamping
deformation mode. Contour plots of comparison ratios are provided for the 8 and 12-bladed
cutting/clamping modes are provided in Figure 8.5 and Figure 8.6, respectively.
The comparison contours for the hybrid cutting/clamping mode transitioned from a quasiflat plane, as observed for axial cutting, to a paraboloid since the extremities of the geometric scope
were more sensitive to high clamping forces. Namely, a positive trend in the comparison ratio with
increasing extrusion diameter (and the correspondingly reduced clearance between the petals and
outer ring) was observed due to the onset of the clamping deformation mode. This effect was
intensified for the 12-bladed cutting configuration since the petals experienced more severe flaring
and hence more aggressive radial clamping. Another key difference between these deformation
modes was the material dependent behaviour which was attributed to the elastically-dominated
radial clamping phenomenon, as identified in [76] (Chapter 6), which caused the comparison ratio
to rise more significantly for the annealed T4 temper condition. The effect is visibly apparent when
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comparing the performance of the 8-bladed cutting/clamping mode between temper conditions.
The T6 temper condition, shown in Figure 8.5(a), exhibits ratios from approximately 0.81 to 0.99
while the extrusions in a T4 temper condition, from Figure 8.5(b), were capable of exceeding unity
with a peak value of 1.03. As expected, this effect is also more pronounced for the 12-bladed
cutting/clamping mode with peak values of 1.58 and 1.72 calculated for 50.8 mm OD, 1.588 mm
wall extrusions in T6 and T4 temper conditions, respectively.

(a)
(b)
Figure 8.5: Theoretical comparison ratio plots for the HAAQ in a 8-bladed cutting/clamping
configuration, under quasi-static loading, for AA6061 extrusions in (a) T6, and (b) T4 temper
conditions.

(a)
(b)
Figure 8.6: Theoretical comparison ratio plots for the HAAQ in a 12-bladed cutting/clamping
configuration, under quasi-static loading, for AA6061 extrusions in (a) T6, and (b) T4 temper
conditions.
It is important to note that the 4 considered cases were limited to those which provided
equal angular spacing with a common denominator of 15°. Since the actuation is handled by a
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hydraulic circuit, one could compose the device such that each blade could be positioned
independently and hence additional, nonsymmetric cutting configurations could be achieved.
However, these cases were not considered in the current investigation since uneven blade spacing
would inevitably lead to dissimilar petal flaring and eccentric loading on the HAAC. The
comparison ratio contours of interest showcase the capability of the revised, HAAC design to
provide a series of steady-state force responses over a comprehensive range. Recall that the QAAC
was limited to extrusions no larger than a 31.75 mm radius and 12-bladed cutting was not possible.
The benchmark visualized by Figure 8.3 through Figure 8.6 was calculated for quasi-static loading,
which is only relevant up to ~7 m/s impact velocities for axial cutting [69].
It was established for flat plates by Lu and Calladine [70] and for extruded tubing in
Chapter 7 of this dissertation that cutting forces due to wedge-based penetration tend to attenuate
at elevated impact velocities due to reduced contact forces at the cutting interface. Therefore,
additional comparison contours were generated for the cases of 4 and 10-bladed cutting at elevated
impact velocities, as presented in Figure 8.7 and Figure 8.8, respectively. Dynamic effects were
accounted for by substituting 𝜇 = 0.10 into Equation (8.2) to replicate negative trend associated
with reduced contact forces; recall that this modification was shown to replicate the cutting forces
expected at or above 21 m/s. The Cowper-Symonds relationship from Equation (2.56) was also
implemented to consider rate effects with a nominal strain rate estimate of 250 s-1. This value
represented a reasonable bulk estimate to the average strain rate in many of the dynamic tests from
Chapters 5 and 7. Furthermore, this value was appropriate since it yielded a positive increase in
the flow stress and it was noted that little variation would occur beyond this value up to 1000 s-1.
There was no difference between comparison ratios for the 4-bladed cutting mode between
the T6 and T4 temper conditions since the cutting and crushing forces are exclusively dependent
on the flow stress and hence the rate effects were cancelled out. The average comparison ratio was
reduced from approximately 0.44 under quasi-static loading to 0.29 under impact loading. Material
dependency was observed for the 12-bladed cutting/clamping mode where the peak ratio observed
for the T6 temper condition was 0.99 compared to 1.12 for the T4 temper condition. The improved
performance for the latter was consistent to the quasi-static observations and similarly expected.
The noted comparison ratios demonstrate that the HAAC can still meet/exceed the performance of
the progressive folding deformation mode despite reduced load bearing capacity under dynamic
loading. This is a key observation since the cutting modes provide a more ideal, near-constant
reaction force without compromising the energy absorbing capacity achieved by the high energy
axial crushing deformation mode. Recall, from Chapter 7, that axial cutting is capable of a 95 %
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stroke compared to approximately 75 % for progressive folding and hence the comparison ratio
with respect to the energy absorbing capacity, 𝜂𝜓 , is approximately 26.7 % higher than the
complementary 𝜂𝐹𝑚 value for a given geometry. Therefore, any comparison ratio value within the
plots from Figure 8.3 through Figure 8.8 with a value of 0.79 or greater represents a case where the
total energy absorbing capacity is greater for axial cutting (or cutting/clamping) than for
progressive folding.

(a)
(b)
Figure 8.7: Theoretical comparison ratio plots for the HAAQ in a 4-bladed cutting configuration,
under impact loading at elevated velocities (VS > 21 m/s), for AA6061 extrusions in (a) T6, and
(b) T4 temper conditions.

(a)
(b)
Figure 8.8: Theoretical comparison ratio plots for the HAAQ in a 12-bladed cutting/clamping
configuration, under impact loading at elevated velocities (VS > 21 m/s), for AA6061 extrusions
in (a) T6, and (b) T4 temper conditions.
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Comparing the mechanical performance of the HAAC directly to progressive folding is
critical since extrusions which experience axial crushing are ubiquitous in state-of-the-art energy
dissipations systems and hence a clear enhancement must be demonstrated. Exceeding the load
bearing capacity (with a more ideal response, per Chapters 2 through 7) is an essential improvement
with the auxiliary benefit of a menu of energy absorbing configurations in a single device. In terms
of absolute magnitudes, the lowest possible cutting forces (for AA6061 extrusions) could be
achieved with 50.8 mm OD, 1.588 mm wall extrusions in a T4 temper condition while the greatest
cutting forces would occur for a 76.2 mm OD, 3.175 mm wall extrusion in a T6 temper condition.
The former will exhibit steady-state forces of 9.9 kN and 35.5 kN under 4 and 12-bladed cutting
with the HAAQ apparatus, per the modelling approach from Section 6.4, while the latter will
experience steady-state forces of 46.8 kN and 149.3 kN, respectively.
8.2.2.3 Device modularity
The device presented in this Chapter was designed with the concept of modularity to
maximize the device’s longevity under repeated, strenuous testing. The primary motivation was
ease of maintenance and in situ device modification/revision. On the former, the HAAC was
designed with durability in mind and components were sized with aggressive safety factors. A
consistent design philosophy was implemented by Shery [68] for the QAAC. This design study
revealed that fatigue of the cutting tools was not a significant concern, even with the predicted
localized peak stress of 2.63 GPa. Furthermore, the blades implemented in the QAAC and HAAC
are highly similar to the cutters showcased throughout this dissertation. These cutters were
implemented in hundreds of individual tests, from quasi-static to blast loading, over a significant
timeframe (i.e. > 10 years), with no visible degradation in their performance or failure.
Regardless, the HAAC involves hydraulic cylinders which possess sacrificial components
such as gaskets and piston seals, and often a complex network of plumbing for the hydraulic fluid.
Therefore, the hydraulic cylinders were dimensioned and selected from a Parker-Hannefin
catalogue.

This approach possessed numerous advantages, including certification of the

performance (flow rate, fatigue life, etc.) from the supplier, warranties in the event of a premature
failure and correspondingly simple replacement/repair. The blades were therefore also included as
separable entities with replaceable, bolted connections and each individual component was
designed such that welding and other permanent means of connection could be avoided. Although
this discussion may seem trivial, the decision to implement modularity is crucial since individual
components will inevitably result in a larger overall device due to the additional material needed
for fastening. However, a highly modular design better aligns with the outlined objectives which
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emphasize proof-of-concept and fundamental design principles and hence the benefits justify this
minor drawback.

8.3 Enhanced actively adaptive cutter design
8.3.1 Hydraulically actuated blade assembly
The blade geometry detailed in Table 8.2 was augmented, in the virtual design domain, to
become attachable to a compact hydraulic cylinder (commonly referred to as a block cylinder) such
that the blade tip was perpendicular to the axis of the bore. A visualization of this assembly with a
corresponding cross-sectional view is provided in Figure 8.9. The assembly consisted of the
following major components: a block cylinder, extension rod, rod end and blade. Two-way fluid
actuation was implemented to allow for more precise control of the HAAC. The cylinder was
composed of steel and possessed a 25 mm bore diameter with a maximum operating pressure and
linear force capacity of 20.5 MPa (approximately 3000 psi) and 41.9 kN, respectively. The
orthogonal positioning ensured that the axial cutting force did not act parallel to the axis of the
bore. The peak obtainable cutting force predicted for the analysis in Section 8.2.2.2 was 149.3 kN
(76.2 mm OD, 3.175 mm wall), or 12.4 kN per blade. From the free body diagram of a single blade
from Figure 6.13, the peak ‘back-force’ acting parallel to the cylinder, Fb, is:
2𝜎𝑜 𝑡 𝑡(𝐵 + 𝑅𝑟 )
1
1
1
𝐾𝜃 𝑅𝑟 𝜋𝑡𝑟𝑚
[
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−
) + 𝐵𝜃 + 𝑇 +
+
]
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𝑅
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𝜃
𝑟
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𝑟
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+
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2
2𝑛𝑅𝑎
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𝑟
0
𝑚
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𝑖
𝐹𝑏 = cot 𝜃 sin 2𝜁
2
𝐸𝐼𝐺𝑃 ∆𝑣 (ℎ𝑓 − 𝜇𝑙𝑓 )
+
(1 − 𝜈 2 )𝑋𝑃
[
]

(8.3)

The corresponding peak back-force prediction was approximately 10.3 kN, which is
significantly less than the previously identified limit of 41.9 kN. Comparable cylinders composed
of aluminum are rated for a peak compressive axial force of 28.3 kN by Parker-Hannifin.
Therefore, one could swap the block cylinders to the aluminum body if mass reduction is a critical
priority. The traditional steel body was assumed in all subsequent analyses to benefit from the
greater safety factor. The rod end and set screw were sourced as standard grade 8, ¼” UNF
fasteners with a peak material strength of 862 MPa. Theoretically, the rod end and set screw were
capable of 32.6 kN and 19.6 kN, respectively, with the latter reduced due to a transition to shear
loading (although the true allowable peak force could be slightly higher since the set screw is
supported in a double shear scenario). Nominally, these estimates indicated a minimum safety
factor of 2 which was deemed acceptable for the development of more detailed CAD, especially
since the most vulnerable components were among the simplest and most inexpensive to replace in
the (unlikely) event of a localized failure.
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Figure 8.9: Schematic of a hydraulically actuated blade utilized in the HAAC with bore diameter,
Dcyl = 25 mm and stroke length, ls = 32 mm, geometry ‘H’ summarized in Table 8.2.

8.3.2 Device assembly and primary features
The HAAC contains its fundamental working components in a single plane, with an
additional control chamber directly below the blades to collect the petalled sidewalls and other
spent material during the energy dissipation event. A general schematic of the HAAC is provided
in Figure 8.10. The major components were as follows: a sacrificial extrusion, 16 of the previously
shown blade/cylinder assemblies, 4 spring-loaded jaws, a support track for the blades and jaws, a
base plate with standoffs and a conical deflector. The latter component is visible in the section
view provided in Figure 8.11. The blades, track and jaw are connected to a central plate, referred
to as the motherboard, which connects to the standoffs on the base. The connections on the
motherboard were implemented such that this part could be separated from the remaining
components (i.e. the standoffs, base and deflector) without removing the remaining components.
This is a crucial feature since the main use of the base plate and standoffs is to provide an interface
for mounting to various test frames, and hence any maintenance or calibration of the HAAC can be
completed in-field without a complete teardown of the device.
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Figure 8.10: Isometric view of the proposed HAAC design shown with a 76.2 mm OD, 3.175 mm
thick extrusion.
The standoff supports are also visible in Figure 8.11. These components also serve as
potential locations for IEPE force sensors, as initially proposed by Shery [68], as needed for any
potential laboratory testing. Alternatively, force sensors could be mounted to the striking entity or
within the support frame, consistent to many crash testing facilities. The latter option would be
more convenient due to the high number of standoffs, although it is best practice to minimize the
mass of any entities mounted on the proximal end of the force sensor (although, due to the relatively
high magnitude of the expected cutting forces this could be less of a concern). These modifications
could be implemented with relative ease (i.e. without significantly modifying the HAAC’s
geometry) per the needs of each respective investigation. Obtaining the quasi-static cutting forces
could be achieved utilizing a strain gauge-based load cell, preferably mounted at the extrusion end
opposite to the blades due to its more compact profile.
A key enhancement from the QAAC design was the inclusion of a conical deflector, which
is generally necessary to deflect petalled material when n < 8 [76]. This component also provided
further support to the blades of the HAAC, which conceptually act as simply-supported beams with
the track providing a more rigid support and the deflector (and hub) preventing vertical and lateral
deflections, respectively. In contrast, the blades of the QAAC were cantilevered which resulted in
excessive (although highly localized) stresses at the support. Additionally, the track was supported
by standoffs and was designed with a high tolerance (±0.025 mm) fit to mitigate any vertical or
lateral deflections, and hence any undesired bending moments, on the hydraulic cylinder.

273

Figure 8.11: Cross-sectional view of the HAAC showcasing the profile of the conical deflector,
side length of the gridlines is 25 mm.
A detailed section view of the blade interface (chamber) is provided in Figure 8.12 which
illustrates blades in both extended and retracted positions within the track. The blades were sized
such that the final 3 mm of their lengths were still present within the blade chamber in the retracted
position to prevent petalled sidewalls from becoming trapped or twisted within the tracks. The
blades were designed with a stepped profile to allow for the rod end connection and the close
proximity within the blade chamber. While the cover plate and jaws are optional components, but
their presence increases the effectiveness of the blade tracks and provides a convenient selfcentering constraint for the sacrificial extrusion, respectively.
The latter concept of spring-loaded jaws was maintained from the QAAC [68] in the
enhanced HAAC design with some minor revisions, primarily for ease of assembly and
manufacturing. The single piece housing with a precision (reamed) bore and a parallel slot for a
constraint pin are visible in the sectioned portion of Figure 8.12. Consistent to [68], a geometry
was proposed which could accommodate the theoretical geometric scope of the HAAC, although
the design is simple enough to be replicated with desired alterations (e.g. stiffer springs, shorter
stroke) depending upon the intended use. The key revision was the substitution of a square contact
head, previously shown in Figure 8.1(c), with an axisymmetric (conical) contact head. This
revision allowed the head to become a threaded component which reduces the labor necessary for
fabrication, since the jaw and pin implemented for the QAAC were designed as a single piece.
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Figure 8.12: Focused, sectioned view of the blade chamber, showing both extended and retracted
blades, the track and the central hub.
Planar illustrations of the 4, 6, 8 and 12-bladed cutting configurations for the HAAC are
provided in Figure 8.13(a) through Figure 8.13(d), respectively. As previously indicated, 3-bladed
cutting is technically possible but is not recommended due to noted issues with stability under
dynamic testing [71] and any configurations which do not possess a blade spacing divisible by 15°
should similarly be avoided. The HAAC offers additional flexibility for the 4 and 6-bladed cutting
modes since they can be achieved in multiple orientations.

Consider the 4-bladed cutting

configuration from Figure 8.13(a), which could also be implemented by arming the 4 blades which
are parallel to the jaws (these are the diagonal blades from the 8-bladed configuration in Figure
8.13(c)). With the 16 blades present in the HAAC the 4 and 6-bladed cutting mode can therefore
be implemented with 4 and 2 separate orientations, respectively. This inherent feature of the HAAC
allows for more sophisticated controls to determine the preferred location of the active blades with
consideration for the orientation(s) of asymmetric impacting bodies and the influence of eccentric
loading. Another notable attribute of the proposed design is its ability to retract the blades after an
extrusion has been subjected to cutting, allowing for easier removal of the sacrificial material after
an impact or between tests in a laboratory setting. This is possible due to linear actuation of the
blades and hence this feature represents a further enhancement over the previous, QAAC design.
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(a)

(b)

(c)
(d)
Figure 8.13: Illustration of the HAAC configured for (a) 4, (b) 6, (c) 8 and (d) 12-bladed cutting.

8.3.3 HAAC response time capabilities
8.3.3.1 Response corridor determination
With an actively adaptive energy absorber the generally anticipated preference is to ensure
that the device responds as quickly as possible. However, consistent to any mechanical system, the
response of the device will always be limited by the capabilities of some individual component
(valves, switches, etc.), therefore ‘longer’ response times are inherently easier to achieve and hence
are more ideal if they can be tolerated. The primary objective of this study (Chapter) was proofof-concept, utilizing contributions from previous Chapters, for an actively adaptive energy
absorbing device which inherently led to an emphasis on engineering design and stress analysis
(consistent to the design of the QAAC by [68]). Therefore, the following information was obtained
via simplified analyses to provide bulk estimates to the lowest possible device response time,
illustrating feasible scenarios for reference towards future (interdisciplinary) studies which
consider both controls engineering and the evolution from testing to practical implementation.
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Hydraulic actuation was selected due to the high level of consistency which can be
maintained between cycles, and because a rapid, pulse-like response is relatively easy to achieve
(especially when an accumulator is added to the circuit). Determining a fundamental estimate to
necessary response times can be achieved by a simple relative motion analysis between an entity
equipped with the HAAC (e.g. automobile, locomotive, aircraft) and the other entity involved in
the impact event. This analysis can be separated into two fundamental subcases: (i) an impact
between a moving body equipped with the HAAC against a stationary body, or vice versa, and (ii)
an impact between two moving bodies. The body equipped with the HAAC was denoted by a ‘A’
(for ‘adaptive’) in the subscript and the other body involved in the impact was denoted with a ‘B’
in the following expressions. Determining the appropriate (nominal) response time is dependent
on relative analysis between the kinematics of each body:
𝑣̅𝐴,𝐻𝐴𝐴𝐶 = 𝑣̅𝐵 + 𝑣̅𝐵⁄𝐴,𝐻𝐴𝐴𝐶

(8.4)

where variable of interest, the relative velocity prior to impact, can be restated as 𝑣̅𝑟𝑒𝑙 and Equation
(8.4) can be simply rearranged:
𝑣̅𝑟𝑒𝑙 = 𝑣̅𝐵 − 𝑣̅𝐴,𝐻𝐴𝐴𝐶

(8.5)

The following general cases apply per the previously outlined paragraph:
Case 1a: 𝑣̅𝐴,𝐻𝐴𝐴𝐶 ≠ 0, 𝑣̅𝐵 = 0
Case 1b: 𝑣̅𝐴,𝐻𝐴𝐴𝐶 = 0, 𝑣̅𝐵 ≠ 0

(8.6)

Case 2: 𝑣̅𝐴,𝐻𝐴𝐴𝐶 ≠ 0, 𝑣̅𝐵 ≠ 0
Each of these cases is visualized in Figure 8.14(a), through Figure 8.14(c) respectively.
The velocities of each body involved in the collision 𝑣̅A,HAAC , 𝑣̅B and the buffer distance (offset)
between these bodies, δAB, were treated as known quantities for the purposes of this Section,
although 𝑣̅B would be one of several unknowns which an in-field adaptive device would need to
determine. Some remarks on this topic are provided further in this dissertation, within Section
8.3.5. Case 1a could represent any passenger vehicle striking a fixed barrier (highway median,
street pole, etc.) or stationary vehicle (𝑣̅𝑟𝑒𝑙 = 𝑣̅𝐴,𝐻𝐴𝐴𝐶 ), Case 1b is a reversed scenario where the
vehicle equipped with the HAAC is stationary and is struck by a moving body (𝑣̅𝑆,𝑟𝑒𝑙 = 𝑣̅𝐵 ). The
motion of each body is was assumed to be colinear (i.e. in Case 1, the striking body was travelling
in a straight line towards the stationary body and Case 2 represented a typical head-on collision).
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(a)
(b)
(c)
Figure 8.14: Visualizations of (a) the HAAC-equipped device approaching a fixed body, (b) a
moving body striking a stationary body equipped with the HAAC and (c) two moving bodies
before a head-on collision in a fixed frame of reference, XYZ.
The relative velocity between the two bodies involved in a potential impact event, 𝑣̅𝑟𝑒𝑙 , is the
critical variable with regards to quantifying the necessary response time:
̅
𝑑𝛿

𝑣̅𝑟𝑒𝑙 =

𝑑𝑡

(8.7)

Although the relative velocity will likely vary, and more specifically decrease, as 𝛿 → 0 (e.g. a
driver may sense that a collision will occur and apply the brakes) the magnitude of 𝑣̅𝑟𝑒𝑙 was
assumed to remain constant for design purposes since this represents a worst case scenario.
Rearranging Equation (8.7) for the idealized case of a uniaxial impact and near-constant velocity
yields the following general expression for the HAAC response time, tr:
𝛿

𝑡𝑟 ≈ |𝑣̅𝐴𝐵|
𝑟𝑒𝑙

(8.8)

The necessary response time was plotted for a range of offsets, δAB, in Figure 8.15, note
that the average car length is nominally 4.6 m [78]. These estimates were based upon the
assumption that the valves were placed as close to the cylinders as possible (i.e. the cylinder’s
stroke was the most significant portion of the time domain). The relationship between response
time and relative impact velocity was highly nonlinear, with asymptotic behaviour approaching
0 ms. The offset distance is limited by the maximum distance of the sensor(s) which monitor for a
potential collision (cameras, the components associated with adaptive cruise control, etc.) but it is
also problem dependent. A pedestrian illegally crossing an intersection or an impaired driver
crossing lanes are examples of ‘last minute’ collisions which occur well within the proximity of
many standard, onboard vehicle sensors. The peak relative velocity of 40 m/s could represent a
144 km/h impact with a stationary object, or an impact between two moving bodies with an
equivalent total. Assuming two vehicles are travelling towards each other at 50 km/h (~13.9 m/s),
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the HAAC must respond within 364 ms to 727 ms to appropriately arm the device at offset
distances from 10 m to 20 m.

Figure 8.15: Necessary HAAC device response times, for multiple buffer distances (offsets),
between two arbitrary entities subjected to quasi-uniaxial impact with each other.
8.3.3.2 Hydraulic cylinder response potential
On the dimensions presented in this Section, best efforts were taken to present the
necessary information in SI units but there were some instances where an imperial unit set was
required (e.g. the NPT standard for hoses, pipes and other hydraulic fittings can only be
communicated in inches). The hydraulic cylinders shown in Section 8.3.2 possess a linear stroke
of 32 mm with a bore diameter of 25 mm for a total cylinder volume, Vcyl, of 15707 mm3
(~4.1×10-3 US gal). These cylinders are capable of two-way actuation via 1/8” NPT ports at each
end of the cylinder body. Local suppliers Morton Industrial and Checker Industrial recommend
assuming a nominal critical (maximum) fluid velocity, vf,cr, of 20 m/s through any orifice when
determining flow rate capacities for a given hydraulic circuit. This data is also consistent with
design guidelines available from Parker-Hannifin. Therefore, the maximum flow rate of an
incompressible fluid through a channel with a given bore diameter, Db, can be determined from
first principles:
𝜋

𝑞̇ 𝑚𝑎𝑥 = 𝐴𝑐 ∙ 𝑣𝑓,𝑐𝑟 = 𝐷𝑏2 ∙ 𝑣𝑓,𝑐𝑟
4

(8.9)

A maximum allowable flow rate of 5.0×104 mm3/s (~0.8 gpm) was determined for the
1/8-inch NPT hydraulic cylinder inlets. This value was verified as a reasonable estimate in
comparison to similar products from McMaster-Carr [79], which stated commonly estimated flow
rates of 1 gpm. The hydraulic pump (and power supply) available for use in the CIMD laboratory
is capable of a peak flow rate of 2.4 gpm and hence the cylinders will not bottleneck the
performance of this device. Although the pump could be replaced with a higher capacity model,
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2.4 gpm was accepted as the maximum flow rate in the HAAC hydraulic circuit for the presented
study. The total flow rate in the circuit, 𝑄̇𝑡𝑜𝑡𝑎𝑙 , can therefore be determined as:
𝑄̇𝑡𝑜𝑡𝑎𝑙 = (𝑛𝑎 − 𝑛𝑐 )𝑞̇ 𝑐𝑦𝑙

(8.10)

where na and nc represent the number of blades which must be armed and the current number of
armed blades in the system, respectively. Note that positive and negative flow rates indicate an
increase and reduction in the number of active blades, respectively. The flow rate required to
actuate a given number of blades, ∆𝑛 = 𝑛𝑎 − 𝑛𝑐 , for a desired response time are provided in Figure
8.16. This series of plots suggests that a default configuration of 6 active blades is the most
balanced since each configuration visualized in Figure 8.2(a) can be achieved by invoking ∆𝑛 = 6
for a nominal response time of 600 ms with a 2.4 gpm hydraulic pump.
The response time of any necessary valves can be neglected if one implements direct
operated solenoid valves, which can generally be assumed to respond within 30 ms, per
specifications from established manufacturers [80, 81]. The resultant translational velocity of the
piston would be 0.053 m/s, which is significantly lower than the Parker-Hannifin suggested limit
of 1 m/s to preserve the integrity of any wear rings and seals. Maintaining this relatively low
velocity was also crucial since the short stroke and compact body of the cylinder did not allow for
the inclusion of piston cushions, which are recommended for Vf > 1 m/s.
The proposed approach would allow for peak relative velocities of 8.5 m/s, 16.8 m/s,
32.5 m/s and 50.0 m/s at offset distances of 5 m, 10 m, 20 m and 30 m, respectively. Alternatively,
the system could be programmed to default to a high energy, 12-bladed cutting configuration since
the accidents which will require this response will occur more quickly, and the HAAC can reduce
the number of blades if warranted. There are numerous potential configurations with their own
unique series of advantages and drawbacks which can be extrapolated, ultimately, the in-field
implementation should be dictated by the designer based upon the desired application.
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Figure 8.16: Total flow rate required from system pump to actuate the HAAC, over a broad range
of response times, for a series of configurations.
If the pump was replaced with a higher capacity model (large enough to saturate the peak
flow rate of the cylinder inlets), the alternative maximum response time can be determined as:
𝑡𝑟 = ∆𝑛 ∙

𝑉𝑐𝑦𝑙
𝑞̇ 𝑐𝑦𝑙,𝑚𝑎𝑥

= ∆𝑛 ∙

𝑙𝑠
𝑣𝑓,𝑐𝑟

(

𝐷𝑐𝑦𝑙 2
𝐷𝑏

)

(8.11)

Therefore, from an examination of the data summarized in Figure 8.16, the HAAC showcased in
Section 8.3.2 is capable of a 250 ms minimal response time, provided that the valves are sufficiently
close to the cylinder inlets (and preferably, if a suitable accumulator is included in the hydraulic
circuit to maintain fluid pressure). Equation (8.11) is a general expressed and hence can be utilized
to estimate the critical response time for any design akin to the HAAC. Alternatively, if a desired
response time is known, one can utilize this expression to appropriately size critical components of
the hydraulic cylinder (e.g. cylinders for the HAAC shown in Section 8.3.2 with 1/4" NPT ports
would be capable of a 63 ms response time).

8.3.4 Scalability of the HAAC design
The following concepts are presented to demonstrate the highly configurable nature of the
HAAC design. Although the presented concepts are extraneous to the core investigation, they are
helpful illustrations of the feasibility of the proposed device and the plethora of future
investigations which can occur within the increasingly important field of adaptive energy
dissipation. However, a drawback is the relatively large size of the cutting structure in comparison
to the sacrificial extrusion. The ratio of the largest allowable extrusion diameter (76.2 mm) with
respect to the outer diameter of the HAAC (552.5 mm) is approximately 0.14, compared to a
marginally improved ratio of approximately 0.17 for the QAAC [68], visible in Figure 8.1.
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Although this was considered a minor issue since the impetus of both design studies was
fundamentally to demonstrate proof-of-concept, the HAAC design is favorable since the structure
can be easily reconfigured to accommodate larger extrusions. The device showcased in Section
8.3.2 was designed for the desired parametric scope from Section 8.2.2, which included extrusions
from 50.8 mm to 76.2 mm in diameter. The extension rod shown in Figure 8.9 was necessary to
allow for the compact cutting chamber. However, these rods can be shortened or even removed to
shift the radial position of the blades, allowing for the cutting of larger extrusions.

The

motherboard, track and deflector would require complementary modifications to include the larger
opening and supports. An illustration of this potential retooling is provided in Figure 8.17. By
removing the extension rods the maximum allowable extrusion diameter can be increased to
177.8 mm, without altering the diameter of the motherboard, for a drastically improved extrusionto-device ratio of 0.32. Furthermore, the total number of blades in the system could be increased
to 24 since the increased extrusion diameter possesses a greater circumference which promotes
more stable behaviour for an increasing blade count [45]. Since the bolt pattern between the
motherboard and standoffs would remain unchanged these modifications could be implemented infield with relative ease, which highlights the multifaceted nature of the enhanced HAAC design.

Figure 8.17: Schematic of the HAAC with callouts indicating the potential to retool the device
for larger extrusion testing (up to 177.8 mm OD extrusions) and up to 24 blades, with 15°
spacing, within the same design volume as the device shown in Section 8.3.2.

8.3.5 Remarks on controls
As previously mentioned in Section 8.2.2, the impetus of this study was engineering design,
appropriate sizing/determination of load bearing capabilities and stress analysis of critical
components.
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The development of a robust control method for the HAAC is a complex,

interdisciplinary and application (e.g. aircraft, automobile, etc.) dependent problem which was
therefore extraneous to the work presented in this dissertation. However, some fundamental
observations and recommendations are provided in this Section, from the perspective of the abovementioned goals, which demonstrate the versatility of the device and the plethora of options which
are available to controls engineers.
8.3.5.1 Device operation
An impact detection scheme can be developed utilizing the desired combination of sensors
(e.g. a camera or radar-based system, akin to park assist sensors, to track the distance, velocity, and
approximate size of incoming objects) and programmed into a given controller. For laboratory
testing, a LabVIEW® visual interface is a preferable solution, potentially for a National
Instruments data acquisition system equipped with a NI9401 TTL module. This approach was
previously proposed by Shery for the QAAC; the NI9401 module was also utilized in the dynamic
experimental studies showcased in Chapters 5 and 7 of this dissertation for mechanical response
corridors as short as 5 ms. This device or a comparable alternative is necessary to provide an
excitation signal to the valves which operate the hydraulic cylinders showcased in Figure 8.9 and
Figure 8.10.
The HAAC is an inherently flexible design (recall Figure 8.2(a) for the possible
configurations) and hence there are a plethora of hydraulic circuits which can be implemented to
satisfy the specific application. A case study for a reduced HAAC with 8 blades was considered in
this subsection in the interest of legibility since the fundamental observations would apply to the
proposed 16-cylinder design. The hypothetical 8-cylinder system possesses 45° spacing between
cylinders and therefore can swap between 4 and 8-bladed cutting modes. A control circuit with a
single valve paired to 2 blades offset in 180° pairs is provided in Figure 8.18(a). This approach
utilizes 4-way, 3-position solenoid-driven directional control valves (4 total); a normally open
position on valves 1 and 2 indicates a default configuration of 4 blades. The 3-position valve is
ideal since the closed position reroutes the flow from the pump to reservoir (tank), which mitigates
pressure spikes within the system and ensures that the pump only experiences the minimum
required load to operate the device. Reinforced, flexible lines are preferred over steel fittings, both
for ease of integration into a larger structure and to mitigate shock during high-speed operation.
A simplified alternative control scheme which utilizes 4-way, 2-position (2 total)
directional control valves is presented in Figure 8.18(b). Each valve is connected to 4 cylinders
which are offset by 90° via a simple block manifold. Although the complexity is of this latter
approach reduced, the former is necessary for the HAAC proposed in this Chapter since the blades
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are intended to actuate in pairs of 2 (recall Figure 8.16). Additionally, a dedicated valve can be
applied to each cylinder if fully independent blade actuation is a priority. The electrical circuit was
of less interest since the power supply for the pump, motor and solenoids can be grandfathered into
an existing system or a dedicated circuit can be developed, per the individual user’s needs, and the
solenoids and be paired by together or kept separate via readily obtainable diode boards.

(a)

(b)
Figure 8.18: Potential hydraulic control circuits for a reduced/simplified HAAC, capable of
swapping between 4 and 8-bladed axial cutting configurations with (a) 4-way, 3-position, and
(b) 4-way, 2-position solenoid actuated directional control valves.
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8.3.5.2 Blade arrangement determination
Determining the appropriate number of blades can generally be achieved by considering the energy
absorbing potential of the HAAC in an impact event via the work-energy theorem:
𝑁

𝑁

𝑗=1

𝑗=1

𝑁

𝑁

𝑗=1

𝑗=1

1
1
1
1
𝑈1 + (∑ 𝑚𝑗 𝛿𝑗̇ 2 + ∑ 𝐼𝑗 Ω𝑗2 ) + 𝑊1−2 = 𝑈2 + (∑ 𝑚𝑗 𝛿𝑗̇ 2 + ∑ 𝐼𝑗 Ω𝑗2 )
2
2
2
2
1

(8.12)
2

where U1, U2 represent the potential energy before and after some impact event, respectively, W1-2
1
1
represents the work done by the HAAC and the 2 𝑚𝑗 𝛿𝑗̇ 2 and 2 𝐼𝑗 Ω𝑗2 terms account for the kinetic

energy of each entity, j, involved in the impact. The general angular velocity, 𝛺̅𝑗 , was not relevant
for the current dissertation, although this could be an important consideration for future
investigations intent on developing sophisticated controls (e.g. a car which has lost control may
precess about its vertical axis, or a military aircraft may undergo significant pitch and roll
maneuvers). This is a general expression and often the potential energy will be a negligible term
and the kinetic energy of the device equipped with the HAAC will dominate to problem while for
others (e.g. an elevator failure and collapse) these assumptions will likely be reversed. W1-2 is the
critical term since the remaining energy terms are given values for the HAAC-equipped entity, and
estimates to distance and velocity of potential threats (e.g. out-of-lane vehicles, road barriers) by
onboard detection systems allow for nominal estimates to the remaining potential and kinetic
energy terms, respectively. The work done by the HAAC can be estimated as:
𝛿2

𝑊1−2 = ∫ 𝐹𝑐 (𝑧)𝑑𝑧

(8.13)

0

where 𝐹𝑐 (𝑧) = 𝑛 [1 + 𝜇 cot 𝜃 cos2 (

√𝛥𝑟𝑡 (2𝑅𝑎 −𝛥𝑟𝑡 )
)] ∙ 𝐹𝑝 (𝑧)
(𝑅𝑎 −𝛥𝑟𝑡 )

is the cutting force, as a function of

displacement, δ, in the z-direction which corresponds to the axis of the HAAC and hence the line
of impact and δ2 is the displacement required to bring the impacting entities to zero velocity.
The axial cutting or cutting/clamping force can be estimated utilizing either a user-defined
database with numerical or experimental results, or in general via the analytical modelling approach
summarized in Section 6.4. Dynamic effects from reduced contact forces at elevated cutting
velocities can be correspondingly included per the approach contained in Section 7.4.3. The
problem-dependent kinetic and potential energy terms from Equation (8.12) can be summed and
consolidated into a single term referred to as the total impact event energy, Eie,t, and for the purposes
of a feedback-based controller this value can be assumed as known. Therefore, the fundamental
energy absorbing condition can be stated as follows:
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𝛿2

𝐸𝑖𝑒,𝑡 − 𝑛 ∫ [1 + 𝜇 cot 𝜃 cos 2 (
0

√𝛥𝑟𝑡 (2𝑅𝑎 − 𝛥𝑟𝑡 )
)] ∙ 𝐹𝑝 (𝑧)𝑑𝑧 = 0
(𝑅𝑎 − 𝛥𝑟𝑡 )

(8.14)

assuming 𝛿2 ≈ 0.95𝐿 (from Chapter 7, Figure 7.12), the minimum number of blades, 𝑛𝑚𝑖𝑛 , is:
𝑛𝑚𝑖𝑛 ≈

0.95𝐿
1
∫
𝐸𝑖𝑒,𝑡 0

√𝛥𝑟𝑡 (2𝑅𝑎 −𝛥𝑟𝑡 )

[1 + 𝜇 cot 𝜃 cos 2 (

(𝑅𝑎 −𝛥𝑟𝑡 )

)] ∙ 𝐹𝑝 (𝑧)𝑑𝑧, 𝑛𝑚𝑖𝑛 ∈ ℤ

(8.15)

Once an integer value, ℤ, is determined for 𝑛𝑚𝑖𝑛 , the controller can either arm a consistent number
of blades if this is possible or round up to the next highest option (e.g. if 𝑛𝑚𝑖𝑛 ≈ 5 the HAAC must
arm a minimum of 6 blades). Additional displacement-based criterion could be implemented if a
designer-defined critical crush distance, δcr, is known (e.g. if a pedestrian is detected as the ‘threat’,
perhaps the displacement will be limited to 20 % of the extrusion’s stroke). Ultimately, the
analytical modelling procedure, which was developed and extensively validated in this dissertation,
can be implemented by controls engineers as desired to suit a myriad of applications.

8.4 Numerical modelling
The following Section summarizes the numerical study of the HAAC device showcased in
Section 8.3.2, with consideration from key test cases identified in Section 8.2.2.2, to demonstrate
that the design can withstand strenuous loading conditions (i.e. dissipate energy safely). The most
significant effect stresses were examined for the HAAC and compared to the performance of the
QAAC and a numerical replication of an experimentally tested cutting tool.

8.4.1 Parametric scope
The parametric scope was selected to test the most demanding loading conditions from the
plethora of cases identified in Section 8.2.2.2. The parametric scope of interest for numerical
simulation off the HAAC is provided in Table 8.3. Extrusions with diameters of 50.8 mm, 63.5 mm
and 76.2 mm were considered since these geometries represented the cases where the blades were
loaded as close as possible to the central hub, at their nominal midspans and as close as possible to
the outer ring of the track, respectively. A 3.175 mm wall thickness was considered in all cases
since this was the maximum allowable value, and since the cutting force is highly sensitive to wall
thickness it was reasonable to assume that the highest thickness would correspond to the highest
force [45]. The scope was also constrained to consider AA6061-T6 extrusions since it could be
surmised that if the HAAC can safely withstand deformation of extrusions in this configuration,
then substituting weaker/softer AA6061-T4 extrusions can be done safely.
Finally, 4-bladed cutting and 12-bladed cutting/clamping were considered since these cases
represented the least and greatest possible number of active blades, respectively. Furthermore, the
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former will result in the highest force per blade under axial cutting [45] while the latter will result
in the most aggressive secondary force due to radial clamping. The test cases were identified with
the naming convention T6-H-DM, where ‘T6’ indicated that the extrusions were composed of
AA6061-T6, ‘H’ was the extrusion geometry (refer to Table 8.3) and ‘DM’ was the deformation
mode (C4 and C12 for 4 and 12-bladed cutting, respectively).
Table 8.3: Parametric scope for AA6061 extrusions subjected to axial cutting and hybrid
cutting/clamping for the numerical study of the HAAC.
Outer diameter,
Do [mm]

Thickness,
t [mm]

Extrusion
𝑫
ratio, 𝟐𝒕𝒐

Geometry

Extrusion
material

Cutting modes

50.8

3.175

8

H1

6061-T6

n = {4, 12}

63.5

3.175

10

H2

6061-T6

n = {4, 12}

76.2

3.175

12

H3

6061-T6

n = {4, 12}

8.4.2 Finite element model
8.4.2.1 Mesh properties and discretization
The HAAC was modelled utilizing solid, constant stress Lagrangian elements. The
Eulerian approach with a material-and-void element formulation was utilized to model the
extrusion and its adjacent airmesh, consistent to the approaches summarized in Sections 6.4.1, 7.4.2
and B.1. The Lagrangian entities were modelled with a minimum of 5 elements through the
thickness corresponding to the lowest dimension, for each deformable component, to ensure that
any potential nonlinear behaviour was adequately captured by the numerical solver.

A

representative finite element mesh is shown in Figure 8.19 with visualizations of the mesh
discretization in highlighted regions. The extrusion was modelled with 6 elements through the
thickness, for an average element length of 0.53 mm. This resolution was maintained within the
vicinity of the blade wedges and outer ring, and the 20 mm of extrusion length directly above the
blades. The FE-mesh was reduced to quarter symmetry, which was equally applicable to both the
4 and 12-bladed cutting modes, to mitigate the computational demands. The planes of symmetry
coincided with the principal xy and yz-planes, and the global origin coincided with the center of the
extrusion in the plane which contained the blade tips.
A series of minor simplifications which were not expected to substantially influence the
results were also implemented in the finite element model. The conical deflector visible in Figure
8.11 is large in comparison to the entities it contacts, particularly the blades, and is essentially a
fully solid entity (i.e. the threshold for failure in the deflector is inherently much higher than the
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blades). The geometry is also highly complex due to the conical profile and a series of blind, tapped
holes responsible for fastening to the even larger base platen. Therefore, the mesh of this
component was reduced to a series of rigid elements which represented the outer profile (which is
responsible for the primary function of the deflector, rerouting petalled sidewalls). Mass scaling
was applied with a suitably modified density to ensure that the mass of the virtual deflector matched
the proposed design. The dowelled connections between the hub and deflector were consequently
removed, but they were not required in the simulation since the planes of symmetry forced these
components to remain concentric. A discrete spring element was defined between the upper surface
of the deflector to allow for vertical deflection of the surface in contact with the blades with a
stiffness of 200 kN/mm (determined from a simple axial compression simulation of a fully meshed
deflection). A constrained nodal rigid body was implemented between the base plate and lower
node of the spring to appropriately distribute the axial force acting through the deflector.

Figure 8.19: Representative finite element mesh of the HAAC, with quarter symmetry
implemented, illustrating the major components with a 63.5 mm OD, 3.175 mm wall extrusion.
Another key simplification was the omission of the self-centering jaws visible in Figure
8.10 through Figure 8.12.

The quarter symmetry boundary conditions implemented in the

modelling of the HAAC force the extrusion to remain concentric regardless of loading conditions.
Therefore, even if this component was included in the analyses there would not be a meaningful
influence on the deformation modes, especially since the jaws are located relatively far away from
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the localized cutting phenomena and true load bearing components such as the deflector and
standoffs. A highly similar component was incorporated in the QAAC by Shery [68] and shown
experience a peak effective stress of 1 MPa or less within the shaft and less than 100 MPa at the 2
bolted connections (increased to 4 bolted connections on the HAAC). These values are trivial in
comparison to the loading bearing capacity of widely available 4000-series tool steels. It was also
noted that this component did not influence the deformation mode [68]. Finally, appropriate
incorporation of this component into the simulation would require an extended time domain to
allow for a ‘press-fitting’ operation to constrain the extrusion within the confines of the jaws.
The geometry of the Parker-Hannifin hydraulic cylinders was also simplified since these
components are purchase items which are individually tested and rigorously certified by the
supplier and the pilot investigation in Sections 8.3.1 and 8.3.3 reinforce confidence in the
component. For the purposes of the numerical investigation, the overall presence (e.g. kinematic
constraints imposed on the blades) introduced by the cylinder were most relevant and finer
geometric details were marginal. The inlet and outlet ports were omitted, and the flow of hydraulic
fluid was not considered (physical constraints were utilized to approximate the presence and effect
of the fluid, per Section 8.4.2.3). The cylinder heads, which thread into the main body of the block
cylinder, were modelled with the body as a single entity without consideration for these fastening
mechanisms. Comparing Figure 8.9 to the relevant geometry in Figure 8.19 visualizes these minor
differences. The piston was similarly modelled as a single entity with seals and wear rings omitted.
8.4.2.2 Material properties
The AA6061-T6 extrusions were modelled utilizing an elastic-plastic hydrodynamic
material model which relates the state variables via a polynomial equation-of-state, with the bulk
modulus, K, implemented as the linear coefficient. This value and other common mechanical
properties were previously summarized in Table 6.1. The material model also relies upon true
stress/effective plastic strain data obtained from uniaxial tension testing; this data is summarized in
Section B.1.2.2. The hydrodynamic material model was chosen to allow for a direct comparison
to the stress analysis conducted by Shery [68], who implemented an identical material model for
the extruded tubing on the QAAC device.
The HAAC was modelled utilizing linear elastic material models, except for the deflector
which was previously identified as a quasi-rigid entity. The track and base plate were composed
of a high strength 7075-T6 aluminum alloy and the remaining components, including the hydraulic
cylinder assembly, were composed of 4140 tool steel. The relevant material parameters are
summarized in Table 8.4.
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The discrete linear spring between the deflector and base plate

approximated the vertical deflection of the former; a nominal value of 50 kN/mm was applied
(reduced from 200 kN/mm) due to quarter symmetry. The rigid material model was also utilized
for the translating platen and shell elements on the bolted connections.
Table 8.4: Mechanical properties for elastic material models applied to the HAAC device.
Structural density, ρ [kg/m3]

Poisson’s ratio, ν

Elastic modulus, E [GPa]

AA7075-T6

2760

0.33

71.7

4140 steel

7830

0.30

207

7.06×105

0.30

207

Material

4140 steel
(augmented)

Note: The augmented tool steel model includes a structural density increased from the reference
value to generate the appropriate mass for the numerically simplified conical deflector.
8.4.2.3 Boundary conditions
The finite element software package LS-DYNA® was utilized with a double precision
SMP solver, version R10.1, with the data acquired at a rate of 100 kHz. The validity of this
modelling approach, including the material model, element formulations and numerical methods
was extensively verified and validated through numerous investigations [69], and in Appendix B.
Per the findings summarized in [70] and Chapter 7, quasi-static loading represents the most
aggressive loading condition for cutting deformation modes since cutting forces tend to attenuate
by approximately 30 % under elevated (i.e. > 10 m/s) relative cutting speeds. Therefore, a common
prescribed loading rate of 10 m/s was considered in the numerical models with contact definitions
consistent to quasi-static loading conditions. Quarter symmetry was invoked by restricting the
motion of nodes coinciding with the yz-plane and zx-plane were constrained to planar motion. The
rigid platen was constrained against all motion except z-translation. The lower surface of the base
plate was constrained against z-translation to approximate the presence of a supporting structure.
Compression of the extrusion against the blades was accomplished by prescribing a constant,
10 m/s displacement rate up to a nominal displacement of 75 mm.
Most of the bolted connection within the HAAC were approximated as constrained nodal
rigid bodies to further simplify the mesh and mitigate the computational requirements. This was
acceptable for far-field bolted connections (e.g. the bolts constraining the block cylinders to the
motherboard) since these fasteners were utilized for clamping and hence the stresses within the
bolts were not of significant interest. Additionally, constrained nodal rigid bodies tend to result in
overpredicted stresses since the elasticity associated with the fasteners is neglected (i.e. the
predictions are more conservative), which was favourable for this design exercise. Bolted joints
were modelled for the standoffs near the outer ring since these components were close to the cutting
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deformation mode. A sample bolted connection is shown in Figure 8.20. A series of rigid shell
elements with a negligible (~1.0×10-6 mm) thickness were created on the lower surface of the cap
screw’s head and the inner surface of the hex nut; these elements were coincident to the adjacent,
solid surfaces. A handler node was defined at the center of each mesh with the preload, Fpreload,
applied at equal and opposite magnitudes at each end. This preload was calculated as [82]:
𝐹𝑝𝑟𝑒𝑙𝑜𝑎𝑑 =

𝑇𝑝𝑟𝑒𝑙𝑜𝑎𝑑
𝐾𝑡 ∙ 𝑑𝑡

(8.16)

where Tpreload represented the torque requirement for a given bolt/thread size, Κt was the torque
coefficient and dt was the thread diameter. The torque coefficient for steel fasteners can be
nominally assumed as 0.15 [82]. For the grade 8, ¼”-28 UNF threaded shoulder bolts utilized on
the standoffs this yielded an expected axial preload of 9.6 kN. The rigid shells coupled to the
handler node allowed for the preload to be evenly distributed across the fastened surfaces. The
preload was implemented as a linearly increasing force for the initial 1 ms of the time domain,
followed by an additional 0.25 ms idle period to ensure that the forces were in equilibrium before
cutting initiated. This approach was previously verified by Shery [68] for the QAAC, and was
generally recommended in favour of a bolted connection where the preload was applied with an
offset linear spring [83] since trial-and-error is necessary to determine the offset distance, and it is
ultimately more prone to excessive vibration. Tied contact algorithms were defined between the
extension rod and its adjacent parts and between the set screw and blade, with the assumed steelon-steel friction coefficients, to approximate the simple bolted connections which served primarily
as constraints.

Figure 8.20: Illustration of a bolted connection within the HAAC and application of the preload.
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Segment-based contact was implemented between adjacent Lagrangian entities, with the
surfaces manually defined in most cases to improve the accuracy of the contact algorithms. Static
and kinetic coefficients of friction of 0.55 and 0.50, respectively, were defined for steel-on-steel
contact with corresponding values of 0.35 and 0.25 for aluminum-on-steel contact. A decay
coefficient of 105 was invoked to ensure a rapid transition from the static to kinetic value. Contact
at the cutting interface and between the extrusion and platen was handled utilized a fluid-structure
interaction approach with a single, nominal coefficient of friction of 0.10, consistent to the previous
investigation of the QAAC [68] and a numerical study by Gudisey et al. [84]. This value was
appropriate for implementation with the elastic-plastic hydrodynamic material model to replicate
quasi-static cutting deformation, per the indicated references. Representative syntax is provided in
Section B.1.3 of this dissertation for each type of contact algorithm.

8.4.3 Results and discussions
8.4.3.1 Performance under steady-state deformation
The 4 and 12-bladed cutting/clamping deformation modes occurred for all the considered
simulation cases in a stable manner, without any transitions to progressive folding. Representative
deformed profiles are shown for the extrusions in group T6-H2 (this represents the 63.5 mm OD
extrusion or ‘midpoint’ geometric group) for the 4 and 12-bladed cutting modes in Figure 8.21(a)
and Figure 8.21(b), respectively. The former experienced negligible flaring until contact with the
deflector initiated, at which point the petalled sidewalls diverted radially and began to assume the
radial profile. In contrast, the extrusions subjected to 12-bladed cutting experienced intense radial
flaring due to the reduced blade spacing and the petals contacted the inner wall of the track (outer
ring) rather than the deflector. The petals eventually cleared the outer ring and continued to deform
on a tangential path for the remainder of the simulation, consistent to experimental observations
for similar cutting/clamping modes from Chapter 6.
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(a)

(b)
Figure 8.21: Sample deformation profiles for AA6061-T6 extrusions (63.5 mm OD, 3.175 mm
wall), Group T6-H2, subjected to (a) 4-bladed axial cutting, and (b) 12-bladed cutting/clamping.
The interactions between the petalled sidewalls and auxiliary structures within the HAAC
led to corresponding secondary effects within the force-displacement response. The onset of
deflector contact is identifiable in Figure 8.22(a) from the moderate ramp to a global peak force,
followed by a graduate decrease and return to steady-state cutting as the petal/deflector contact
approached equilibrium. The cutting force displayed more variation for geometry H3, as expected,
since this was the largest considered diameter and hence the petalled sidewalls possessed the largest
circumferential arc length, causing more pronounced anticlastic bending at the petal/deflector
interface. Similar effects were observed for extrusions subjected to a 3-bladed cutting mode by Jin
et al. [71]. Overall, this deformation mode exhibited a minor dependance on geometry with
steady-state forces between 42 kN and 54 kN (i.e. a 28.5 % increase in the force compared to a
50 % increase in diameter) over the considered parametric scope.
The corresponding, numerically predicted force responses predicted force responses for the
12-bladed cutting/clamping mode are presented in Figure 8.22(b). This deformation mode was
notable sensitive to the extrusion geometry, with steady-state forces of 103 kN, 127.5 kN and
154.0 kN predicted for geometries H1, H2 and H3, respectively. The steady-state cutting force was
also more sensitive to geometry due to the influence of force attenuation by radial flaring, consistent
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to the observations from Chapter 6 [76]. Finally, the onset displacement for the radial clamping
deformation mode, and its corresponding secondary increase in the steady-state force, occurred
earlier in the displacement domain with nominal values of 27 mm and 18 mm for geometries H1
and H3, respectively. This was expected due to the inherently reduced distance between the
petalled sidewalls and outer ring for extrusions with larger diameters.
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Figure 8.22: Force-displacement responses obtained from numerical simulation of the HAAC
for (a) 4-bladed axial cutting, and (b) 12-bladed cutting/clamping.
The numerically predicted steady-state forces, Fss,num, were compared to their
corresponding analytical predictions, Fss,th, via the approach derived in Section 6.4; the findings are
summarized in Table 8.5. The steady-state forces for the considered scope were consistent to the
previously validated [76] analytical model to an average relative error of 6.5 %. The cutting force
from the 4 to 12-bladed cutting mode increased by an average factor of 2.5, highlighting the broad
range of load bearing capabilities contained within a single HAAC/extrusion configuration.
Table 8.5: Comparison between numerically predicted steady-state cutting forces, Fss,num, to
analytical predictions, Fss,th, via the previously validated [76] procedure from Section 6.4.
4-bladed axial cutting (C4)
12-bladed cutting/clamping (C12)
Extrusion
geometry Fss,num [kN] Fss,th [kN]
𝑅𝐹𝑠𝑠 [%]
Fss,num [kN] Fss,th [kN]
𝑅𝐹𝑠𝑠 [%]
H1

42.26

41.03

3.00

102.60

112.32

8.65

H2

47.21

44.52

6.04

117.06

127.54

8.22

H3

53.90

47.96

12.39

153.98

149.30

3.13

8.4.3.2 Effective stresses within the actively adaptive cutter
The most strenuous loading scenarios involved geometry H3, which was expected due to
the large diameter and proximity to the outer ring, with an average force per blade of 13.5 kN and
12.4 kN for the 4 and 12-bladed cutting modes, respectively. However, these cases did not
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necessarily coincide with the worst-case loading scenarios on the HAAC. The von Mises stress
contours are shown within the steady-state regime for geometries H1 through H3 subjected to 4bladed cutting in Figure 8.23(a) through Figure 8.23(c), respectively. In all cases the peak effective
stresses were on the order of approximately 2 GPa and highly localized to the blade tip regions
where the cutting process occurred.
A peak instantaneous stress of 2.16 GPa was observed for the simulation case T6-H2-C4,
shown in Figure 8.23(b). Although the cutting force was lower for geometry H2 compared to H3,
is it not surprising that the former represents the most strenuous case since the diameter of geometry
H2 coincides with the midspan of the blades. This scenario therefore corresponds with the case of
the most intense bending/flexure perpendicular to the cross-section of the blade. The critical
mechanical properties for candidate aluminum and steel alloys are provided in Table 8.6, to allow
for convenient comparisons to the stress contours. The peak stresses experienced by the blade
marginally exceeded the yield strength of the commonly identified tool steels, but only in highly
concentrated regions at the blade tips where a sharp transition from the tip to the wedge occurred.
More severe stress concentrating behaviour was observed in the QAAC since the blades were
cantilevered, with a peak stress of 2.6 GPa [68]. Since these stress concentrations appeared to be
highly localized, the stress states in adjacent elements were examined to quantify the bulk response.
Table 8.6: Candidate materials for implementation on core components within the HAAC.
Elastic modulus,
E [GPa]

Yield strength,
σY [MPa]

Ultimate strength,
σU [MPa]

Rockwell
hardness HRC

AA6061-T6 [76]

68.9

277.5

320.2

N/A

AA7075-T6 [76]

71.7

503.0

572.0

N/A

4140 steel [85]
(400° F heat treat)

207.0

1737.5

1965.1

53

4340 steel [85]
(400° F heat treat)

207.0

1861.7

1978.9

53

D2 steel [85]

205.0

2000.0

2190.0

60

Grade 8 steel
(fasteners only)

207.0

896.4

1034.3

N/A

Material

Note: The blades utilized in previous Chapters were composed of the heat treated 4140 tool steel.
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(a)

(b)

(c)
Figure 8.23: Visualization of the peak von Mises stresses observed within the HAAC equipped
with geometries (a) H1 (50.8 mm OD), (b) H2 (63.5 mm OD) and (c) H3 (76.2 mm OD)
subjected to 4-bladed axial cutting.
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The von Mises stresses through the blade wedge were assessed with respect to the axial
displacement, as shown in Figure 8.24(a). The average element height parallel to the wedge was
approximately 0.8 mm; recall that the blades were modelled with constant stress elements and
therefore each represented the average stress every 0.8 mm through the height of the cutter. The
effective stress is plotted with respect to blade height in Figure 8.25. The plot highlights the
localized nature of the peak stress since the adjacent element, less than 1 mm below the blade tip,
experiences less than half magnitude of effective stress.

Since global the peak stress was

approximately 15 % higher than the yield stress for the candidate steel alloys from Table 8.6, this
indicated that the effective stress reduced to 53 % of the yield stress directly below the blade tip,
and to 23 % of the magnitude near the wedge shoulder. Further discussions on this behaviour are
provided in Section 8.4.3.4.

Figure 8.24: Plot of von Mises stresses experienced by the blades of the HAAC, with respect to
platen displacement, for case T6-H2-C4.

Figure 8.25: Variation of the effective stress through the height of the blade for case T6-H2-C4.

297

The blades experienced the most extreme loading conditions, which was anticipated since
the wedges are inherently a stress concentrator. The effective stresses throughout the remainder of
the device were reduced by an order of magnitude, as displayed in Figure 8.26. A peak stress of
approximately 255 MPa was observed in the grade 8 steel hex nuts. The aluminum components,
namely the track and base plate, experienced a peak stress of 173 MPa at the bolted connection
within the counterbores. This represented approximately 34 % of the yield strength of AA7075.

Figure 8.26: Depiction of von Mises stresses within the HAAC for case T6-H2-C4 with the
blades omitted to visualize the secondary peak effective stresses.
The von Mises stress contours experienced by the HAAC in a 12-bladed cutting
configuration for geometries H1 through H3 are shown in Figure 8.27(a) and Figure 8.27(c),
respectively. The most demanding case was T6-H3-C12 with a peak instantaneous stress of
2.26 GPa. The critical location was consistent to the 4-bladed cutting mode and occurred at the
blade tip near the inclined surface of the wedge. This magnitude technically exceeded the yield
strength of the candidate steel alloys from Table 8.6, but still represented a notable improvement
over the 2.6 GPa peak from the QAAC design [68]. Additionally, the peak stress experienced by
the QAAC occurred under an 8-bladed cutting mode with a steady-state force of 52 kN, compared
to the 149 kN cutting/clamping force experienced by the HAAC. This revised design therefore
provides a maximum load bearing capacity increased by a factor of 3 with the peak effective stress
reduced by 13 % between respective cutting scenarios.
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(a)

(b)

(c)
Figure 8.27: Visualization of the peak von Mises stresses observed within the HAAC equipped
with geometries (a) H1 (50.8 mm OD), (b) H2 (63.5 mm OD) and (c) H3 (76.2 mm OD)
subjected to 12-bladed hybrid cutting/clamping.
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The von Mises stresses through the height of the blades were similarly examined to observe
the evolution from the localized peak to a bulk, steady value as shown in Figure 8.28. A notable
secondary increase in the effective stress was observed at the onset of the petalled sidewall
clamping mode. Following this a moderate degree of variation occurred, proportionate to the
behaviour observed in Figure 8.22(b), but the overall trend was quasi steady-state which indicated
that the deformation mode was stable. The effective stresses throughout the wedge height are
tabulated in Figure 8.29. The sharp, localized peak stress at the blade tip quickly attenuated in a
consistent manner to HAAC subjected to 4-bladed cutting, with a plateau also occurring nominally
at the half-depth. The plateau stress approximately 540 MPa at (and beyond) this position. This
value was only moderately higher than the plateau of 463 MPa observed for the previously shown
simulation case T6-H2-C4.

Figure 8.28: Plot of von Mises stresses experienced by the blades of the HAAC, with respect to
platen displacement, and close-range images of the stress contours for case T6-H3-C12.

Figure 8.29: Variation of the effective stress through the height of the blade for case T6-H3-C12.
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The peak von Mises stresses of the HAAC for simulation case T6-H3-C12 with to blades
omitted is provided in Figure 8.30. A peak effective stress of approximately 457 MPa in the corners
of the standoffs. This stress was likely an overestimation due to the sharp geometry of the mesh;
in reality, these corners would be chamfered or filleted per the general practices of most machine
builders. The complementary effective stress below the corners of the standoffs on the base plate
was drastically reduced, with an average value of approximately 152 MPa. The peak effective
stress experienced by the proposed aluminum components was 225 MPa and occurred in the lower
corner of the track slots, however, this magnitude was highly localized and most of the slots
experienced average stresses between 120 MPa and 140 MPa. This geometry cannot be modified
since the slot will experience translating motion. Although both the 6000 and 7000-series
aluminum alloys could withstand these loading conditions, the latter will promote a longer service
life under practical implementation since the ratio of the anticipated peak stress normalized with
respect to the yield stress of AA7075-T6 is approximately 0.45.

Figure 8.30: Depiction of von Mises stresses within the HAAC for case T6-H3-C12 with the
blades omitted to visualize the secondary peak effective stresses.
A summary of the peak effective stresses experienced by critical components of the HAAC
in the identified, strenuous simulation cases in Table 8.7. Although a detailed fatigue analysis was
not conducted due to feasibility constraints, the peak stresses in the HAAC were carefully examined
with respect to expected material properties and the findings were compared to the results of the
QAAC study by Shery [68] to demonstrate that the proposed design was highly durable. It is
important to note that for in-field implementation, the HAAC is generally intended to experience a
single impact scenario (i.e. only 1 cycle is anticipated for most applications). Furthermore, the
hydraulic cylinders are purchase items with guarantees for long service lives provided by the
corresponding, reputable vendors and the cylinders (and circuit) were carefully engineered, as

301

summarized in Section 8.3.3, to ensure that the loading conditions would not exceed safe operating
capabilities. The discussions on fatigue performance of the blades and supporting structures are
more applicable to the consideration of laboratory testing scenarios, where repeated impact events
are more likely to occur and thus a durable design is ideal to minimize any necessary maintenance.
8.4.3.3 Summary of results and remarks on device endurance
The average ratios of the peak effective stress normalized with respect to the yield stress
were 15.7 % and 26.0 % for the T6-H2-C4 and T6-H3-C12 cases, respectively, for all major
components except the blades. Fatigue failure in metals is assumed to occur when a pre-existing
microcrack is subjected to repeated, potentially reversing loading conditions and gradually
increases in size. A stress-life approach is considered to predict service life for high cycle (i.e. >
104 cycles) fatigue under linear elastic loading in components without sharp notches [86]. It is
generally accepted for common steel alloys that an infinite fatigue life (i.e. > 106 cycles) can be
expected for a given component if the mean stress is less than half the ultimate stress. Furthermore,
the stress amplitude should not exceed 500 MPa in heat treated 4140 steel for this condition to
occur [87, 88]. Since the peak stresses were notably lower than 500 MPa in the steel components
(excluding the blades) and no detectable cyclic loading was observed, it could be assumed with
confidence that these entities could be fabricated from any suitable AISI tool steel and experience
a long service life.
Table 8.7: Peak effective stresses experienced by critical components of the HAAC.
Component

Material

Yield strength,
σY [MPa]

Peak stress, case:
T6-H2-C4 [MPa]

Peak stress, case:
T6-H3-C12 [MPa]

Base plate

AA7075-T6

503.0

170.6

175.9

Standoff(s)

4140 steel

1737.5

174.0

456.8

Motherboard

4140 steel

1737.5

55.4

282.5

Track

AA7075-T6

503.0

165.8

225.0

Blade(s)

4140 steel

1737.5

1080.7

1468.6

Hub

4140 steel

1737.5

0.0

298.3

Hex nut

Gr. 8 steel

896.4

253.4

263.8

Set screw (from
blade assembly)

Gr. 8 steel

896.4

16.6

118.8

Note: Any components where the peak stress was below 100 MPa for both cases were omitted,
and the peak stresses for the blades were stated for the element directly below the blade tip.
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Although the track and base plate could be fabricated from a comparable tool steel to the
other major components in the HAAC, an aluminum alloy is highly recommended since the former
part will be subjected to numerous, repeated instances of dry sliding during blade extension and
retraction. Since the blades are expected to be fabricated from tool steel, this configuration avoids
steel-on-steel contact and therefore protects the blades from degradation. Additionally, the stresses
experienced by the base plate are trivial and no special features that favor a steel alloy (e.g. tapped
holes) were present in the geometry and therefore aluminum was selected for mass reduction. As
an aside, optimization studies (for both mass and topology of the device) considered extraneous to
the fundamental objectives of this investigation, although future investigations could certainly
utilize the findings in this dissertation to guide these additional enhancements to the proposed
device. There were no concerns with respect to fatigue endurance for the components composed
of a 7000-series aluminum alloy. 7075-T6 is a widely exploited alloy for a plethora of applications,
a notable example is within the receivers of firearms [89] where high speed relative sliding occurs
both under more intense loading conditions (e.g. high pressures, fire rates, etc.), and for a greater
total number of cycles than expected for the track slots. Furthermore, Zhao and Jiang [90]
demonstrated that the fatigue life of this alloy is largely dominated by the mean stress, which was
less than half the ultimate and yield stress for components of the HAAC.
Consistent to the QAAC, the most concerning loading conditions for the HAAC were
experienced by the blades.

The peak stress experienced by the blades of the HAAC was

approximately 2.26 GPa compared to 2.60 GPa on the QAAC, indicating a 15 % reduction in the
peak stress for the revised design. Recall that the former case occurred for a steady-state force of
155 kN compared to 55 kN for the latter, which highlights the benefits of simply supporting the
blades as opposed to a cantilevered assembly. Shery [68] identified an approximate maximum
fatigue life of 51000 cycles for the blades of the QAAC subjected to the noted peak stress, when
fabricated from SEA Grade 9258 steel. Therefore, it can be deduced that the blades of the HAAC
should be able to withstand the same number of cycles (if they are repeatedly subjected to the worst
case, and so the true number is likely higher) when fabricated from the same alloy. This service
life is more than suitable for the harsh case of repeated, laboratory testing.
Despite these findings a heat treated 4140 steel was previously recommended in Table 8.6
since cutting tools fabricated from this material were extensively shown to withstand hundreds of
quasi-static and impact loading cycles [69], even under high force/high blade configurations, as
shown in Chapters 6 and 7. This is a medium carbon, low alloy steel which is relatively easy to
manufacture in its received state and capable of a substantial gain in strength with significantly
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altered dimensions after heat treatment, which was the primary motivation for the utilization of this
material in previous studies. However, the final material choice is ultimately up to the designer;
for example, a weaker, inexpensive alloy could be implemented for a potential single-use device.
8.4.3.4 Comparison to simulation of experimentally tested cutters
A limited numerical study was also conducted for illustrative cases, showcased throughout
this dissertation, considering the experimentally tested cutting tools with a fixed number of blades.
It was expected that the blade tips would experience highly localized stress concentrations due to
the inherently sharp, reduced geometry. Although there is no direct method to measure the effective
stresses on such a structure (i.e. true validation of this exercise is currently impossible), simulations
of these cutting tools with a linear elastic material model for steel provided a baseline for acceptable
results from the FE simulations. The following results demonstrate two fundamental observations:
(i)

Implementing the elastic-plastic hydrodynamic material model from Chapter 6 and
Appendix B resulted in more conservative (i.e. most likely overestimated) predictions to
the effective stress experienced by the steel blades.

(ii) The numerical findings indicate that no detectable stress amplitude occurs on the blades,
even under elevated velocity impact events, which is favourable for fatigue endurance.
The first exercise involved the replication of a sample 4-bladed axial cutting event involving a
AA6061-T6 extrusion with a 63.5 mm OD, 3.175 mm wall, previously showcased in Chapter 6,
with the elastic-plastic hydrodynamic material model. Recall that both models are commonly
implemented in cutting-based problems [69], and validation exercises with regards to kinematics
and force displacement responses were conducted for both models and summarized in Appendix B
and Chapter 7, respectively. The cutter was meshed with an identical level of discretization to the
blades of the HAAC (i.e. 6 elements through the wedge width).
The von Mises stress contours within the steady-state cutting regime for the 4-bladed cutter
(with quarter symmetry) are provided in Figure 8.31, note that the steady-state cutting force was
51.6 kN. The peak stress was higher for the latter model compared to the former by approximately
34 % despite the generally consistent steady-state force predictions. This reinforces the previous
statement indicating that the hydrodynamic material model will yield more conservative
predictions to the effective stresses, which is of greater importance for a design study. The
hydrodynamic model led to peak stresses which exceeded 1738 MPa, the nominally anticipated
yield stress of the heat treated 4140 steel alloy. The cutting tool shown in Figure 8.31 has
undergone hundreds of individual tests both in previous investigations from the literature [69] and
in this dissertation at a plethora of loading rates without experiencing any visible degradation, let
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alone failure of the structure. Therefore, it can be reasonably concluded that the peak stresses
predicted within the blade wedge, for both the fixed cutters and HAAC assembly, are overestimated
due to the sharp mesh geometry and hence the blades in the latter device can be fabricated from a
consistent 4140 steel to the former with confidence.

Figure 8.31: Difference between steady-state von Mises stresses on the blade for case T6-G2-C4
from [45] for an elastic-plastic hydrodynamic Johnson-Cook material model.
Additionally, a sample case involving impact loading from Chapter 7 was examined to
assess dynamic effects which could potentially influence the fatigue performance of the cutting
tools. The selected case considered a 6061-T6 extrusion, with a 50.8 mm OD and 3.175 mm wall,
subjected to an 8-bladed cutting/clamping deformation mode at a 32 m/s impact velocity from the
11.5 kg projectile within the pneumatically powered apparatus. Impact loading can result in
dynamic oscillations or ‘ringing’ for multiple reasons, and although impact events are often short
it was important to assess whether this phenomenon occurred on the strenuously loaded blades.
Figure 8.32 contains numerically obtained force-time responses for the described case,
previously shown in Figure 7.2, calculated at both the 1210V5 load cell and directly on the cutter.
The former component experienced a near-constant reaction force while the latter displayed
significant ring, partially due to the highly stiff quartz structure within the sensor (refer to
Section 5.3.2.1). The difference in force responses clearly demonstrates that the highly oscillating
force is a well-known and expected artifact of the testing apparatus, and that no detectable stress
amplitude occurs for the cutting deformation mode under elevated impact loading. Furthermore, it
was established in Chapter 7 that the cutting force tends to degrade by approximately 30 %, on
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average, at impact velocities exceed 20 m/s. The reduced steady-state force, and the observed
proportionality between the effective stress and cutting phenomena observed in Figure 8.24 and
Figure 8.28 reinforce the assumption that dynamic cutting scenarios are less strenuous than
otherwise comparable cases involving quasi-static loading. Therefore, the previously identified
fatigue life for the blades ( > 51000 cycles), which are the most expensive non-purchase item in the
device to obtain, will most likely not be negatively impacted by dynamic loading.
Force at 1210V5 load cell
Force at cutting tool

Reaction force [kN]
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Figure 8.32: Comparison between force-time responses for case T6-3.175-C8-V32 from Chapter
7 predicted directly at the blade tip and at the 1210V5 load cell, with no filters applied.
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8.5 Conclusions
The impetus of this study was to utilize the knowledge obtained in Chapters 2 through 7 of this
dissertation to design a novel, actively adaptive energy dissipating device to showcase a potential
application for this work. The key findings from this study are listed as follows:
1. A novel, actively adaptive energy absorbing device, referred to as the HAAC, capable of
meeting and/or exceeding the mechanical performance of state-of-the-art axially loaded
energy absorbers was designed utilizing the newly obtained experimental, analytical and
numerically guided techniques outlined in this dissertation.
2. This design represented an enhancement over an existing QAAC design with greater load
bearing capabilities, more sophisticated and diverse control solutions, a flexible design
which is easier to scale and more robust mechanical performance.
3. The newly introduced 12-bladed cutting/clamping mode exceeded the performance of
progressive folding, for the simulated extrusion geometries, by approximately 32.3 % for
quasi-static and low velocity impacts, and achieved 88.2 % of the load bearing capacity for
impact velocities exceeding 20 m/s. The latter case could exhibit superior performance
under cutting/clamping for extrusions with wall thicknesses less than 2.38 mm.
4. A maximum response time of 727 ms, which corresponds to a minimum offset of 20 m
between two bodies with a relative velocity of 30 m/s (108 km/hr), was identified for the
proposed device equipped with the hydraulic power unit available at the University of
Windsor. Increasing the NPT port size on the cylinders and doubling the maximum flow
rate of the 1.5×10-4 m3/s (2.4 gpm) pump would reduce this response time to 63 ms.
5. Stress analysis of the HAAC revealed that the peak predicted stress on the blades was
reduced to 2.26 GPa, from 2.60 GPa on the existing QAAC design, indicating a 15 %
reduction in the peak stress despite the steady-state cutting force increasing by a factor of
3 from the former (150 kN for the HAAC) compared to the latter (50 kN for the QAAC).
6. Supplementary information from the QAAC study and from sample investigations of
experimentally tested, fixed cutting tools confirmed that the numerical simulation of the
proposed design tended to overpredict cutting peak forces due to the inherently sharp
geometry of the wedge mesh. The device is therefore capable of robust performance under
single use applications in-field and is anticipated to experience a long service life under
laboratory testing with an anticipated fatigue life exceeding 51000 cycles for the blades.

307

8.6 References
[1]

S. Chung Kim Yuen and G. Nurick, "The energy-absorbing characteristics of tubular
structures with geometric and material modifications: An overview," Applied Mechanics
Reviews, vol. 61, no. 1-6, Article. 020802, 2008.

[2]

N. Gupta, "Some aspects of axial collapse of cylindrical thin-walled tubes," Thin-Walled
Structures, vol. 32, no. 1-3, pp. 111-126, 1998.

[3]

N. Gupta and S. Gupta, "Effect of annealing, size and cut-outs on axial collapse behaviour
of circular tubes," International Journal of Mechanical Sciences, vol. 35, no. 7,
pp. 597-613, 1993.

[4]

Q. Cheng, W. Altenhof, and L. Li, "Experimental investigations on the crush behaviour of
AA6061-T6 aluminum square tubes with different types of through-hole discontinuities,"
Thin-Walled Structures, vol. 44, no. 4, pp. 441-454, 2006.

[5]

J. Song, Y. Chen, and G. Lu, "Light-weight thin-walled structures with patterned windows
under axial crushing," International Journal of Mechanical Sciences, vol. 66, pp. 239-248,
2013.

[6]

S. Bodlani, S. Yuen, and G. Nurick, "The energy absorption characteristics of square mild
steel tubes with multiple induced circular hole discontinuities—part I: experiments,"
Journal of Applied Mechanics, vol. 76, no. 4, Article 041012, 2009.

[7]

S. Bodlani, S. Yuen, and G. Nurick, "The energy absorption characteristics of square mild
steel tubes with multiple induced circular hole discontinuities—part II: numerical
simulations," Journal of Applied Mechanics, vol. 76, no. 4, Article 041013, 2009.

[8]

A. Singace and H. El-Sobky, "Behaviour of axially crushed corrugated tubes,"
International Journal of Mechanical Sciences, vol. 39, no. 3, pp. 249-261, 1997.

[9]

S. Hosseinipour and G. Daneshi, "Energy absorbtion and mean crushing load of thinwalled grooved tubes under axial compression," Thin-Walled Structures, vol. 41, no. 1,
pp. 31-46, 2003.

[10]

S. Hosseinipour and G. Daneshi, "Grooves effect on crashworthiness characteristics of
thin-walled tubes under axial compression," Materials & Design, vol. 23, no. 7,
pp. 611-617, 2002.

[11]

A. Eyvazian, M. Habibi, A. Hamouda, and R. Hedayati, "Axial crushing behavior and
energy absorption efficiencyof corrugated tubes," Materials & Design, vol. 54, pp. 10281038, 2014.

[12]

R. Yao, Z. Zhao, W. Hao, G. Yin, and B. Zhang, "Experimental and theoretical
investigations on axial crushing of aluminum foam-filled grooved tube," Composite
Structures, vol. 226, Article 111229, 2019.

[13]

N. Abdullah, M. Sani, M. Salwani, and N. Husain, "A review on crashworthiness studies
of crash box structure," Thin-Walled Structures, vol. 153, Article 106795, 2020.

[14]

J. Song, Y. Chen, and G. Lu, "Axial crushing of thin-walled structures with origami
patterns," Thin-Walled Structures, vol. 54, pp. 65-71, 2012.

[15]

C. Zhou, Y. Zhou, and B. Wang, "Crashworthiness design for trapezoid origami crash
boxes," Thin-Walled Structures, vol. 117, pp. 257-267, 2017.

[16]

C. Zhou, B. Wang, J. Ma, and Z. You, "Dynamic axial crushing of origami crash boxes,"
International Journal of Mechanical Sciences, vol. 118, pp. 1-12, 2016.

308

[17]

C. Zhou, L. Jiang, K. Tian, X. Bi, and B. Wang, "Origami crash boxes subjected to dynamic
oblique loading," Journal of Applied Mechanics, vol. 84, Article 091006, 2017.

[18]

C. Krauss and D. Laananen, "A parametric study of crush initiators for a thin-walled tube,"
International Journal of Vehicle Design, vol. 15, no. 3-5, pp. 385-401, 1994.

[19]

K. Tamura, Y. Nakazawa, T. Kusaka, and M. Hojo, "A study on introduction of notch into
thin-walled polygonal shell member to control plastic buckling behaviour in axial
collapse," International Journal of Crashworthiness, vol. 14, no. 1, pp. 25-36, 2009.

[20]

O. Qureshi and E. Bertocchi, "Crash performance of notch triggers and variable frequency
progressive-triggers on patterned box beams during axial impacts," Thin-Walled
Structures, vol. 63, pp. 98-105, 2013.

[21]

R. Hussein, D. Ruan, and G. Lu, "Cutting and crushing of square aluminium/CFRP tubes,"
Composite Structures, vol. 171, pp. 403-418, 2017.

[22]

R. Hussein, D. Ruan, G. Lu, and R. Thomson, "An energy dissipating mechanism for
crushing square aluminium/CFRP tubes," Composite Structures, vol. 183, pp. 643-653,
2018.

[23]

B. Williams, M. Worswick, G. D'Amours, A. Rahem, and R. Mayer, "Influence of forming
effects on the axial crush response of hydroformed aluminum alloy tubes," International
Journal of Impact Engineering, vol. 37, no. 10, pp. 1008-1020, 2010.

[24]

M. Emadi, H. Beheshti, M. Heidari-Rarani, and F. Aboutalebi, "Experimental study of
collapse mode and crashworthiness response of tempered and annealed aluminum tubes
under axial compression," Journal of Mechanical Science and Technology, vol. 33, no. 5,
pp. 2067-2074, 2019.

[25]

T. Reddy and E. Zhang, "Effect of strain-hardening on the behaviour of axially crushed
cylindrical tubes," Advances in Engineering Plasticity and its Applications, pp. 755-762,
1993.

[26]

J. Liu, X. Yang, H. Liu, and J. Yang, "Enhanced energy absorption performance of
hexagonal tubes by local surface nano-crystallization technique," Mechanics of Materials,
vol. 148, Article 103508, 2020.

[27]

A. Baroutaji, M. Sajjia, and A. Olabi, "On the crashworthiness performance of thin-walled
energy absorbers: Recent advances and future developments," Thin-Walled Structures, vol.
118, pp. 137-163, 2017.

[28]

J. Rouzegar and M. Karimi, "Numerical and experimental study of axial splitting of circular
tubular structures," Thin-Walled Structures, vol. 105, pp. 57-70, 2016.

[29]

J. Li, J. Gao, Y. Yu, and W. Guan, "Experimental and numerical study on splitting process
of circular steel tube with enhanced crashworthiness performance," Thin-Walled
Structures, vol. 145, Article 106406, 2019.

[30]

A. Mohamed, O. Laban, F. Tarlochan, S. Al Khatib, M. Matar, and E. Mahdi,
"Experimental analysis of additively manufactured thin-walled heat-treated circular tubes
with slits using AlSi10Mg alloy by quasi-static axial crushing test," Thin-Walled
Structures, vol. 138, pp. 404-414, 2019.

[31]

M. Amiri, M. Kazeminezhad, and A. Kokabi, "Energy absorption of friction stir welded
1050 aluminum sheets through wedge tearing," Materials and Design, vol. 93,
pp. 216-223, 2016.

309

[32]

S. Jin and W. Altenhof, "Control of load/displacement responses of AA6061-T6 and T4
circular extrusions under axial compressive loads," International Journal of Impact
Engineering, vol. 38, no. 1, pp. 1-12, 2011.

[33]

J. Magliaro and W. Altenhof, "Analytical predictions of the complete mechanical response
of AA6061 energy absorbers subjected to axial cutting," Thin-Walled Structures, vol. 139,
pp. 151-168, 2019.

[34]

B. Paygozar and M. Saeimi Sadigh, "Improved energy absorption mechanism: Expansion
of circular tubes by rigid tubes during the axial crushing," Journal of Failure Analysis and
Prevention, vol. 18, pp. 174-182, 2018.

[35]

W. Guan, G. Gao, J. Li, and Y. Yu, "Crushing analysis and multi-objective optimization
of a cutting aluminium tube absorber for railway vehicles under quasi-static loading," ThinWalled Structures, vol. 123, pp. 395-408, 2018.

[36]

J. Wang, Z. Lu, M. Zhong, T. Wang, C. Sun, and H. Li, "Coupled thermal–structural
analysis and multi-objective optimization of a cutting-type energy-absorbing structure for
subway vehicles," Thin-Walled Structures, vol. 141, pp. 360-373, 2019.

[37]

T. Reddy and S. Reid, "Axial splitting of circular metal tubes," International Journal of
Mechanical Sciences, vol. 28, no. 2, pp. 111-131, 1986.

[38]

S. Jin, A. Majumder, W. Altenhof, and D. Green, "Axial cutting of AA6061-T6 circular
extrusions under impact using single-and dual-cutter configurations," International
Journal of Impact Engineering, vol. 37, no. 6, pp. 735-753, 2010.

[39]

C. Moreno, T. Williams, R. Beaumont, D. Hughes, and R. Dashwood, "Testing, simulation
and evaluation of a novel hybrid energy absorber," International Journal of Impact
Engineering, vol. 93, pp. 11-27, 2016.

[40]

C. Moreno, R. Beaumont, D. Hughes, T. Williams, and R. Dashwood, "Quasi-static and
dynamic testing of axial splitting, expansion and expansion-splitting hybrid tubes under
oblique loading," International Journal of Impact Engineering, vol. 100, pp. 117-130,
2016.

[41]

H. Dong, G. Gao, X. Chen, W. Guan, and X. Zou, "Crushing analysis of splitting–bending
steel plate energy absorber under axial loading," International Journal of Mechanical
Sciences, vol. 110, pp. 217-228, 2016.

[42]

L. Dai, Y. Pan, and A. Wang, "Study of the energy absorption performance of an axial
splitting component for anchor bolts under static loading," Tunnelling and Underground
Space Technology, vol. 81, pp. 176-186, 2018.

[43]

Y. Pratiknyo, R. Setiawan, and I. Suweca, "Experimental and theoretical investigation of
combined expansion tube-axial splitting as impact energy absorbers," International
Journal of Structural Stability and Dynamics, vol. 20, no. 2, Article 2050021, 2020.

[44]

S. Heimbs, F. Strobl, and P. Middendorf, "Integration of a composite crash absorber in
aircraft fuselage vertical struts," International Journal of Vehicle Structures & Systems,
vol. 3, no. 2, pp. 87-95, 2011.

[45]

J. Magliaro, W. Altenhof, and A. Gudisey, "Analytical and experimental investigations of
the enhanced mechanical response of cutting deformation compared to progressive folding
in AA6061 energy dissipation devices," International Journal of Mechanical Sciences, vol.
151, pp. 808-827, 2019.

310

[46]

M. Anderson, "Pounds that kill: The external costs of vehicle weight," National Bureau of
Economic Research, Cambridge, MA, 2011.

[47]

T. Bielecki, J. Holnicki-Szule, and L. Jezequel, "Adaptive car buffer - the concept, design
tools and perspectives," in IEEE/ASME International Conference on Advanced Intelligent
Mechatronics Proceedings, Como, Italy, 2000, pp. 326-330.

[48]

A. Milecki and M. Hauke, "Application of magnetorheological fluid in industrial shock
absorbers," Mechanical Systems and Signal Processing, vol. 28, pp. 528-541, 2012.

[49]

J. Potter, S. Neild, and D. Wagg, "Quasi-active suspension design using
magnetorheological dampers," Journal of Sound and Vibration, vol. 330, pp. 2201-2219,
2011.

[50]

R. Jiang, X. Rui, F. Yang, W. Zhu, H. Zhu, and M. Jiang, "Simulation and experiment of
the magnetorheological seat suspension with a seated occupant in both shock and vibration
occasions," Smart Materials and Structures, vol. 29, Article 105008, 2020.

[51]

C. Wilson and M. Abdullah, "Structural vibration reduction using self-tuning fuzzy control
of magnetorheological dampers," Bulletin of Earthquake Engineering, vol. 8,
pp. 1037-1054, 2010.

[52]

C. Spelta, F. Previdi, S. Savaresi, G. Fraternale, and N. Gaudiano, "Control of
magnetorheological dampers for vibration reduction in a washing machine," Mechatronics,
vol. 19, pp. 410-421, 2009.

[53]

R. Faraj and C. Graczykowski, "Hybrid Prediction Control for self-adaptive fluid-based
shock-absorbers," Journal of Sound and Vibration, vol. 449, pp. 427-446, 2019.

[54]

C. Graczykowski and R. Faraj, "Development of control systems for fluid-based adaptive
impact absorbers," Mechanical Systems and Signal Processing, vol. 122, pp. 622-641,
2019.

[55]

"Experimental study on the energy absorption of porous materials filled with magnetorheological fluid," International Journal of Impact Engineering, vol. 133, Article 103347,
2019.

[56]

J. Holnicki-Szulc and L. Knap, "Adaptive crashworthiness concept," International Journal
of Impact Engineering, vol. 30, no. 6, pp. 639-663, 2004.

[57]

J. Holnicki-Szulc, C. Graczykowski, G. Mikulowski, A. Mróz, P. Pawlowski, and R.
Wiszowaty, "Adaptive Impact Absorption - the concept and potential applications,"
International Journal of Protective Structures, vol. 6, no. 2, pp. 357-377, 2015.

[58]

L. Wågström, A. Kling, S. Berge, H. Norin, and H. Fagerlind, "Adaptive structure concept
for reduced crash pulse severity in frontal collisions," International Journal of
Crashworthiness, vol. 18, no. 6, pp. 597-605, 2013.

[59]

J. Cheng, M. Faruque, I. Farooq, and S. Bhattacharjee, "Adaptive energy absorber for a
vehicle," United States Patent US9067552B1, 2015.

[60]

D. Hu, K. Meng, and Z. Yang, "Numerical investigation of the energy absorption
characteristics of a fan-shaped deployable energy absorber," International Journal of
Crashworthiness, vol. 19, no. 2, pp. 126-138, 2014.

[61]

C. Graczykowski, "Mathematical models and numerical methods for the simulation of
adaptive inflatable structures for impact absorption," Computers & Structures, vol. 174,
pp. 3-20, 2016.

311

[62]

C. Graczykowski and J. Holnicki-Szulc, "Protecting offshore wind turbines against ship
impacts by means of adaptive inflatable structures," Shock and Vibration, vol. 16,
pp. 335-353, 2009.

[63]

X. Zhang and T. Yu, "Energy absorption of pressurized thin-walled circular tubes under
axial crushing," International Journal of Mechanical Sciences, vol. 51, pp. 335-349, 2009.

[64]

"Axial crushing of pressurized cylindrical tubes," International Journal of Mechanical
Sciences, vol. 107, pp. 126-135, 2016.

[65]

S. Yuen, W. Altenhof, C. Opperman, and G. Nurick, "Axial splitting of circular tubes by
means of blast load," International Journal of Impact Engineering, vol. 53, pp. 17-28,
2013.

[66]

L. Hu, D. Cai, G. Wu, X. He, and T. Yu, "Influence of internal pressure on the out-of-plane
dynamic behavior of circular-celled honeycombs," International Journal of Impact
Engineering, vol. 104, pp. 64-74, 2017.

[67]

H. Kuleyin and R. Gümrük, "Pressure wave propagation in pressurized thin-walled circular
tubes under axial impact," International Journal of Impact Engineering, vol. 130,
pp. 138-152, 2019.

[68]

P. Shery, Development of an adaptive cutting device for improved crashworthiness
performance Windsor, ON: Electronic Theses and Dissertations 7298, 2017.

[69]

J. Magliaro and W. Altenhof, "Mechanical performance and crashworthiness of plates and
extrusions subjected to cutting: An overview," Thin-Walled Structures, vol. 148,
Article 106612, 2020.

[70]

G. Lu and C. Calladine, "On the cutting of a plate by a wedge," International Journal of
Mechanical Sciences, vol. 32, no. 4, pp. 293-313, 1990

[71]

S. Jin, W. Altenhof, and Z. Li, "A parametric study on extrusion geometry and blade
quantity during axial cutting deformation of circular AA6061-T6 extrusions under impact
and quasi-static loading," International Journal of Impact Engineering, vol. 49,
pp. 165-178, 2012.

[72]

H. Ali and R. Fales, "A review of flow control methods," International Journal of
Dynamics and Control, 2021.

[73]

"Global status report on road safety 2018," World Health Organization, Geneva, CC BYNC-SA 3.0 IGO, 2018.

[74]

J. Wu, W. Altenhof, S. Bhattacharjee, S. Sundararajan, and J. Magliaro, "A self-adaptive
energy absorber for improved pedestrian safety and low-speed damage requirements,"
International Journal of Crashworthiness, vol. 25, no. 1, pp. 74-94, 2020.

[75]

N. Jones, "Dynamic axial crushing of a circular tube," in Structural Impact: Cambridge
University Press, 1989, pp. 394-401.

[76]

J. Magliaro, A. Shakib, A. Gudisey, and W. Altenhof, "Evolution of energy dissipation
mechanisms over a comprehensive range of cutting modes and enhanced capabilities via
hybrid cutting/clamping in AA6061 extrusions," Thin-Walled Structures, vol. 159,
Article 107238, 2021.

[77]

J. Wu, W. Altenhof, S. Bhattacharjee, S. Sundararajan, and J. Magliaro, "A self-adaptive
energy absorber for improved pedestrian safety and low-speed damage requirements,"
International Journal of Crashworthiness, vol. 25, no. 1, pp. 74-94, 2020.

312

[78]

M. Sellen, "Average Car Length – List of Car Lengths," ed, 2021.

[79]

"Hydraulic Valves 1/8 NPT," ed: McMaster-Carr, 2021.

[80]

"Solenoid valve response time," ed: Tameson, 2021.

[81]

"Technical information," in General Purpose Solenoid Valves. Cleveland, OH: Parker
Hannifin Corporation, Fluid Control Division, 2021, pp. F1-F2.

[82]

R. Norton, Machine design: An integrated approach, 4th Ed. Upper Saddle River, NJ:
Pearson Education Inc., 2011.

[83]

J. Reid and N. Hiser, "Detailed modeling of bolted connections with slippage," Finite
Elements in Analysis and Design, vol. 41, pp. 547-562, 2005.

[84]

A. Gudisey, J. Magliaro, and W. Altenhof, "High capacity, adaptive energy absorption
under tensile loading conditions utilizing an axial cutting deformation mode," Forces in
Mechanics, vol. 2, Article 100004, 2021.

[85]

ASM Handbook 9th Edition. Novelty, OH: ASM International, 2004.

[86]

M. Gedeon, Material Brush Performance Alloys Technical Tidbits: Issue No. 67: Stress
Life vs. Strain Life. Mayfield Heights, OH: Materion Brush Inc., 2014.

[87]

P. Thielen and M. Fine, "Cyclic stress strain relations and str," Metallurgical Transactions
A, vol. 6A, pp. 2133-2141, 1975.

[88]

D. Krewerth, T. Lippmann, A. Weidner, and H. Biermann, "Influence of non-metallic
inclusions on fatigue life in the very high cycle fatigue regime," International Journal of
Fatigue, vol. 84, pp. 40-52, 2016.

[89]

R. Jones, K. Krishnapillai, and S. Pitt, "Crack patching: Predicting fatigue crack growth,"
Theoretical and Applied Fracture Mechanics, vol. 45, no. 2, pp. 79-91, 2006.

[90]

T. Zhao and Y. Jiang, "Fatigue of 7075-T651 aluminum alloy," International Journal of
Fatigue, vol. 30, pp. 834-849, 2006.

313

Summary and closing remarks
9.1 Executive summary
The objective of this research was to investigate the axial cutting deformation mode,
initially studied by Jin et al. [1, 2], and enhance the technology by identifying and developing cases
(i.e. cutting tool/extrusion pairs) where axial cutting could meet or exceed the mechanical
performance of the progressive folding deformation mode. This was a core objective since the
latter represents the current state-of-the-art in high capacity energy absorption [3] with a ubiquitous
presence in the transportation sector. The studies published in the existing literature emphasized 3
to 5-bladed cutting [4] and therefore the experimental investigation began with higher-bladed
cutting tools subjected to quasi-static loading. These cutters deformed the extrusions more
aggressively, with excessive radial flaring that section resulted in a newly observed hybrid/cutting
clamping deformation mode. This deformation mode was studied for lightweight, 6000-series
aluminum and AM30 magnesium extrusions since mass reduction is an important objective for
vehicle manufacturers, and traditional safety systems are composed of steel.
The quasi-static investigations were followed by subsequent dynamic testing studies which
considered impact velocities up to 32 m/s and 18 m/s for the AA6061 and AM30 alloy extrusions,
respectively. The consideration of extrusions composed of both alloys with broad parametric
scopes at multiple loading rates revealed a plethora of newly observed experimental phenomena
and promoted the development of more sophisticated modelling techniques, which are highly
sought after for advanced engineering design of complex deformation modes. Existing analytical
models of the steady-state cutting force experienced by flat plates [5] and axially loaded extrusions
[6] were revisited and enhancements were made based upon the new experimental observations.
This included revised derivations of known principal deformation modes, identifying the difference
between ductile and semi-brittle cutting modes and the role of the J-integral, an analytical model
of the petalled sidewall clamping mode and consideration for dynamic force attenuation with a
modified contact force approach. The latter contribution was also implemented in a numerical
simulation utilizing an Eulerian approach to model the cutting mode. Additionally, a fully
analytical approach to predict the complete force-displacement response for circular extrusions
subjected to cutting, allowing for accurate theoretical predictions to the total energy absorption.
These contributions were utilized to design a novel, actively adaptive energy dissipating
device. This device was capable of swapping between various cutting configurations, prior to an
impact event, to select the preferred option which ensures a balance between maximizing energy
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absorbing capacity and mitigation of injury. The proposed, conceptual design was developed as an
enhancement over a previous iteration [7] which was designed before the experimental findings
and modelling tools summarized in this dissertation existed. This revised design was capable of
drastically improved energy absorbing capacities, a greater scope of compatible extrusion
geometries, controls options with greater sophistication and a more robust structure. The presented
design exercise represents one of many possible applications for the results and materials
summarized in this dissertation and demonstrates the long-term potential impact of this knowledge
on the state-of-the-art within the field of crashworthiness.

9.2 Conclusions
The following major conclusions can be drawn from the experimental, analytical and
numerical investigations of the axial cutting and hybrid cutting/clamping deformation modes
presented in this dissertation:
1. A detailed literature survey was conducted to summarize the contributions towards cutting
deformation modes for energy absorption, to clearly identify limits on both the mechanical
capabilities and theoretical understanding. This information was utilized to develop the new
investigations presented in this dissertation, and it was disseminated in a review article to
provide a convenient resource for future studies.
2. AA6061 extrusions, in both T6 and T4 temper conditions, were subjected to axial crushing
and 8 and 10-bladed cutting/clamping deformation modes under quasi-static loading with
several diameter/wall thickness pairs. The average comparison ratio, 𝜂𝐹𝑚 , was 1.162 for the
considered parametric scope, corresponding to 16 % greater loading bearing capacity for the
cutting/clamping modes compared to axial crushing for a given extrusion geometry.
3. The average CFE for this parametric scope, which consisted of diameters between 50.8 mm
and 63.5 mm and wall thicknesses between 1.0 mm and 2.0 mm, was simultaneously
improved by a factor of 2. The increased energy absorbing capacity was therefore achievable
in a manner which resulted in a preferable, near-constant force/displacement response.
4. A comprehensive experimental study was completed for AA6061 extrusions, with diameters
from 44.45 mm to 63.5 mm and wall thicknesses from 0.794 mm to 3.175 mm, subjected to
3 to 10-bladed cutting deformation mode. This broad scope study identified crucial energy
absorption characteristics, including: a non-proportionate relationship between the cutting
force and number of blades, the evolving prominence of a localized peak wedge force with
increasing blades, and the precise onset of petalled sidewall clamping due to petal kinematics
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and blade geometry. The force per blade was observed to steadily decreased by 36 % when
the total number of blades increased from 4 to 10, indicating a trend of diminishing returns.
5. The petalled sidewall clamping effect was responsible for the hybrid cutting/clamping
deformation mode, and the broad experimental study revealed that this energy dissipation
mechanism was dominated by elastic effects. The hypothesis was reinforced by a consistent
trend for the gain in the steady-state cutting force to increase by nearly the same magnitude
(< 10 % difference) for extrusions in both T6 and T4 temper conditions.
6. The secondary cutting/clamping force was observed to quickly achieve equilibrium and
remain near-constant for the remainder of each individual test under quasi-static loading, and
the gain in force was favourable to offset the losses associated with the diminishing force
per blade observed under higher-bladed cutting modes.

The 6061-T4 extrusions, in

particular, benefit from this deformation mode with an average increase of approximately
33 % for the 10-bladed cutting mode, which effectively reverses the attenuation effect.
7. Dynamic testing for AA6061 extrusions was conducted with consideration for impact
velocities up to 32 m/s. There was an evident relationship between the cutting force and
instantaneous velocity, illustrated by Figure 7.15 and Figure 7.16, with an exponential
decrease in the cutting force up to 21 m/s followed by a plateau.
8. The average comparison ratio with respect to EAEF, ηψ, which quantifies total energy
absorbing capacity, was approximately 0.61 and 0.96 for 3.175 mm thick and 1.588 mm
thick extrusions respectively. These values indicate that the latter case is still capable of
equivalent energy absorbing capacity (under impact) to progressive folding.
9. AM30 magnesium extrusions were also studied to observe the differences between this
brittle material and the ductile 6000-series aluminum extrusions. Quasi-static testing and
impact tests up to 18 m/s were completed for 4 to 10-bladed axial cutting and axial crushing.
The extrusions subjected to cutting were less prone to force attenuation, quantified by steadystate forces of 6.5 kN and 14.6 kN for the 4 and 10-bladed cutting modes, respectively.
10. The overall energy absorbing capacity of AM30 extrusions subjected to cutting was
diminished due to brittle failure at the cutting interface (visible in Figure 5.7(c) and
Figure 5.21(b)) and correspondingly this deformation mode was generally outperformed in
terms of TEA by axial crushing. However, axial crushing was shown to be unsuitable due to
rampant crack propagation while the axial cutting modes remained globally stable.
11. The AM30 extrusions were also less prone to an evolving localized peak force and they
experienced dynamic cutting forces which increased by approximately 23 % compared to
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equivalent quasi-static loading cases. This behaviour was contradictory to the observed
behaviour for ductile metals under cutting, and an examination of the failure surfaces in
Figure 5.16(b) demonstrated that melting (and by extension, thermal softening) occurred.
Therefore, the true underlying phenomena are complex and must also depend on material
composition, microstructure and its evolution under extreme deformation, among others.
12. The experimental findings were utilized to derive an enhanced analytical model to predict
the steady-state cutting force for extrusions subjected to axial cutting, in both ductile and
semi-brittle configurations. The former relied upon estimates to the rolling radius, Rr, at the
cutting membrane to minimize the work required by the blade while the latter was dominated
by crack propagation ahead of the blade tip and hence the J-integral governed the response.
13. All analytical models were derived utilizing the principle of virtual power and by assessing
the free body diagram of a cutting tool. While past investigations limited their examinations
to a single blade and scaled accordingly for an n-bladed tool, the large-scale cutter response
and petal kinematics were considered in this dissertation to account for the extreme flaring
observed under higher-bladed cutting modes.
14. Petal flaring was determined as the primary mechanism for the diminishing force per blade
for higher-bladed cutting modes and was captured in the analytical model with enhanced
kinematic models and a revised derivation for the relative petal angle, ζ, which resulted in
an average relative error of 6.5 % for both the ductile and semi-brittle models. The petal
flaring effect was also responsible for the difference between localized peaks observed for
AA6061 (ductile) and AM30 (semi-brittle) extrusions; the latter experiences significantly
less flaring than the former due to cracking at the cutting interface which was consistent to
the concepts contained within the analytical models.
15. The hybrid cutting/clamping deformation mode was analytically modelled by extending
model for the steady-state axial cutting force to include an additional term accounting for
petalled sidewall clamping against the outer ring. Since this mode was dominated by
elasticity, the petals were conceptually treated as spring-like entities (cantilevered beams)
and the ‘known’ deflection of the petals, analytically estimated from the petal kinematics,
was utilized via Castigliano’s second theorem to estimate the radial force acting on the petals
and related to the energy dissipation rate. An average relative error of 7.1 % was observed
for the complete scope of this dissertation.
16. The steady-state cutting force model was expanded into a procedure capable of predicting
the complete force-displacement response for extrusions subjected to axial cutting, with
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unmodified geometries and varying profiles for passive adaptivity, and for the hybrid
cutting/clamping mode.

Transient behaviour was captured utilizing a combination of

transient deformation terms semi-empirical relations to key parameters, and the onset of the
cutting/clamping mode was predicted utilizing the mentioned kinematic models for petalled
sidewall profiles. An average validation metric, VM, of 0.94 was calculated for all cases.
17. The reduced cutting force under dynamic loading for AA6061 extrusions was integrated into
analytical and numerical modelling procedures by extrapolating an exponential relationship
between the anticipated coefficient of friction (from the kinetic value to a semi-empirically
determined, dynamic plateau) and the relative cutting velocity. A critical velocity of 21 m/s
was identified as the steady point, beyond which no further degradation occurred.
18. This approach was chosen since previous studies in the literature and observations of
velocity-dependent petal scarring from this study attributed the degradation to complex
phenomena at the blade/extrusion interface. An average relative error and validation metric
of 7.8 % and 0.92, respectively, were calculated for newly performed experiments and for
previously collected data ranging from 7 m/s to 160 m/s impacts.
19. A hydraulically-driven actively adaptive cutter (HAAC) was developed utilizing the
experimental, analytical and numerical findings summarized in this dissertation. This device
was capable of swapping between 4, 6, 8 and 12-bladed cutting deformation modes, prior to
an impact, depending upon the requirements for a given scenario and/or application.
20. The proposed device could accommodate extrusions with diameters from 50.8 mm to
76.2 mm (0.794 mm to 3.175 mm wall thicknesses), but the design could be easily scaled
without increasing the overall profile to hold up to 177.8 mm diameter extrusions. Linear
actuation of the blades allowed for response times of 727 ms and for convenient controls
since all blades could be retracted post-test, and blades could be paired or left independent
as desired for each unique implementation.
21. The potential geometries for AA6061 extrusions allowed for a (theoretical) minimum
4-bladed cutting force and maximum 12-bladed cutting/clamping force of 9.9 kN and
149.3 kN, respectively. The predicted force comparison ratios for the latter deformation
mode under quasi-static and impact loading were 1.47 and 0.98, respectively, indicating that
the device can reduce its force as needed to mitigate injury or provide a greater total energy
absorbing capacity that the commonly exploited progressive folding mode.
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9.3 Originality of the findings
Through the research efforts of the author, the axial cutting deformation mode was shown
through experimental and theoretical means to be capable of exceeding the total energy absorbing
capacity of geometrically identical extrusions subjected to progressive folding, while reducing the
global peak force in the response by a factor of 2. This was accomplished with 8 and 10-bladed
cutting tools, which were previously absent from the published literature, by means of a radial
clamping effect between excessively flaring petals and the outer ring of the cutter. The initial
comparison included AA6061 extrusions in T6 and T4 temper conditions subjected to quasi-static
(50 mm/min, prescribed) loading. This was crucial since progressive folding is ubiquitously
present in vehicle safety systems and the key aspects of this energy dissipation mode, namely: the
total energy absorption and crushing force efficiency, were eclipsed by hybrid cutting/clamping.
The newly performed comprehensive experimental study, completed by the author,
considering AA6061 extrusions with multiple geometries subjected to 4 to 10-bladed cutting
provided a large database allowing for incremental observations of these deformation modes. This
promoted the identification of both newly observed and previously overlooked phenomena
associated with axial cutting, including: nonproportionality between the number of blades and total
cutting force, the onset and evolution of a local peak force associated with multi-blade wedge
penetration, and the elastically dominated nature of the petalled sidewall clamping mode. These
observations were captured in enhanced analytical models of the steady-state axial cutting and
hybrid cutting/clamping forces. The latter observation, on petal clamping, was significant since
the dependence on elasticity implied the performance of weaker (e.g. annealed) extrusions can be
greatly enhanced by implementing simple constraints to an apparatus. Impact tests up to 32 m/s
revealed a velocity dependent degradation in the cutting/clamping force.
The above-described studies were also conducted for novel AM30 magnesium extrusions,
both to contribute new experimental data to the literature on crashworthiness for this uncommon
alloy and to assess the difference between this brittle alloy and ductile AA6061. The magnesium
extrusions exhibited reduced load bearing capabilities and were found to be unsuitable for high
capacity applications, but they were significantly less prone to force attenuation and the onset of
localized peaks due to a tendency to flare less than ductile extrusions, and they were found to be
completely immune to force degradation under dynamic loading. The latter point highlights the
complexity of force loss at the contact interface, since many thermal properties (e.g. heat capacity,
conductivity) between these alloys are similar, suggesting that crystal- and microstructures of the
material, and their behaviour under extreme deformation, must also contribute. The difference in
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behaviour at the cutting membranes also promoted the development of an analytical model which
considered the previously neglected roles of J-integral and brittle membrane failure.
These observations and their corresponding theoretical models were utilized to develop,
and refine, by the author, a full procedure to analytically predict the complete force-displacement
response for extrusions subjected to cutting and cutting/clamping, with minimal computational
requirements. This is a relatively uncommon capability for large deformation problems. The
modelling approach and experimental observations were utilized to guide the development of an
actively adaptive cutting device (HAAC) capable of providing low to high capacity energy
absorption in a single device by modifying its response between either 4, 6, 8 or 12-bladed cutting
modes prior to an impact. The latter case was implemented to provide an option where the device
could outperform the progressive folding deformation mode for complementary extrusions.
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9.4 Recommendations for future work
The following potential future investigations are recommended to build upon and further
enhance the findings presented in this dissertation:
1. The dynamic contact force degradation and force-per-blade attenuation effects are primary
sources of performance loss for axial cutting. The latter could be improved with radial
constraints or blade geometry refinement to prevent flaring without introducing a transition
to undesired deformation modes such as progressive folding.
2. Contact force degradation is a broad, multidisciplinary problem since there are aspects of
mechanics and materials science. Examination of the cut surfaces and cross-sections of chips
and petals utilizing SEM microscopy to search for adiabatic shear bands or other dynamic
effects, and investigations of other metallics, may provide further insights.
3. The axial cutting and cutting/clamping modes are now established for metallics, but data
considering nonmetals subjected to cutting is rare, especially for energy absorption. Novel
composite materials and structures could be subjected to cutting deformation modes to obtain
novel experimental data, and performance metrics could be compared to axial crushing.
4. Many real-world impact events and scenarios are characterized by off-axis (oblique) loading
conditions, especially in the transportation sector. A thorough experimental investigation of
the novel axial cutting and hybrid cutting/clamping modes subjected to oblique loading
would provide information necessary for practical implementation. Identifying a critical
loading angle, beyond which unstable deformation consistently occurs, and the efficacy of
cutting-based energy absorbers after repeated impacts should be prioritized.
5. The proposed HAAC design and theoretical design tools outlined in this dissertation could
be reviewed by controls engineers to develop further evolve the HAAC into a ‘smart’ device
which can alter its response in-field by interpreting information collected in real time.
Alternatively, the flexible design could be further modified to expand its capabilities,
allowing for responses before and even during an impact. The latter could be achieved by
extending cylinders after a cutting event to constrain the petals, for example.
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APPENDICES

Appendix A:
Experimental force-displacement responses
Representative experimental findings (i.e. a selected force-displacement response) were
visually showcased in Chapters 3 through 7, per the presentation standards for most archival
journals. The force responses from the complete set of newly performed experiments for the studies
in this dissertation are contained within this Appendix.

Complete force-displacement data set from Chapter 3
The following data was collected and analyzed for the quasi-static comparison study
between AA6061 extrusions subjected to axial crushing and cutting, presented in Chapter 3 of this
dissertation and published in [1].
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Figure A.1: Force-displacement responses for AA6061-T6 extrusions with geometry S4
(50.8 mm OD, 1.0 mm wall) subjected to progressive folding, group T6-S4-PF.
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Figure A.2: Force-displacement responses for AA6061-T4 extrusions with geometry S4
(50.8 mm OD, 1.0 mm wall) subjected to progressive folding, group T4-S4-PF.
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Figure A.3: Force-displacement responses for AA6061-T6 extrusions with geometry S4
(50.8 mm OD, 1.0 mm wall) subjected to 8-bladed cutting, group T6-S4-C8.
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Figure A.4: Force-displacement responses for AA6061-T4 extrusions with geometry S4
(50.8 mm OD, 1.0 mm wall) subjected to 8-bladed cutting, group T4-S4-C8.
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Figure A.5: Force-displacement responses for AA6061-T6 extrusions with geometry S4
(50.8 mm OD, 1.0 mm wall) subjected to 10-bladed cutting, group T6-S4-C10.
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Figure A.6: Force-displacement responses for AA6061-T4 extrusions with geometry S4
(50.8 mm OD, 1.0 mm wall) subjected to 10-bladed cutting, group T4-S4-C10.
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Figure A.7: Force-displacement responses for AA6061-T6 extrusions with geometry S9
(63.5 mm OD, 1.5 mm wall) subjected to progressive folding, group T6-S9-PF.
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Figure A.8: Force-displacement responses for AA6061-T4 extrusions with geometry S9
(63.5 mm OD, 1.5 mm wall) subjected to progressive folding, group T4-S9-PF.
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Figure A.9: Force-displacement responses for AA6061-T6 extrusions with geometry S9
(63.5 mm OD, 1.5 mm wall) subjected to 8-bladed cutting, group T6-S9-C8.
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Figure A.10: Force-displacement responses for AA6061-T4 extrusions with geometry S9
(63.5 mm OD, 1.5 mm wall) subjected to 8-bladed cutting, group T4-S9-C8.
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Figure A.11: Force-displacement responses for AA6061-T6 extrusions with geometry S9
(63.5 mm OD, 1.5 mm wall) subjected to 10-bladed cutting, group T6-S9-C10.
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Figure A.12: Force-displacement responses for AA6061-T4 extrusions with geometry S9
(63.5 mm OD, 1.5 mm wall) subjected to 10-bladed cutting, group T4-S9-C10.
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Figure A.13: Force-displacement responses for AA6061-T6 extrusions with geometry S10
(50.8 mm OD, 2.0 mm wall) subjected to progressive folding, group T6-S10-PF.
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Figure A.14: Force-displacement responses for AA6061-T4 extrusions with geometry S10
(50.8 mm OD, 2.0 mm wall) subjected to progressive folding, group T4-S10-PF.
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Figure A.15: Force-displacement responses for AA6061-T6 extrusions with geometry S10
(50.8 mm OD, 2.0 mm wall) subjected to 8-bladed cutting, group T6-S10-C8.
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Figure A.16: Force-displacement responses for AA6061-T4 extrusions with geometry S10
(50.8 mm OD, 2.0 mm wall) subjected to 8-bladed cutting, group T4-S10-C8.
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Figure A.17: Force-displacement responses for AA6061-T6 extrusions with geometry S10
(50.8 mm OD, 2.0 mm wall) subjected to 10-bladed cutting, group T6-S10-C10.
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Figure A.18: Force-displacement responses for AA6061-T4 extrusions with geometry S10
(50.8 mm OD, 2.0 mm wall) subjected to 10-bladed cutting, group T4-S10-C10.
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Complete force-displacement data set from Chapter 5
The following data was collected and analyzed for the investigation of extrusions
composed of AM30 magnesium (55 mm OD, 2 mm wall) subjected to quasi-static and dynamic
axial crushing and cutting, presented in Chapter 5 of this dissertation, published in [2]. Recall that
proximal and distal force readings were obtained in the dynamic tests, with the latter more relevant
to the study of energy dissipation.

A.2.1 Experimental data from quasi-static testing
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Figure A.19: Force-displacement responses for AM30 magnesium extrusions subjected to quasistatic 4-bladed axial cutting, group AM30-C4-QS.
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Figure A.20: Force-displacement responses for AM30 magnesium extrusions subjected to quasistatic 6-bladed axial cutting, group AM30-C6-QS.

330

15

Force [kN]

12
9
AM30-C8-QS-1
AM30-C8-QS-2
AM30-C8-QS-3
AM30-C8-QS-4

6
3
0
0

15

30

45

60

75

90

105

Displacement [mm]

Figure A.21: Force-displacement responses for AM30 magnesium extrusions subjected to quasistatic 8-bladed axial cutting, group AM30-C8-QS.
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Figure A.22: Force-displacement responses for AM30 magnesium extrusions subjected to quasistatic 10-bladed axial cutting, group AM30-C10-QS.
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Figure A.23: Force-displacement responses for AM30 magnesium extrusions subjected to quasistatic unconstrained (free) progressive crushing, group AM30-PCF-QS.
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Figure A.24: Force-displacement responses for AM30 magnesium extrusions subjected to quasistatic constrained progressive crushing, group AM30-C10-PCC.

A.2.2 Experimental data from impact testing
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(b)
Figure A.25: Force-displacement responses for AM30 magnesium extrusions subjected to
dynamic 6-bladed cutting; forces recorded at the (a) distal, and (b) proximal ends.
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Figure A.26: Force-displacement responses for AM30 magnesium extrusions subjected to
dynamic 8-bladed cutting; forces recorded at the (a) distal, and (b) proximal ends.
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Figure A.27: Force-displacement responses for AM30 magnesium extrusions subjected to
dynamic 10-bladed cutting; forces recorded at the (a) distal, and (b) proximal ends.

Figure A.28: Force-displacement responses for AM30 magnesium extrusions subjected to
dynamic, unconstrained (free) crushing; distal measurements only.
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Figure A.29: Force-displacement responses for AM30 magnesium extrusions subjected to
dynamic, constrained crushing; forces recorded at the (a) distal, and (b) proximal ends.
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Complete force-displacement data set from Chapter 6
The following data was collected and analyzed for the investigation of force attenuation
and the onset of localized peak forces in AA6061 extrusions subjected to quasi-static axial cutting.
The hybrid cutting/clamping mode was also formally identified in the analysis, resulting in
enhanced modelling capabilities as presented in Chapter 6 of this dissertation and published in [3].
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Figure A.30: Force-displacement responses for AA6061-T6 extrusions with geometry G1
(50.8 mm OD, 3.175 mm wall) subjected to 4-bladed cutting, group T6-G1-C4.
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Figure A.31: Force-displacement responses for AA6061-T6 extrusions with geometry G1
(50.8 mm OD, 3.175 mm wall) subjected to 6-bladed cutting, group T6-G1-C6.
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Figure A.32: Force-displacement responses for AA6061-T6 extrusions with geometry G1
(50.8 mm OD, 3.175 mm wall) subjected to 8-bladed cutting, group T6-G1-C8.
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Figure A.33: Force-displacement responses for AA6061-T6 extrusions with geometry G1
(50.8 mm OD, 3.175 mm wall) subjected to 10-bladed cutting, group T6-G1-C10.
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Figure A.34: Force-displacement responses for AA6061-T4 extrusions with geometry G1
(50.8 mm OD, 3.175 mm wall) subjected to 4-bladed cutting, group T4-G1-C4.
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Figure A.35: Force-displacement responses for AA6061-T4 extrusions with geometry G1
(50.8 mm OD, 3.175 mm wall) subjected to 6-bladed cutting, group T4-G1-C6.
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Figure A.36: Force-displacement responses for AA6061-T4 extrusions with geometry G1
(50.8 mm OD, 3.175 mm wall) subjected to 8-bladed cutting, group T4-G1-C8.
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Figure A.37: Force-displacement responses for AA6061-T4 extrusions with geometry G1
(50.8 mm OD, 3.175 mm wall) subjected to 10-bladed cutting, group T4-G1-C10.

338

75

Force [kN]

60
45
30

T6-G2-C4-1
T6-G2-C4-2
T6-G2-C4-3

15
0
0

25

50

75

100

125

Displacement [mm]

Figure A.38: Force-displacement responses for AA6061-T6 extrusions with geometry G2
(63.5 mm OD, 3.175 mm wall) subjected to 4-bladed cutting, group T6-G2-C4.
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Figure A.39: Force-displacement responses for AA6061-T6 extrusions with geometry G2
(63.5 mm OD, 3.175 mm wall) subjected to 6-bladed cutting, group T6-G2-C6.
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Figure A.40: Force-displacement responses for AA6061-T6 extrusions with geometry G2
(63.5 mm OD, 3.175 mm wall) subjected to 8-bladed cutting, group T6-G2-C8.
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Figure A.41: Force-displacement responses for AA6061-T6 extrusions with geometry G2
(63.5 mm OD, 3.175 mm wall) subjected to 10-bladed cutting, group T6-G2-C10.
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Figure A.42: Force-displacement responses for AA6061-T4 extrusions with geometry G2
(63.5 mm OD, 3.175 mm wall) subjected to 4-bladed cutting, group T4-G2-C4.
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Figure A.43: Force-displacement responses for AA6061-T4 extrusions with geometry G2
(63.5 mm OD, 3.175 mm wall) subjected to 6-bladed cutting, group T4-G2-C6.
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Figure A.44: Force-displacement responses for AA6061-T4 extrusions with geometry G2
(63.5 mm OD, 3.175 mm wall) subjected to 8-bladed cutting, group T4-G2-C8.
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Figure A.45: Force-displacement responses for AA6061-T4 extrusions with geometry G2
(63.5 mm OD, 3.175 mm wall) subjected to 10-bladed cutting, group T4-G2-C10.
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Figure A.46: Force-displacement responses for AA6061-T6 extrusions with geometry G3
(50.8 mm OD, 1.588 mm wall) subjected to 4-bladed cutting, group T6-G3-C4.
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Figure A.47: Force-displacement responses for AA6061-T6 extrusions with geometry G3
(50.8 mm OD, 1.588 mm wall) subjected to 6-bladed cutting, group T6-G3-C6.
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Figure A.48: Force-displacement responses for AA6061-T6 extrusions with geometry G3
(50.8 mm OD, 1.588 mm wall) subjected to 8-bladed cutting, group T6-G3-C8.
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Figure A.49: Force-displacement responses for AA6061-T6 extrusions with geometry G3
(50.8 mm OD, 1.588 mm wall) subjected to 10-bladed cutting, group T6-G3-C10.
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Figure A.50: Force-displacement responses for AA6061-T4 extrusions with geometry G3
(50.8 mm OD, 1.588 mm wall) subjected to 4-bladed cutting, group T4-G3-C4.
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Figure A.51: Force-displacement responses for AA6061-T4 extrusions with geometry G3
(50.8 mm OD, 1.588 mm wall) subjected to 6-bladed cutting, group T4-G3-C6.
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Figure A.52: Force-displacement responses for AA6061-T4 extrusions with geometry G3
(50.8 mm OD, 1.588 mm wall) subjected to 8-bladed cutting, group T4-G3-C8.
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Figure A.53: Force-displacement responses for AA6061-T4 extrusions with geometry G3
(50.8 mm OD, 1.588 mm wall) subjected to 10-bladed cutting, group T4-G3-C10.
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Figure A.54: Force-displacement responses for AA6061-T6 extrusions with geometry G4
(63.5 mm OD, 1.588 mm wall) subjected to 4-bladed cutting, group T6-G4-C4.
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Figure A.55: Force-displacement responses for AA6061-T6 extrusions with geometry G4
(63.5 mm OD, 1.588 mm wall) subjected to 6-bladed cutting, group T6-G4-C6.
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Figure A.56: Force-displacement responses for AA6061-T6 extrusions with geometry G4
(63.5 mm OD, 1.588 mm wall) subjected to 8-bladed cutting, group T6-G4-C8.
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Figure A.57: Force-displacement responses for AA6061-T6 extrusions with geometry G4
(63.5 mm OD, 1.588 mm wall) subjected to 10-bladed cutting, group T6-G4-C10.
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Figure A.58: Force-displacement responses for AA6061-T4 extrusions with geometry G4
(63.5 mm OD, 1.588 mm wall) subjected to 4-bladed cutting, group T4-G4-C4.
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Figure A.59: Force-displacement responses for AA6061-T4 extrusions with geometry G4
(63.5 mm OD, 1.588 mm wall) subjected to 6-bladed cutting, group T4-G4-C6.
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Figure A.60: Force-displacement responses for AA6061-T4 extrusions with geometry G4
(63.5 mm OD, 1.588 mm wall) subjected to 8-bladed cutting, group T4-G4-C8.
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Figure A.61: Force-displacement responses for AA6061-T4 extrusions with geometry G4
(63.5 mm OD, 1.588 mm wall) subjected to 10-bladed cutting, group T4-G4-C10.
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Complete force-displacement data set from Chapter 7
The following data was collected and analyzed for the investigation of dynamic effects in
the hybrid cutting/clamping deformation modes, which initiates for higher-bladed cutting tools, in
AA6061 extrusions. A comparison between the mechanical performance of this deformation mode
and progressive folding (under impact) was also conducted, as presented in Chapter 7.

The

specimens were manufactured with a common outer diameter of 50.8 mm and the thick (3.175 mm
wall) and thin-walled (1.588 mm wall) specimens were dimensionally consistent with groups G1
and G3, respectively, from Chapter 6. The progressive folding deformation mode, PF, was also
restated as progressive crushing, PC.

A.4.1 Experimental data from quasi-static testing
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Figure A.62: Force responses for thick-walled AA6061-T6 extrusions (50.8 mm OD, 3.175 mm
wall) subjected to quasi-static progressive crushing, group T6-3.175-PC-QS.
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Figure A.63: Force responses for thick-walled AA6061-T4 extrusions (50.8 mm OD, 3.175 mm
wall) subjected to quasi-static progressive crushing, group T4-3.175-PC-QS.
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Figure A.64: Force responses for thin-walled AA6061-T6 extrusions (50.8 mm OD, 3.175 mm
wall) subjected to quasi-static progressive crushing, group T6-1.588-PC-QS.
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Figure A.65: Force responses for thin-walled AA6061-T4 extrusions with geometry G4 (50.8
mm OD, 1.588 mm wall) subjected to 4-bladed cutting, group T4-1.588-PC-QS.

Recall that the thick and thin-walled geometries were previously tested under quasi-static
conditions and showcased in Chapter 6 for the 8 and 10-bladed cutting modes. Therefore, the
complementary results for thick-walled groups T6-3.175-C8-QS, T6-3.175-C10-QS, T4-3.175-C8QS and T4-3.175-C10-QS are visualized in Figure A.32, Figure A.33, Figure A.36 and Figure A.37,
respectively. The corresponding results for the thin-walled groups T6-1.588-C8-QS, T6-1.588C10-QS, T4-1.588-C8-QS and T4-1.588-C10-QS are provided in Figure A.48, Figure A.49, Figure
A.52 and Figure A.53, respectively.
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A.4.2 Experimental data from dynamic testing
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Figure A.66: Force responses for thick-walled AA6061-T6 extrusions (50.8 mm OD, 3.175 mm
wall) subjected to dynamic progressive crushing, group T6-3.175-PC-Dyn.
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Figure A.67: Force responses for thick-walled AA6061-T6 extrusions (50.8 mm OD, 3.175 mm
wall) subjected to dynamic 8-bladed cutting, group T6-3.175-C8-Dyn.
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Figure A.68: Force responses for thick-walled AA6061-T6 extrusions (50.8 mm OD, 3.175 mm
wall) subjected to dynamic 10-bladed cutting, group T6-3.175-C10-Dyn.
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Figure A.69: Force responses for thick-walled AA6061-T4 extrusions (50.8 mm OD, 3.175 mm
wall) subjected to dynamic progressive crushing, group T4-3.175-PC-Dyn.
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Figure A.70: Force responses for thick-walled AA6061-T4 extrusions (50.8 mm OD, 3.175 mm
wall) subjected to dynamic 8-bladed cutting, group T4-3.175-C8-Dyn.
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Figure A.71: Force responses for thick-walled AA6061-T4 extrusions (50.8 mm OD, 3.175 mm
wall) subjected to dynamic 10-bladed cutting, group T4-3.175-C10-Dyn.
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Figure A.72: Force responses for thin-walled AA6061-T6 extrusions (50.8 mm OD, 1.588 mm
wall) subjected to dynamic progressive crushing, group T6-1.588-PC-Dyn.
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Figure A.73: Force responses for thin-walled AA6061-T6 extrusions (50.8 mm OD, 1.588 mm
wall) subjected to dynamic 8-bladed cutting, group T6-1.588-C8-Dyn.
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Figure A.74: Force responses for thin-walled AA6061-T6 extrusions (50.8 mm OD, 1.588 mm
wall) subjected to dynamic 10-bladed cutting, group T6-1.588-C10-Dyn.
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Figure A.75: Force responses for thin-walled AA6061-T4 extrusions (50.8 mm OD, 1.588 mm
wall) subjected to dynamic progressive crushing, group T4-1.588-PC-Dyn.
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Figure A.76: Force responses for thin-walled AA6061-T4 extrusions (50.8 mm OD, 1.588 mm
wall) subjected to dynamic 8-bladed cutting, group T4-1.588-C8-Dyn.
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Figure A.77: Force responses for thin-walled AA6061-T4 extrusions (50.8 mm OD, 1.588 mm
wall) subjected to dynamic 10-bladed cutting, group T4-1.588-C10-Dyn.
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Appendix B:
Numerical modelling and pilot comparison investigation
The following material is a summary of the most critical information from a conference
proceeding submitted to and showcased at SAE WCX 2019, which was conducted in parallel with
the work presented in Chapter 3 (published in [1]). The recommended citation is provided
immediately following this paragraph.

Finite element models of AA6061 extrusions, with

geometry S9, subjected to progressive folding and 8 and 10-bladed axial cutting were generated
and analyzed as a preliminary step to the full-scale investigation from Chapter 3. All aspects of the
model were generated using the base unit set of grams, millimeters and milliseconds (g, mm , ms).
All other units were derived from this base set. Reduced input syntax which contains relevant
information on material behaviour (e.g. mechanical properties, coefficients of friction, etc.) was
provided as needed. Note that the original publication only considered AA6061-T6; results for the
T4 temper condition was included in this dissertation since material modes for the latter were also
utilized in other Chapters.

Finite element modelling of axially loaded extrusions
B.1.1 Mesh properties and discretization
In all cases, the finite element models contained a deformable extrusion paired with two
rigid entities, one at each end, to initiate and control the deformation. All rigid entities were
modelled using constant stress element formulations, the default solid element type within LSDYNA. The progressive folding apparatus was modelled using a 2-dimensional (shell), Lagrangian
mesh with a common element side length of 1.500 mm. The default Belytschko-Tsay shell
element, element formulation ‘2’ within LS-DYNA®, was implemented [2]. A sample shell
definition is provided below, where t1 through t4 represent the wall thickness, t:
*SECTION_SHELL_TITLE
BELYTSCHKO-TSAY SHELL ELEMENT
$ Shell dimensions in ‘mm’
$#
secid
elform
shrf
1
2
1.0
$#
t1
t2
t3
1.50
1.50
1.50

nip
2
t4
1.50

propt
1.0
nloc
0.0

qr/irid
0
marea
0.0

icomp
0
idof
0.0

setyp
1
edgset
0

The platens were modelled using 3-dimensional (solid), constant stress elements with a
length of 1.500 mm in the xy-directions and 3.000 mm in the z-direction. An illustration of the
finite element model is presented in Figure B.1. Several characteristic element lengths from
0.250 mm to 2.500 mm were tested during preliminary modelling efforts; the mesh sensitivity was
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observed to be negligible below 1.500 mm. No symmetry conditions were applied, based upon the
potential for asymmetric deformation previously noted in [3].

Figure B.1: Finite element mesh of axially crushed, 63.5 mm OD, 1.5 mm wall AA6061 extrusion
(geometry S9 from Chapter 3); crushing direction parallel to z-axis.
The cutting processes were modelled using a solid mesh with the extrusion surrounded by
an extended volumetric mesh, referred to as the airmesh. The common nodes were coupled at their
interfaces. Both entities were modelled with an Eulerian, 1-point single material and void element
formulation, solid section type 12 in LS-DYNA®. This approach is favorable for cutting problems
since the extreme deformations can be captured with implementing a failure algorithm; this is a
highly desirable advantage since failure models are often mesh dependent and difficult to calibrate.
However, this technique is inherently more expensive than traditional, Lagrangian approaches (as
discussed in Section 2.3.3) since an initial timestep is necessary to deform the material and mesh,
followed by an advection step to remap the mesh and transport the deformed material accordingly
[4]. The rigid cutter and platen were modelled as solid bodies with constant stress elements and
positioned at opposite ends of the extrusion. Reduced syntax with solid element definitions is
provided below this paragraph.
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*SECTION_SOLID_TITLE
SOLID CSE
$ Constant stress solid element for Lagrangian entities
$#
secid
elform
aet
2
1
0
*SECTION_SOLID_TITLE
EULERIAN
$ Single point, material-and-void (i.e. extrusion/airmesh) Eulerian
$ element formulation
$#
secid
elform
aet
1
12
0

The mesh for an 8-bladed cutting apparatus is displayed in Figure B.2. The assembly was
divided into 45° and 36° circumferential segments for the 8 and 10-bladed cutting scenarios,
respectively. This represents a symmetry condition where the cutting force and deformation is
assumed to be evenly distributed across each blade. The assumption was necessary to achieve a
reasonable computation time for a quasi-static loading condition.

Figure B.2: Finite element mesh of 63.5 mm OD, 1.5 mm wall (geometry S9 from Chapter 3)
AA6061 extrusion subjected to 8-bladed cutting; cutting direction parallel to z-axis.
A characteristic element length of 0.375 mm was implemented everywhere, except for the
height (parallel to z-direction) 10 mm above the cutter. The element height above this region was
modelled as 0.938 mm. To further minimize the computational requirements, the volume of the
airmesh was truncated 28 mm below the blade tip and 1.5 mm beyond the cutter’s outer wall. This
boundary represents the region of extrusion-blade contact which contributes to the cutting force.
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The material outside this region does not contribute to energy dissipation as previously established
by [5]. The translating platen and regions of the cutter far from the extrusion interface were
modelled with an average element length of 0.300 mm, and further refined to 0.170 mm within the
wedge for improved contact.

B.1.2 Material properties
Separate material models were implemented for the cutting and crushing simulations. A
common set of effective stresses versus effective plastic strains for AA6061, taken from a
previously validated study [5], was utilized to approximate the post-yield behavior. The material
behavior was estimated from reference uniaxial tensile data and assumed to be isotropic. A
piecewise linear plasticity model, MAT_024 in LS-DYNA® [6], was implemented in simulations
where the extrusion was subjected to progressive folding,. In addition to the effective stress versus
plastic strain data, the elastic modulus, density and Poisson’s ratio were assumed as 68.1 GPa,
2.37×10-3 g/mm3 and 0.33.
The extrusions subjected to axial cutting were modelled utilizing an elastic-plastic
hydrodynamic material model, MAT_010 in LS-DYNA ®. The airmesh was defined initially as
void which the deformed extrusion material could pass or ‘flow’ through. Input data for this model
included the previously mentioned effective stress versus plastic strain data and following
parameters: a density, shear modulus and bulk modulus of 2.76×10-3 g/mm3, 25.9 GPa and
67.5 GPa, respectively. The bulk and shear moduli were taken as 24.5 MPa and 64.0 MPa,
respectively, for the T4 temper condition. The bulk modulus was included as the linear term in a
polynomial equation-of-state with the remaining terms set equal to zero. The platens and cutting
tools were all steel entities in the experimental testing and treated as rigid in the virtual domain
since their displacements were negligible. The elastic modulus, Poisson’s ratio and density were
assumed as 207 GPa, 0.30 and 7.68×10-3 g/mm3, respectively. It is important to note that the
density was kept as the reference value, and the platens were not modelled to scale (i.e. no mass
scaling was implemented) since the simulations were quasi-static in nature.
B.1.2.1 Piecewise linear plasticity models for AA6061
The material models presented in this subsection were obtained utilizing the mechanical
data previously visualized in Figure 3.3, and were primarily implemented in simulations of the
progressive folding deformation mode (Section B.3.1). The following syntax contains a piecewise
linear plasticity model of AA6061-T6, defined with the standard material input deck and a series
of points containing the true stress-strain response in the plastic domain.
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*MAT_PIECEWISE_LINEAR_PLASTICITY_TITLE
MATERIAL MODEL FOR AA6061-T6 (BASE UNITS: g, mm, ms)
$#
mid
ro
e
pr
sigy
etan
fail
tdel
1
0.00276
68070.0
0.33
271.6
0.01.00000E21
0.0
$#
c
p
lcss
lcsr
vp
lcf
0.0
0.0
1
0
0.0
0
$#
eps1
eps2
eps3
eps4
eps5
eps6
eps7
eps8
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
$#
es1
es2
es3
es4
es5
es6
es7
es8
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
$
*DEFINE_CURVE_TITLE
EFFECTIVE STRESS VERSUS EFFECTIVE PLASTIC STRAIN DATA FOR AA6061-T6 (BASE UNITS:
g, mm, ms)
$#
lcid
sidr
sfa
sfo
offa
offo
dattyp
lcint
1
0
1.0
1.0
0.0
0.0
0
0
$#
a1
o1
0.0
271.6
2.1399999969e-004
276.9
6.1099999584e-004
283.8
0.001289
288.4
0.002246
291.5
0.003483
293.9
0.005
295.9
0.006797
297.6
0.008873
299.4
0.016783
305.7
0.019979
308.1
0.061336
337.9
0.067331
341.4
0.086994
350.7
0.1015
356.2
0.11713
358.8

The following syntax contains a piecewise linear plasticity model of AA6061-T4, defined with the
standard material input deck and a series of points containing the true stress-strain response in the
plastic domain.
*MAT_PIECEWISE_LINEAR_PLASTICITY_TITLE
MATERIAL MODEL FOR AA6061-T4 (BASE UNITS: g, mm, ms)
$#
mid
ro
e
pr
sigy
2
0.00276
65300.0
0.33
116.2
$#
c
p
lcss
lcsr
vp
0.0
0.0
2
0
0.0
$#
eps1
eps2
eps3
eps4
eps5
0.0
0.0
0.0
0.0
0.0
$#
es1
es2
es3
es4
es5
0.0
0.0
0.0
0.0
0.0
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etan
fail
0.01.00000E21
lcf
0
eps6
eps7
0.0
0.0
es6
es7
0.0
0.0

tdel
0.0

eps8
0.0
es8
0.0

*DEFINE_CURVE_TITLE
EFFECTIVE STRESS VERSUS EFFECTIVE PLASTIC STRAIN DATA FOR AA6061-T4 (BASE UNITS:
g, mm, ms)
$#
lcid
sidr
sfa
sfo
offa
offo
dattyp
lcint
1
0
1.0
1.0
0.0
0.0
0
0

$#

a1
0.0
0.003388
0.01013
0.022151
0.035996
0.049006
0.06121
0.073267
0.089535
0.105541
0.117682
0.129081
0.140942
0.159051
0.18364

o1
116.2
138.9
156.0
178.5
201.8
219.9
236.8
249.8
262.7
275.8
282.2
290.0
296.6
306.7
316.0

B.1.2.2 Elastic-plastic hydrodynamic material models for AA6061
The following material models were obtained in a consistent manner to the previous
subsection, and were utilized in the simulation of axial cutting and cutting/clamping modes
(Chapters 6 and 8, and Section B.3.2). The syntax contains a hydrodynamic model of AA6061-T6,
and the complementary equation-of-state which contained the bulk modulus, K, as the linear term.
*MAT_ELASTIC_PLASTIC_HYDRO_TITLE
HYDRODYNAMIC MATERIAL MODEL FOR AA6061-T6 (BASE UNITS: g, mm, ms)
$#
mid
ro
g
sigy
eh
pc
fs
1
0.00276
25880.0
271.6
0.0
0.0
0.0
$#
eps1
eps2
eps3
eps4
eps5
eps6
eps7
0.02.14000E-46.11000E-4 0.001289 0.002246 0.003483
0.005
$#
eps9
eps10
eps11
eps12
eps13
eps14
eps15
0.008873 0.016783 0.019979 0.061336 0.067331 0.086994 0.101501
$#
es1
es2
es3
es4
es5
es6
es7
271.6
276.9
283.8
288.4
291.5
293.9
295.9
$#
es9
es10
es11
es12
es13
es14
es15
299.4
305.7
308.1
337.9
341.4
350.7
356.2
*EOS_LINEAR_POLYNOMIAL
THIS EQUATION OF STATE CONTAINS THE BULK MODULUS FOR AA6061-T6
$#
eosid
c0
c1
c2
c3
c4
c5
1
0.0
67460.0
0.0
0.0
0.0
0.0
$#
e0
v0
0.0
1.0
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charl
0.0
eps8
0.006797
eps16
0.117129
es8
297.6
es16
358.8

c6
0.0

The following syntax contains a hydrodynamic model of AA6061-T4, and the complementary
equation-of-state which contained the bulk modulus, K, as the linear term.
*MAT_ELASTIC_PLASTIC_HYDRO_TITLE
HYDRODYNAMIC MATERIAL MODEL FOR AA6061-T4 (BASE UNITS: g, mm, ms)
$#
mid
ro
g
sigy
eh
pc
fs
2
0.00276
24470.0
116.2
0.0
0.0
0.0
$#
eps1
eps2
eps3
eps4
eps5
eps6
eps7
0.0
0.00304 0.007325 0.013071 0.016491 0.024427 0.033800
$#
eps9
eps10
eps11
eps12
eps13
eps14
eps15
0.056992 0.070670 0.086000 0.102696 0.120850 0.140464 0.161357
$#
es1
es2
es3
es4
es5
es6
es7
116.2
136.7
147.8
153.5
166.0
180.1
195.4
$#
es9
es10
es11
es12
es13
es14
es15
227.8
243.8
258.9
272.9
285.4
296.1
305.0
*EOS_LINEAR_POLYNOMIAL
THIS EQUATION OF STATE CONTAINS THE BULK MODULUS FOR AA6061-T4
$#
eosid
c0
c1
c2
c3
c4
c5
2
0.0
65120.0
0.0
0.0
0.0
0.0
$#
e0
v0
0.0
1.0

charl
0.0
eps8
0.044677
eps16
0.184071
es8
211.5
es16
310.0

c6
0.0

B.1.2.3 Rigid entity material model
The following syntax contains a sample material model for a rigid part. The necessary
inputs are a structural density, elastic modulus and Poisson’s ratio. Global or local constraints can
be applied within the second row of the model as needed to restrict unwanted motion for desired
parts.
*MAT_RIGID_TITLE
THIS IS THE MATERIAL MODEL FOR THE RIGID (FIXED) CUTTER AND PLATEN, ASSUMED TO BE
A TYPICAL STEEL (BASE UNITS: g, mm, ms)
$#
mid
ro
e
pr
n
couple
m
alias
3
0.00783 207000.0
0.3
0.0
0.0
0.0
$#
cmo
con1
con2
1.0
7
7
$#lco or a1
a2
a3
v1
v2
v3
0.0
0.0
0.0
0.0
0.0
0.0
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B.1.3 Contact algorithms
Contact for the progressive folding simulation was handled using automatic segment-based
contact definitions. An automatic surface-to-surface contact card was generated for contact
between the AA6061-T6 extrusion and the 1032 steel platens; with the extrusion defined as the
slave entity. The static and kinetic coefficients of friction were defined as 0.47 and 0.38,
respectively [7] with a decay coefficient of 105. Additionally, a single-surface contact card was
generated for contact between the deformed lobes of the AA6061-T6 extrusion wall. The static
and dynamic coefficients of friction were defined as 0.42 and 0.31, respectively [7]. A sample
contact card is provided below this paragraph.
*CONTACT_AUTOMATIC_SURFACE_TO_SURFACE_ID
$ Segment-based contact definition between two entities
$#
cid
1 PART 2 TO PART 3
$#
ssid
msid
sstyp
mstyp
sboxid
mboxid
1
2
3
3
0
0
$#
fs
fd
dc
vc
vdc
penchk
0.47
0.38
1000000
0.0
0.8
0
$#
sfs
sfm
sst
mst
sfst
sfmt
1.0
1.0
0.0
0.0
1.0
1.0

title
spr
0
bt
0.0
fsf
1.0

*CONTACT_AUTOMATIC_SINGLE_SURFACE_ID
$ Single-surface contact for parts with large deformations with self
$ interaction (e.g. crushing simulations with lobe contact)
$#
cid
1 PART 1 TO PART 1
$#
ssid
msid
sstyp
mstyp
sboxid
mboxid
spr
1
0
3
0
0
0
0
$#
fs
fd
dc
vc
vdc
penchk
bt
0.42
0.31 100000.0
0.0
0.3
0
0.0
$#
sfs
sfm
sst
mst
sfst
sfmt
fsf
1.0
1.0
0.0
0.0
1.0
1.0
1.0

mpr
0
dt
1.00E20
vsf
1.0

title
mpr
0
dt
1.00E20
vsf
1.0

In the axial cutting simulations, the fluid structure interaction (FSI) of the extrusion and
airmesh with the rigid entities was defined utilizing constrained Lagrange-in-solid coupling, rather
than traditional contact definitions.

A compression-based coupling method, commonly

implemented in Eulerian simulations of solids, was defined with a single dynamic coefficient of
friction of 0.15 between AA6061 and 4140 tool steel, lower than the expected ASM values [8]. It
is generally expected that the coefficient of friction requires some reduction with respect to bulk
measured values for common hydrodynamic and elastoplastic material models since penalty-based
contact algorithms in simulations do not capture the true mechanisms responsible for nonlinear
contact phenomena, as discussed by Reid et al. [9] and Wang et al. [10]. Values between 0.1 and
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0.15 were previously validated in numerical studies considering Eulerian cutting of AA6061 [11,
12], and was comparable to a Lagrangian study of cutting [13].

A similar approach was

implemented with a Johnson-Cook material model which allowed for the implementation of
friction coefficients which were more consistent with the analytical models, outlined in Chapter 7.
*CONSTRAINED_LAGRANGE_IN_SOLID
$ Fluid structure interaction between Lagrangian and Eulerian (fluid) meshes
$#
slave
master
sstyp
mstyp
nquad
ctype
direc
mcoup
3
1
1
0
3
4
2
0
$#
start
end
pfac
fric
frcmin
norm
normtyp
damp
0.0
0.0
0.2
0.15
0.0
0
0
0.2
$#
cq
hmin
hmax
ileak
pleak
lcidpor
nvent blockage
0.0
0.0
0.0
0
0.0
0
0
0
$# iboxid
ipenchk
intforc
ialesof
lagmul
pfacmm
thkf
0
0
0
0
0.0
0
0.0

B.1.4 Boundary conditions and simulation parameters
The translating platens in each simulation were constrained against all motion except
z-axis displacement while the fixed platen and cutting tool in the crushing and cutting simulations,
respectively, were fully constrained. These kinematic constraints were applied to each rigid entity
in the previously discussed material card definitions. In the progressive folding model, no
constraints were applied to the extrusion. In contrast, the boundaries of the extrusions and airmesh
were constrained such that the nodes on these surfaces could only move within their respective
planes. These constraints were implemented to generate the previously discussed symmetry
condition and prevent extruded material from exiting the defined boundaries. Time scaling was
implemented in each model with the motion of the translating platens scaled to a constant rate of
1 m/s for a total displacement of 100 mm. The transition from quasi-static to dynamic loading
typically occurs for impacts at velocities equal to or greater than 10 m/s, as summarized by Jones
[14]. While the onset of dynamic effects can occur below this velocity, this figure has been
identified generally for the transition to fully dynamic loading based on several real-world
applications and the experiences of other researchers.
All the analyses were performed using a massive parallel processing version of the explicit,
double precision finite element solver LS-DYNA®, R8.1.0. The following data sets were extracted
from each simulation: the global external energy terms, internal material energy terms, rigid body
kinematics and contact forces at each interface. The energy terms of interest included external
work, internal energy, sliding energy, kinetic energy and hourglass energy for the progressive
folding simulation. Given the prescribed motion, a data acquisition rate of 20 kHz for the quasi-
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static was assumed to be adequate since this resulted in the generation of approximately 2000 data
points.

Model verification
The first consideration when verifying each finite element model was the energy balance.
The validity of the energy balance was quantified by considering the average ratio of external work
to the sum of the kinetic, internal and sliding energy terms in the displacement domain. The energy
balance from the progressive folding simulation is provided in . This was the only case shown for
brevity, however, every simulation displayed a similar behavior. Most of the external work was
dissipated as internal energy (due to either cutting or crushing) with a small amount of sliding
energy which developed due to contact with the platens and/or cutting tool.

Figure B.3: Energy balance for the progressive folding simulation, group T6-S9-PF.
As previously discussed, consideration for the energy balance of the axial cutting
simulations was limited to the first 25 mm of displacement. The truncated airmesh which did not
consider the far-field behavior of the axially cut petals resulting in an artificial loss of internal
energy as the deformed material exited the airmesh. An airmesh large enough to encompass the
full petals would result in excessive computational efforts without providing meaningful data.
Since the energy balance within the first 25 mm was observed to be stable, it can therefore be
assumed that a sufficiently large airmesh would continue to provide a constant energy ratio (i.e.
conservation of energy). The average energy ratio was calculated as 1.00 for the full displacement
in the progressive folding simulation and for the first 25 mm of each cutting simulation. The
average ratios of hourglass energy to total energy were estimated as 5.53×10 -4, 1.25×10-4 and
1.69×10-4 for the progressive folding, 8-bladed and 10-bladed cutting models, respectively.
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The average ratio of kinetic to internal energy was calculated as 4.90×10 -3, 6.62×10-3 and
1.15×10-2 for the progressive folding, 8-bladed and 10-bladed cutting problems, respectively. This
indicates that the kinetic energy in each simulation was negligible, as intended. It is important to
note that, similar to the previous energy balance analyses, these energy ratios were only considered
for the first 25 mm of displacement for the cutting models since the internal energy was only
accurate in this range. The average ratio of loads at the upper and lower platens was calculated as
0.998 for the progressive folding simulation. Similarly, the average ratio of loads at the upper
platen and cutting tool were estimated as 0.998 and 1.005 for the 8 and 10-bladed axial cutting
models, respectively.

Model validation
B.3.1 Test case for geometry S9 subjected to progressive folding
While the numerically predicted peak force and major deformation characteristics
correlated strongly with the experimental data, the force responses tended to diverge and reconverge as the deformation progressed. The numerical force-displacement responses are plotted
with their corresponding experimental results for extrusions with geometry S9 in T6 and T4 temper
conditions in Figure B.4(a) and Figure B.4(b), respectively. Some variation was expected since the
specimens subjected to folding were notoriously sensitive to minor, nearly undetectable differences
and microdefects between specimens. This was attributed to the well documented variability that
is associated with progressive folding, and to a lesser extent the presence of minor sidewall fractures
that occurred in approximately half of the experiments due to the increased strength of the T6
temper of the aluminum alloy. While the performance parameters were predicted with reasonable
accuracy, material failure was not considered in the finite element model which could explain the
increased disparity in the formation of secondary lobes.
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Figure B.4: Numerically predicted force-displacement responses for geometry S9, subjected to
progressive folding, compared to experimental findings for AA6061 extrusions in (a) T6, and
(b) T4 temper conditions.
The results for the extrusions in a T4 temper condition were predicted with comparable
accuracy to the T6 temper condition, which highlights the negligibility of the fracture observed for
the latter material configuration. A summary of the validation metrics and cumulative errors for
each test is provided in Table B.1. Average values of 0.748 and 0.273, respectively, were calculated
for the considered experiments. Additionally, the average relative errors for the numerically
predicted performance metrics were 11.0 % and 9.2 % for the extrusions in T6 and T4 temper
conditions, respectively, which is a sufficient level of accuracy for engineering design. The
extrusions subjected to progressive folding were observed to initially deform in an axisymmetric
manner and transition to a nonsymmetric, ‘diamond’ pattern. The simulation is visually compared
to a representative specimen in Figure B.5 which highlights the similarities of the observed
deformation modes. A total of six deformed lobes were observed to form in each test and the
simulation.
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Table B.1: Validation metrics, Vm, and cumulative errors, Cm, for the numerical simulation of
AA6061 extrusions with geometry S9 subjected to axial crushing.
Validation metric, Vm

Cumulative error, Cm

T6-S9-PF-Experiment-1

0.730

0.299

T6-S9-PF- Experiment-2

0.756

0.267

T6-S9-PF- Experiment-3

0.724

0.298

T6-S9-PF- Experiment-4

0.744

0.289

T4-S9-PF- Experiment-1

0.744

0.275

T4-S9-PF- Experiment-2

0.764

0.249

T4-S9-PF- Experiment-3

0.745

0.270

T4-S9-PF- Experiment-4

0.777

0.236

Test case

(a)
(b)
Figure B.5: Sample deformation profiles at δ = 100 mm from (a) experimental testing, and (b)
the numerical simulation for 6061-T6 extrusions with geometry S9 subjected to axial crushing.

B.3.2 Test case for geometry S9 subjected to axial cutting
The experimental force-displacement responses and the corresponding numerically
predicted mechanical responses are plotted together for the 8-bladed cutting mode for extrusions in
T6 and T4 temper conditions in Figure B.6(a) and Figure B.6(b), respectively. The fundamental
characteristics of the force responses were accurately predicted, including: the localized peak
wedge force, subsequent decrease to a steady-state cutting force and the subsequent increase to a
hybrid cutting clamping force. Average validation metrics of 0.917 and 0.828 were calculated for
extrusions in T6 and T4 temper conditions, respectively; individual metrics from each test are
provided in Table B.2. The marginally reduced accuracy for the T4 temper condition was caused
by the inherently higher degree of fluctuation between individual test results compared to the T6
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temper condition. Additionally, 2 of the 4 test specimens transitioned to progressive folding within
the final 20 mm of displacement which resulted in further disparities from the FE simulations.
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Figure B.6: Numerically predicted force-displacement responses for geometry S9, subjected to
8-bladed cutting, compared to experimental findings for AA6061 extrusions in (a) T6, and (b)
T4 temper conditions.
Table B.2: Validation metrics, Vm, and cumulative errors, Cm, for the numerical simulation of
AA6061 extrusions with geometry S9 subjected to 8-bladed cutting.
Validation metric, VM

Cumulative error, CM

T6-S9-PF-Experiment-1

0.915

0.087

T6-S9-PF- Experiment-2

0.885

0.117

T6-S9-PF- Experiment-3

0.932

0.069

T6-S9-PF- Experiment-4

0.935

0.066

T4-S9-PF- Experiment-1

0.827

0.177

T4-S9-PF- Experiment-2

0.893

0.108

T4-S9-PF- Experiment-3

0.756

0.249

T4-S9-PF- Experiment-4

0.835

0.167

Test case

The deformation modes for extrusions in a T6 temper condition were visually consistent
between the experiments and simulations, as shown in Figure B.7(a) and Figure B.7(b),
respectively. This was consistent for extrusions in a T4 temper condition which did not experience
a transition to progressive folding. The consistent onset of the secondary cutting/clamping force in
Figure B.6 reinforces confidence in the numerically predicted petal profiles since the onset of this
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effect is governed by the global position of the petalled sidewall.

As previously indicated,

deformation beyond the outer ring boundaries was not of significant interest (evident from the
accuracy showcased in Table B.2) and can be neglected by restricting the airmesh to minimize
computational efforts.

(a)
(b)
Figure B.7: Sample deformation profiles at δ = 30 mm from (a) experimental testing, and (b) the
numerical simulation for 6061-T6 extrusions with geometry S9 subjected to 8-bladed cutting.
The experimentally and numerically obtained force-displacement responses are plotted
together for the 10-bladed cutting mode for extrusions in T6 and T4 temper conditions in Figure
B.8(a) and Figure B.8(b), respectively. The results were notably more accurate for the former
material configuration, with an average validation metric of 0.940 for the T6 temper condition
compared to 0.733 for the T4 temper condition. Individual validation metrics and cumulative errors
for this group are provided in Table B.3. The disparity between experimental results and numerical
predictions for extrusions in a T4 temper condition was caused by a premature transition to
progressive folding in the case of the latter. However, the average relative error was approximately
6.2 % for the performance metrics identified in Section 2.3.1 (except for CFE, which exhibited an
average error of 31.4 %) which highlights that load bearing capabilities were adequately captured.
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Figure B.8: Numerically predicted force-displacement responses for geometry S9, subjected to
10-bladed cutting, compared to experimental findings for AA6061 extrusions in (a) T6, and (b)
T4 temper conditions.
Table B.3: Validation metrics, Vm, and cumulative errors, Cm, for the numerical simulation of
AA6061 extrusions with geometry S9 subjected to 10-bladed cutting.
Validation metric, VM

Cumulative error, CM

T6-S9-PF-Experiment-1

0.916

0.085

T6-S9-PF- Experiment-2

0.949

0.052

T6-S9-PF- Experiment-3

0.946

0.055

T6-S9-PF- Experiment-4

0.949

0.052

T4-S9-PF- Experiment-1

0.764

0.246

T4-S9-PF- Experiment-2

0.726

0.295

T4-S9-PF- Experiment-3

0.717

0.300

T4-S9-PF- Experiment-4

0.725

0.292

Test case

Representative deformation profiles for the extrusions in a T4 temper condition subjected
to 10-bladed cutting are showcased in Figure B.9(a) and Figure B.9(b) for experimental testing and
numerical predictions, respectively. The deformation profiles were highly consistent, similar to
the force responses, for extrusions in a T6 temper condition [15]. In addition to a premature onset
of progressive folding in the FE simulation, the secondary minima, and maxima (valleys and peaks)
associated with the crushing mode were more pronounced in comparison to the simulation. This
phenomenon was attributed to axisymmetric (concertina) folding in the numerical model in
comparison to nonsymmetric (diamond pattern) crushing in the experiments. The former mode

369

known to be more consistent and hence associated with maximized energy absorption under
progressive folding. This is observable in Figure A.8; it is evident that test T4-S9-PF-4 experienced
concertina folding based upon the consistent peaks and valleys in the reaction force throughout the
displacement domain. The axisymmetric transition in the numerical model was an artifact of the
symmetry condition outlined in Section B.1.4, since symmetry conditions are known to constrain
and artificially ‘stiffen’ a numerically modelled structure. Despite the differences between the
experiments and simulations, the reduced FE simulation (which was more feasible to compute)
predicted performance parameters with reasonable accuracy and captured the fundamental
tendency for this cutter/extrusion/material configuration to experience an unstable transition to
progressive folding.

(a)
(b)
Figure B.9: Sample deformation profiles at δ = 100 mm from (a) experimental testing, and (b)
the numerical simulation for 6061-T4 extrusions with geometry S9 subjected to 10-bladed
cutting.
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